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Introduction.

H. Liebmann has proved that an ovaloid with constant mean cur-
vature in a 3-dimensional Euclidean space is a sphere. The above problem
for a closed hypersurface in a Riemannian manifold has been generalized

by Y. Katsurada [3], and K. Yano [17]. Y. Katsurada [5], [6], H. Kojyo
[6], T. Nagai [6], and K. Yano have given conditions for a sub-

manifold of codimension greater than 1 in a Riemannian manifold to be
pseudo umbilical by making use of integral formulas.

On the other hand M. Okumura has proved that a submanifold
of codimension 2 in an odd dimensional sphere is totally umbilical under
certain coditions. To prove the above result, M. Okumura made use of the
fact that the structure tensor of the natural normal contact structure on the
odd dimensional sphere is a conformal Killing tensor of order 2 which has
been defined by S. Tachibana [15].

In the previous papers [9], [10], the present author proved for a sub-
manifold of codimension p in a sphere and a Riemannian manifold of con-
stant curvature respectively that the submanifold is totally umbilical under
certain conditions by making use of integral formulas. However, in the
papers, it has been assumed that the connection of the normal bundle is
trivial.

In this paper, the present author studies on a submanifold of codimension
p in a Riemannian manifold of constant curvature without the condition
that the connection of the normal bundle is trivial and proves that the sub-
manifold is pseudo umbilical.

The present author wishes to express his hearty thanks to Professor
Yoshie Katsurada for her many valuable advices and kind guidances.

§1. Conformal Killing tensors.
Recently S. Tachibana and T. Kashiwada have introduced the

notion of conformal Killing tensor field in a Riemannian manifold. They
discussed such the tensor and obtained some results.
Let M™*? be a (n+p)-dimensional Riemannian manifold with the metric
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tensor GG,,. We call a skew symmetric tensor field F: 3,1, @ conformal Killing
tensor field of order p if there exists a skew symmetric tensor field f; .., ,
such that

(1. 1) V)'szlz"'zp +le F“z"'xp = Zf;z"'lp (;',ul
P
- azzz(— l)a <ﬁx"'2a"'1p G“a +ﬁ22"'2a'"1p Glxzrz) ’

where 1, means that 1, is omitted and F, denotes the covariant derivative.
This f,,..,_, is called the associated tensor field of F; ., .

§2. Submanifolds in a Riemannian manifold of constant
curvature.

Let M*** be a (n+p)-dimensional Riemannian manifold of constant

curvature with the metric tensor G,,. Then the curvature tensor R,,. of
M~*? has the form

(2.1) R,..=*G,G,—G,G.), k= const..

Let M" be an orientable submanifold of codimension p in M**2. We
denote by {X%}, 2=1,2,---,n+p, the local coordinates of M*** and by
{=%}, i=1, -+, n, the local coordinates of M™ Then the submanifold M" is
locally expressed by the equation

(2.2) X=X,

We put
(2. 3) B} =0X"*lox".
- Then n vectors B, are linearly independent vectors tangent to M™ The
Riemannian metric tensor g; on M™ induced from G,, is given by
(2. 4) 95 =G,.Bf B

We choose p mutually orthogonal unit normal vectors NS} (A=n+1,
,m+p). Let H,; be the second fundamental tensor with respect to N
and L,z; the third fundamental tensor. Then the Gauss and Weingarten
equations are given by

Vj zz = §HA]'ZINAZ s

2.5 A
(2.5) V;Ni = —HA;B; + 2Lz Ny’
B

where V; denotes the covariant derivative.
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The mean curvature vector field H* of M™ is given by

(2. 6) H=21 yH:Ng,
n 4

and H* is independent of the choice of mutually orthogonal unit normal
vectors.

Now we take a unit normal vector N,,,* in the direction of the mean
curvature vector field H*. Then N,,,* is determined uniquely on M». "If
the second fundamental tensor H,,,; with respect to N, is proportional
to the metric tensor g, that is, satisfying H,,,;;=ag,;, where a is a scalar
function on M7, then we say that the submanifold M™ is pseudo umbilical.
We take N,.), -, N,., such that N,./ N, -+, N,,, are mutually or-
thogonal unit normal vectors.

