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§ 0. Introduction

If an almost-Hermitian manifold M is a Kihlerian manifold, then its
curvature tensor R satisfies

(*) RX, Y)F=0 for all tangent vectors X and Y,

where the endomorphism R(X, Y) operates on the almost-complex structure
tensor F' as a derivation at each point on M.

Conversely, does this algebraic condition (*) on the almost-complex struc-
ture tensor field F' imply that M is a Kihlerian manifold? For an almost-
Kihlerian manifold or a K-space, Koto and the present author (Sawaki and
Koto [3]) already showed that the answer is affirmative, that is,

THEOREM A. If an almost-Kahlerian manifold or a K-space M satisfies

S=S8%, then M is Kihlerian, where S is the scalar curvature and S*=%

F®R ;.°F:.

In this theorem, the condition S=.S* is weaker than R(X, Y)F=0, in
fact, R(X, Y)-F=0 implies S=.S*.

This problem for an almost-K#hlerian manifold has also been studied
recently by Goldberg and under some additional conditions the present
author has proved the following

THEOREM B. If an almost-Hermitian manifold M satisfies
(1) RX,Y)F=0, R(X,Y)FF=0 for all tangent vectors X and Y,
(i1) PpSen=0 (or equivalently V,R';, =0),
(ili) the Ricci form is definite,
then M is Kdihlerian.
TueoreM C. If a compact Hermitian manifold M satisfies

(i) R(X,Y)F=0, R(X,Y)»2=0 for all tangent vectors X and Y,”

1) In the sequel, we omit “for all tangent vectors X and Y.
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(ii) the Ricci form is definite,

then M is ‘Kahlerian, where Q is the exterior derivative of the 2-form
F,dx? Nda. |

The purpose of the present paper is to obtain other conditions for an
almost-Hermitian manifold to be Kihlerian. In §1 we shall give some
definitions and a proposition about the purity and hybridity of tensors. In
§2 we shall prepare some lemmas for later use. The main results in an
almost-Hermitian manifold and an *QO-space will be stated in §3 and §4
respectively. Particularly, in §3 we shall give an affirmative answer to the
above question in the case where M is a locally symmetric and irreducible

almost-Hermitian manifold (Corollary 1)).

§1. Prelimiuaries

Let M be a 2n-dim. almost-Hermitian manifold with local coordinates
{z%} and the structure (F/, g;). Then by definition we have

(1. 1) F/F’=—d/,
(1.2) 9 Fi'F = g1,
(1. 3) Fji =—F,

where Fy=F}g,;.
If an almost-Hermitian manifold M satisfies

(1. 4) v ‘jSh:VjFih+ViFItj+VhFji=07

where V7, denotes the operator of covariant derivative with respect to the
Riemannian connection, then it is called an almost-K#hlerian manifold and
if it satisfies

(1. 5) VFy+V Fy =0,

then it is called K-space (or Tachibana space or nearly Kihler manifold).
Moreover, an almost-Hermitian manifold is called a Hermitian manifold if
it satisfies N,*=0 where N, is the Nijenhuis tensor, that is,

Nj,b-k = Fj‘(atF.gh—agFth)_Fit(atth—athh)

and an almost-K#hlerian manifold satisfying N, =0 is called a Kihlerian

manifold.
Now, in an almost-Hermitian manifold, we define the following opera-

tors [6],
1 1
= —2—(5;”52—F¢"‘Fh’) , *Op = —2—(5;’”52+F5mF,L') .
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A general tensor T/ (resp. T;,), for example, is said to be pure in j, 1, if
it satishes *Of; T,,"=0 (resp. *O% T,2=0) and T,}(resp. T;,’) is said to be
hybrid in j, 1, if it satisfies O2 T, =0 (resp. O%T,2=0).

Then, an almost-Hermitian manifold satisfying
(1. 6) ' *ORV.F,,=0

is called an *O-space and it is well known that almost-K#hlerian manifold
and K-space are both *O-spaces.?
We can easily verify the following

ProPoOsITION
(1) If T, is pure (resp. hybrid) in j,i, then
F T, =F;/T,,} (resp. FiT,,=—F;T,F.
If T,} is pure (resp. hybrid) in j,i then
th T”h = Fit Tjth (Tesp. th Tnk = — Flzt Tjth) .
(2) Let Ty be pure in j,i. If S, is pure (resp. hybrid) in j, i, then T,*
S is pure (resp. hybrid) in j,i.
(3) If T, is pure in j,i and S is hybrid in j, i, then
T, It =
(4) In an almost-Hermitian manifold, V,F,, or V;F* is pure in i, h.

(5) In an almost-Hermitian manifold, R(X,Y)-F=0 means that R, is
pure in j, i and hybrid in a,b.

§2. Lemmas
In this section, we shall prove some lemmas for later use. The follow-
ing lemma is well known.

LEmMMA 2.1. (Yano and Mogi [5]) In order that an almost-Hermitian
manifold be Kéhlerian, it is necessary and sufficient that V;F,,=0.

