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Introduction. Recently S. Tachibana [2]” and T. Kashiwada has
introduced a notion of conformal Killing tensor field of degree p (p=2) in
a Riemannian manifold. They discussed such the tensor fields and obtained
many interesting results. '

In the previous paper the author proved by the mathematical induc-
tion that a Riemannian manifold of constant curvature admitting a conformal
Killing vector field admits necessarily a conformal Killing tensor field of
general degree. But, the author is pointed out by Prof. Y. Katsurada that
a part of the proof by the mathematical induction in the previous paper
is imperfect. Accordingly, the purpose of the present paper is to give its
complete proof.

In this paper we shall denote by R” an n-dimensional Riemannian
manifold of constant curvature. In § 1 we give the definition of a conformal
Killing tensor field of degree p=2, and prove that if R admits a conformal
Killing vector, then R” admits conformal Killing tensor fields of degree 2
and 3. Making use of these results, in § 2 we shall show that R* admits
a conformal Killing tensor field of degree p(p=n).

The present author wishes to express his very sincere thanks to Prof.
Y. Katsurada for her many valuable advices and constant guidances.

§1. Conformal Killing tensor fields of degree 2 and 3. Let
R*(n>2) be an n-dimensional Riemannian manifold of constant curvature
whose metric tensor is given by g,;.

Let & be a vector field in R™ such that

(1.1) ‘ fgu =E&45F &0 = 20945
where ¢ is a scalar field in R* and the symbol £ and “;” denote the op-
3

erator of Lie derivation with respect to & and of covariant differentiation
with respect to the Riemann connection determined by g;; respectively.
Then & is called a conformal Killing vector field. If ¢ vanishes identically

1) Numbers in brackets refer to the references at the end of the paper.
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n (1.1), then & is called a Killing vector field.

A skew symmetric tensor field 75 ., is called a conformal Killing
tensor field of degree p in a Riemannian mamfold if there exists a skew
symmetric tensor field @, ., _ such that

p-1

Tilu-ip;i + Tiiz---zp;ﬁl = 2p¢2-~-7}pgz'li

(1.2) .
- ILZ=2( - 1) {pi,"'ih‘"ipgi'ih + p'ziz"'gh"'ipgilih}

where i, means that i, is omitted. We call @, ,,_, the associated tensor
field of T;..,. If 0,..,  vanishes identically in (1.2), then Ty _,, is called
a Killing tensor field of degree p, [2], [3].

At the first, we prove that R* admitting a conformal Killing vector
field & admits a conformal Killing tensor field of degree 2.

In 1957, K. Yano and T. Nagano [I] proved the following lemma:

LemMma (K. Yano and T. Nagano). If R* admits a conformal Killing
vector field &, then R" admits a non-zero scalar function ¢ such that

R
1.3 = —kOg,;, kR=———,
( ) Diis 095 nn—1)
where R is the scalar curvature.
Now, we put
pi=5i+—]];—¢¢, (¢i=¢;i)-

Differentiating this covariantiy, by means of (1.1) and (1.3) we get
(1.4) m;ﬁpj;i =0.
Differentiating (1. 4) covariantly, we have
O st Ot O s+ Priv s— (Priass+ P 130) =0
Then by virtue of Ricci and Bianchi identity, the above equation reduces to
| | O gint PaR =0

where R%,;, is the curvature tensor. :
Since R* is a space of constant curvature, the last equatlon turns to

Popr = k(pjgu_p¢gj/c) .
We put Ty;=0;,,, then the above equation is rewritten as follows :

(1- 5) v Tw;k = k(pjglu;—ngjk) ’
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and hence we obtain ,
Tign + Tise= k(.zpjgki —0:9 11— 02s;) -

Therefore we have

LEmMa 1.1. If R* admits a conformal Killing vector field &, then
R* admits a conformal Killing tensor field of degree 2, [4].

Next, we shall show that a conformal Killing tensor field of degree 3
can be constructed by a conformal Killing tensor field of degree 2 and the
vector ¢@;. \

We put

(1.6) Tie=Tipr+ Tiudi+ Trid; .

Then it is clear that 7}, is skew synimetric with respect‘ to all indices.
Differentiating (1. 6) covariantly, by means of (1.5) and (1. 3) we have

| Tigse = k{(pj¢/c—pk¢j_¢Tjk) Gu+ (0P —Libr— DT i) 910
+(0p;—Pp—$Tsy) gu}
Put 0;.= Pj¢k—Pk¢j—¢Tjk, then the last equation turns to
(1.7) | Tigrse = k(@s9u+ Lrig s+ Ousgs) 5
and hence we get
Tt Togso= k(201000 —Pir@ 51— PG 10+ i sgrs + 0130 ks) -

Therefore we have : v
"LEMMA 1.2. If R* admits a conformal Killing vector field &, then
R admits a conformal Killing tensor field of degree 3, [4].