Since the curvature tensor R,,, of M™*? has the form (2.1), the equa-
tions of Gauss, Codazzi and Ricci are written as

(2- 7) R/cjm = k(gkhg.%ﬂ_gkigjh) + ;(HAIchHAﬁ_HAkiHAJIL) ’
(2. 8) Vi, 10—V jHyr0s+ ;(HAﬁLAnHk"'HAMLAnHj) =0,
(2.9) Hn+1/c¢HAji-Hn+1jiHAM +V Lypyra;—V 3 Liraz

+ §(Ln+1BjLBAk“"Ln+1BkLBAj> =0 ,

where R,;; denotes the curvature tensor of M”.

For a normal vector N% if the normal part of //; N* vanishes identically
along M”, then we call that N* is parallel with respect to the connection
of the normal bundle. We assume that the mean curvature vector field H*
of M™ is parallel with respect to the connection of the normal bundle.
Then we see easily that this assumption is equivalent to

(2.10) H, ' =const., L,.,,;=0.
From (2.10), we have

(2.11) ViH, ' =0,

(2.12) H, i’ Hajo—Hy1f Hapg = 0

by virtue of (2.8) and (2.9).

§ 3. Integral formulas.

Let M™*? be a (n+p)-dimensional Riemannian manifold of constant cur-
vature which admits a conformal Killing tensor field F 11y of order p with
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the associated tensor field f; ., , and M™ a compact orientable submanifold
of codimension p in M**?. In this section, we assume that the mean
curvature vector field H* of M™ is parallel with respect to the connection
of the normal bundle.

Now we put

(3- 1) r= Fz,x,n-xz Nn+111Nn+222' ”Nn+;p ’
(3. 2) U; — thzz...j B@Zl n+222”'Nn+p1p .

»

Then we find that » is independent of the choice of mutually orthogonal
unit normal vectors in the previous papers [9], [10]. #; is independent of
the choice of p—1 mutually orthogonal unit normal vectors N,.,’, -, Nuyp'
orthogonal to N,.,*. We take another p—1 mutually orthogonal unit normal

vectors 'N,,.,% +++,"N,,,* orthogonal to N,,;*. Then there exists a orthogonal
matrix (Tz), A, B=n+2,---,n+p such that det(7T,z)=1 and 'N} (A=
n+2,---,n+p) can be written as

(3. 3) I.]VA/1 = ; TABNBZ .

Therefore we find

"u, = lez,---z

i1
pBi ! Nn+212°“’Nn+plp
— 2 i 2
_ 4 ZA Tn+2A2”'Tn+pApF1112"'1pB'i lNAz 2"'NAp »
2 Ap

Az Ap 29""Ap

n+2,,n+
= 2 sgn( A P) Tn+2A2' . Tn+pApF1112---2sz'2) w2 Ny p?

= det(TAB>u¢ = Uy

by means of the skew symmetry of F ... . This shows that «, is independent

of the choice of p—1 mutually orthogonal unit normal vectors orthogonal
to N, .
Differentiating (3.2) covariantly and making use of (2.5), we have

Vi, = leVzFxlzzmzpBiz‘anzz' Ny p'®
+ Fxlxzmzp;HAﬂNAZINn+222' Ny p'?
P
+ ZZElx,---la---lpBilan+212' - _Hn+athh2“ + §Ln+aAjNAla)' 2\
a=
R 7 2 2
= B; VAFAIZZ---lth 1Nt Ny P+ 7H, 1154

D
h 2
— Zz Hn+aj le zJ‘Nn+212' . .Bhla. . .Nn_l_p‘p
=

Rpdgreedyy

P
1 2
+ ZzLn+1n+a.‘iF21--~lamlen+ll‘° : 'B¢ @ ‘Nn+p P,
a=
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from which we have

Vi Us; = —é—Bﬂ (VZlelz"'lp + Vzlﬂlz...jp)szan.l_zxz‘ : ’Nn+p2p+ an.Htt

_ ._21_ B*{2f,,.4,G,— 5 (=17(fs,-4,4,Gne

a=2
+ﬁ"'ia"'1pGilla>} szlN'n+222 .. .Nn+p2p + an+1tt
by virtue of (1.1) and our assumption. Thus we have
Vjuj“"an+lt +nﬁ 2y N, 5" Nn+p1p

from which we get the following integral formula
(3. 4) SMn(anH; $1fsyz Nyag Ny i) dM = 0

by virtue of Green’s theorem.