LEMMA 2.2. In an almost-Hermitian manifold, *O%V . F,,=0 is equiv-
alent to *OR 2,,,=0.

Proor. If *O%F,F,,=0, then by (4), we have *O%2,,,=0.

Conversely, when
VjFuL"*'V@th‘*"V;LFj,,;'!‘FjaF‘ib(Vanh'i‘Vth“""VhFab) = 0
or by (4),

2) For example, see S. Sawaki
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(2.1) V,Fp+FfEV Fy, =V, F;+ FfFVFy,,
if we put
Tin=V;Fu+FSFV Fy,
then (2.1) shows that T, is symmetric in j,i. But, since T3, is skew-
symmetric in Z, h, we obtain 7,=0, that is, *O%V ,F,,=0.

LemMA 2.3. In an almost-Hermitian manifold M satisfying R(X,Y)-
F=0, p,R(X,Y)-F=0 is equivalent to R(X,Y)-V,F=0.

Proor. Since (1,1) type tensor R(X,Y) or F operates as a derivation
on the tensor algebra of the tangent space 7T,(M) at each point x€ M,
R(X,Y)-F=0 is equivalent to [R(X,Y), F]=0 where [A, B] means AB—
BA for (1.1) type tensors A and B.

Thus, lemma follows from the identity :

7R, Y), F]=[V:R(X,Y), F]+[R(7.X, Y), F]
+[R(X,7,Y), F]+[R(X,Y), 7,F].

LEMMA 2.4. In an almost-Hermitian manifold M, R(X,Y)-VyV,F=0
implies R(X,Y)-F=0.
Proor. From R(X, Y)-V,V,F=0, we have
(2. 2) RV Vo Fo+Rop’ VoV Fi=0.
Transvecting (2.2) with F¥’, we have |
2R, F"*V V ,F,, =0

or
again transvecting with ¢g*g

FrER® W Vo Foy—V, V. Fy) =0,
where Fri=gig”F,,, R®p = g%g™R,;" etc..

¢ then this equation turns out to be

Thus, by Ricci identity, we have
FjiRabja (Rabst te + Rabz'tht) = O

or
Rabjs (Rabjs + Fj@'Fts Rabzt) = 0
or (R + F{FRoot) (R, + FF,R2) = 0

from which it follows that
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R+ FiFiR, =0,
that is, R(X, Y)-F=0, by virtue of (5).
§3. Theorems in an almost-Hermitian manifold
THEOREM 3.1. If an almost-Hermitian manifold M satisfies
(i) RX,Y)F=0, V,R(X,Y)F=0,
(ii) the rank of the Ricci form is maximum

then M is Kihlerian.
Proor. By from (i) we have R(X, Y)-V,F=0, that is,

(3. 1) . RabjstF3¢+Rab¢SVijs=0
or transvecting (3.1) with ¢*, we have
(3- 2) SastFs.i"I"RabistFbs:O-
On the other hand, making use of the first Bianchi identity, we have
Rabis Vm F‘b'g — %(Rub?;s _ Rasf) Vm Fbs
R _2]:—Rai8b7m Fbs .

But, by the assumption R(X,Y)-F=0, R%® is hybrid in 5,6 and by
(4), ¥, F,, is pure in b,s and therefore the last term vanishes,
by virtue of (3).
Thus, from (3.2), we have
SV, Fu;=0.

Consequently, by the assumption (ii), we have V7, F,,=0 which shows
that M is Kéhlerian, by virture of Lemma (2.1).

Since a locally symmetric and irreducible almost-Hermitian manifold is
an Einstein manifold, we have the following

CoroLLARY 1. If a locally symmetric and irreducible almost-Hermitian
manifold M with Sx0 satisfies R(X, Y)-F=0, then M is Kéihlerian.

CoROLLARY 2. If an almost-Hermitian manifold M satisfies
i) - RX,Y)V,F=0, RX, Y)-Vy,V,F=0,
(ii) the rank of the Ricci form is maximum. ,

then M 1is Kdihlerian.
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Proor. This follows directly from and Theorem 3.1.

§4. Theorems in an *O-space

THEOREM 4. 1. If an *O-space M satisfies

(1) R(X,Y)F=0, RXY)-2=0,

(i1) the rank of the Ricci form is maximum ,

then M 1is Kdhlerian.
Proor. From R(X, Y)-2=0, we have

R Qein+ Rasd’ Qs+ Rups’ 2545 =0 .
Transvecting this equation with ¢/, we have
(4.1) S Quin+ R Qyon+ R, 25, =0
Now, the second term of the left hand side of (4.1), by the first Bianchi

dentity, can be written as

1
Rabis ‘Qbsh —_ __2,_(Rab¢s_Ras¢b) ‘Qbslz

1
= _Q—R“fb (09

and this last term vanishes by virtue of (3), because by the
assumption R(X, Y)-F=0, R%® is hybrid in s, b, and by Qyon
is pure in s, 5. Similarly, the third term of (4.1) also vanishes.

Thus, (4.1) becomes

Sasgsih = 0

from which it follows that 2,,,=0, by virtue of (ii), that is, M is an almost-
Kihlerian manifold and therefore Theorem A proves the theorem.

THEOREM 4.2. In an *O-space M satisfies

(1) R(X,Y) F=0, R(X,Y)-N=0,
(i) VisSin=0 (or equivalently V'R,;;, =0),
(ii) the Ricci form is definite,

then M is Kdahlerian.

Proor. First we note that in an *QO-space the Nijenhuis tensor can
be written as

ij = 2th(VtFm—Vq;Fm) .
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Hence, making use of the assumption R(X, Y)-F=0, from R(X,Y) N=0,
we have

2F{[7al s Fos—V Fo) =PV o7 Fur—V Fu)] = 0.

Transvecting this equation with —2-F ) and using Ricci identity, we have

(4. 2) R’ Vo Fp—V Fy)+ Rop Vi Fop—V Fip)+ Rapi’ Vi Fys—V ; Fry) = 0.
Multiplying (4.2) by ¢**(V*F* —F¢F*), we have
(4.3) SPWFor—V o) Vo F*—V*F.))
=—R® W, Fo—V.Fy) Vo F*"—V'F )
+R®?V, F,,(V,F**—V°F*)+ RV, Fy,) V'F,,
—R® 2V, Fy)V F*.
We are now going to show that the right hand side of (4.3) vanishes.
Its first term, by the first Bianchi identity, turns out to be
R?: WV, F,,—V Fy,) V,F™*—V*F"
1

= _(Rabis__Rasib (VbFah_Vsth> (VaFM_ViFah)
2
1

=—5 RO, Fo =V, Fpp) Vo F* —V°FS)

and therefore, by virtue of (3), it vanishes, because R%™ is hybrid

in 5,6 and V,F,,—V,F,, is pure in 5,b. By the same method, we can see
that the second and third terms vanish. For the last term, by the assump-
tion (ii), we have

R®:(V, Fy) Vo F** =V ,(R?F"V,F;))— R?F*V Vo Fy, .

In the right hand side of this equation, by (3) we have
R®:Fp, F, =0, because by (2) R®,*)F* is hybrid in s,7 and
V,F, is pure in z,s. For the last term, since R",’ is skew-symmetric in
a, b, and by the assumption R(X, Y)-F=0, V,V,F,, is symmetric in a,b, it
vanishes.

Consequently, (4.3) becomes

S*W Fy,—V Fo) VW, F*—V'F,*)=0
from which it follows that, by the assumption (iii),
VsFih_ViFsh = O .

But, since V,F,, is skew-symmetric in 7, , we have V,F,, =0 which shows
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that M is Kihlerian.

We conclude this section with the following theorem where the condi-
tion R(X, Y)-F=0 has been removed.

TueEOREM 4.3. If a compact almost-Kihlerian manifold M satisfies
(1) R(X,Y) N=0,
(ii) VipSan=0 (or equivalently V'R,;, =0),
(iii) the Ricci form is semi-negative definite,
then M is Kéihlerian.

Proor. First we note that in an almost-Kihlerian manifold, the
Nijenhuis tensor can be written as

Njih = 2FtthFji .
Thus, from (i) we have
RabskF ‘ V'F. Je RabjsF th V'F. s RabisF th V'F. js = 0

or transvecting this equation with 62,

(4. 4) Sas FV F g3+ Rons F*VFy+ Ry’ AV Fy, = 0.
Again transvecting (4.4) with F.*V°F/*, we have
(4.5) Sas B V' Fy) FifVeF* + R F*(V'F,,) F VO F*

+Rah¢SFth(VtFj3) F]ciVaij = 0 .

Now, the each term of (4.5), making use of (1), turns out
to be the following

SuFA(7'F ) Fi V" = S, F,(P°F,) FVF" = So(P°F,) VOF®
R FAP'F,) FEVOF" = Ry Fou(P?FY) FEVF* = Ry, 2 (7'F.y) VoF*
R’ B VE;,) FfVoF* = Ry’ Foyy (P F?) F 2 VF* = R (P F) VOF*

respectively.
Hence, (4.5) reduces to

(4. 6) Sus(P°F ;) VOF + 2R, (P F,) PoF: = 0 .

Integrating (4.6) over M and making use of Green’s theorem and the as-
sumption (i), we have

S S, (7°Fy) V“F”“dV—ZS Runf (PP F) FP*dV =0
M M

where dV denotes the volume element of M, or by Ricci identity
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SMS,,S (P*F ) PR+ AV + SMRWS (R*1F,y + R 'F.) F**dV = 0
or
(4.7) SMS,,S (P2Fy) PP AV — XMR,,,,; (R, + FIF/R™) dV = 0.
(4.7) can be written as

XMSM(V-*‘F,.,C) F %

— —%—S (Runs + F*F 7R i) (R, + FIFR™ ) AV = 0.
M

Consequently, by the assumption (iii), we have
Rahjs +F. ij tsRahlct =0,
that is, R(X, Y)- F=0 and therefore, Theorem A proves the theorem.
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