Next differentiating H,,,,;’u; covariantly and making use of (1.1), (2.5),
(2.11) and (2.12), we have

VIH, 1/ us) =WV H,pi ) us+ H, 7V ju,
w1’ (B4, Elzzu-xsz')"Nonz” 'Nn+p1p +7rH,
»
- Z_: Hn+ath1112---1 B¢ N, 42 tha”'Nn+p2p

+ Z L'n+1n+ajFX Ag /1 n+1 B a. Nn+p2‘)

= 7Hn+1ﬂle (Vze,zz~ + VxlFu,---zp) BN, N,y e

-Zp
¢
+ an+1j72Hn+1j

»
4 2 :
- Zan+1j H, .. lez, ~~~~~~ 1pBilen+2A2"'Bhla”'Nn+pzp ’
4z

Z{l
from which we find
. ‘ y |
Vi (Hn+1jz ui) = 7'Hn+1szn+1j +Hn+1ttﬁz-~1pNn+212'"Nn+pzp .

Therefore we obtain the following iritegral formula
3.5) [ B s o NN ) dM = 0
by virtue of Green’s theorem.

From (3. 5)——1— w1 X (3.4), we have the following integral formula
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(3. 6) S T{Hn_f.lj,,;Hn.l_lji_ —}—(Hn.'_ltt)z} sz 0 .
M” n

"THEOREM 3.1. Let M™?"be a (n+ p)-dimensional Riemannian manifold
of constant curvature which admits a conformal Killing tensor field F, .,
of order p and M™ a compact orientable submanifold of codimension p in
Mr~*».  Suppose that the mean curvature vector field H* of M™ is parallel
with respect to the connection of the normal bundle. If the function r has
JSized sign on M™, then the submanifold M™ is pseudo umbilical.

Proor. From the following relation

1 1 5
(3- 7) (Hn—!-lji_ — n+1ttgjz‘> <Hn+1ﬂ_ —I{nﬂttgﬁ)
n . n
= Hn+1je'Hn+1ﬂ_ %(Hn-frltt)z >

1

we see that H,,,;;H, ,”*— —(H,,,,) is non negative. Therefore we have

i (Hnﬂtt)z =0
n

Hn+1j7:Hn+1ji_
by virtue of (3.6) and our assumption, which shows that the submanifold
M™ is pseudo umbilical by means of (3.7).

In the case of p=1 and p=2, we obtain the following corollaries in
the previous papers [9], [10].

COROLLARY 3.2. Let M™' be a (n+1)-dimensional Riemannian mani-
fold of constant curvature which admits a conformal Killing vector field
F, and M™ a compact orientable hypersurface in M"*'. Assume that the
mean curvature of M™ is constant. If F,C* has fixed sign on M”, then
the hypersurface M™ is umbilical, where C* denotes a unit normal vector
of M™.

The above corollary is included in the theorem of Y. Katsurada [3], [4].

COROLLARY 3.3. Let M™? be a (n+2)-dimensional Riemannian mani-
fold of constant curvature which admits a conformal Killing tensor field
F,, of order 2 and M"™ a compact orientable submanifold of codimension 2
in M™*?. Assume that the mean curvature vector field H* of M" is parallel
with respect to the connection of the normal bundle. If F,C'D" has fixed
sign on M™, then the submanifold M™ is totally umbilical, where C* and
D* denote mutually orthogonal unit normal vectors of M™.

We assume that the connection of the normal bundle of M™ is trivial.
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Then we get the following result given in the previous papers [9], [10].

COROLLARY 3.4. Let M™** be a (n+ p)-dimensional Riemannian mani-
fold of constant curvature which admits @ conformal Killing tensor field
) (2" order p and M™ a compact orientable submanifold of codimension
p in M™?.  Suppose that the mean curvature vector field H* of M™ is
parallel with respect to the connection of the normal bundle and the con-
nection of the normal bundle is trivial. If the function r has fixed sign
on M™, then the submanifold M™ is totally umbilical.

Department of Mathematics,
Hokkaido University
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