§2. Conformal Killing tensor field of general degree. At the first,
we prove that R* admits a conformal Killing tensor field of degree 2p (2p<n),
under the assumption that R” admits a conformal Killing tensor field of
degree 2p—2=2. T

We assume that R* admits a skew symmetric tensor field 7., _ such

2p—2
that
2p—2 .
(2- 1) Tq:,»-izp_,;vi = "‘k El (_ 1),“0;,---2,,--‘932,,_'2%,,5 >
s denotes the associated tensor field of T.;‘...iw_z. We put

Where pgl...ih...g
: 2

D .

—_ h+k :

Ti:""zp = - hél(_ 1) nlih} T¢hik s
(r<k) D
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where T, means P, defined in §1.
Then it is clear that Ty ., is skew symmetric with respect to all indices.
Differentiating (2. 1) covariantly, we have

Ti 2p"t = "“k Z ( )h+k(T'tx"'ih"'ik"'izp;iTihik+ T“x"'ih"'ik""tzpTihik;’l) .

hyk=
(h<k)

Substituting (2. 1) and (1.5) into thlS equation, we find

2p
Ti izp,d - k;—l( )h+k{ k Z ( l)lp,;; ...2 wed "'ik""zszihiLg'tlt
(R<k) (1<n<E, h<k<l)
—k Z (— )mpa-"?h---31---3k-~-tszwkg¢zz
(h<l<k)
+ kTi,-..ih..-i,c-~-¢zp (pz‘kgi,,i - pikgiki)}
2, z 2 Atk
oy HES V2 D HR G VAL NP o
(z<n<'k A% k<)
» <4 E+1
+ h;_l (_1)h+ + pi1"'ih"'ill'"slc"'iszzhik
(nézzk)
- z (1 Tty Pt z (= 1V Tt} G-
&<h 2D
Hence if we put
4 A+E
P,,-l...il...,,-w= h§=1 (—1) P,;l.. Py k “szihilc
(I<h<k,A<E<T)
2 A+E+1
+ h;=1 ("‘1) pl,;l...ih... ps k'"iszih'zk
(R<I<E)
— Z (= DT apiyos )P+ Z} (=1 Tt pdysyyPig 5
(l<k) (h<l)

then the last equation turns to

2p !
(2. 2) Ti:""‘zp;" = k;(_1)lp¢l...i.l...7;2pgil¢ )

and hence we get
2
kl (_1)lp¢~,;---i,---¢ng¢,¢ +k Z (— )pa Ayt g,

(l#l)

B

T, Byt + Ty

LIPS zp"‘x

i
—

2p
- k { - p‘:"'ingixi + zzzz( - 1)(p¢1..‘il."¢’pgil‘}
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2p
+ k{—‘oz‘z--'ingz"z‘ + IZ_Z(— ) O, 0 oty Jig, }

2p

= = k{200t 00— B (=1 Oty D+ Pur 18]

=2

This equation shows that T.,..,, is a conformal Killing tensor field of
degree 2p whose associated tensor field is given by —kOy.q,

Next, we shall show that a conformal Killing tensor field of degree
2p+123 can be constructed by a conformal Killing tensor field of degree
2p and the vector ¢,. It is given by the method of the previous paper,
[4].

We put

2p+1

(2. 3) T'zx'. 2p+1 = Z ( ) 2/; izp+1¢z,b

Then it is clear that ;.. viypy, 1S skew symmetric with respect to all indices.

Differentiating (2. 3) covariantly we have
2p+1 1y ‘ 2p+1 .
T"'x""zp+l;¢ == ’LZ=1( ) T% lh '3210+1”’¢¢ - Z (_1) T'tx"‘ilg"’izp+x¢"h;'; *

h=1

Substituting (1. 3) and (2. 2) into this equation, we find

2p+1

Til...izp.‘_,;i = hz=l( ) Z ( )kp'gl...ih...ik...izp_'_l¢¢hg¢k5
(h#k)
2p+1 ' » .
—k¢ ;LZ=1<_1) il"'ih"'i2p+1g’zhi
2p 1;7 2p+1 R g
= ——khzzl(—l) { /CZ=1 ('—1) pix"'ih“'ilc"‘izp+x¢'t7c+ ¢‘[1”:1""211,"'izp+1} g,w .
(h¥xk) :
Hence if we put
2p+1 &
pdx"'ih"'izp+1 = l§1(_1) pix...ih...ik...'zzp.}.1¢1;‘_.+¢T¢l...?k...;zp+l ’
(2%k)
then the last equation turns to
2p+1 A
Til..-i2p+l;¢ =—F ;,,Z=1(— 1) ‘oix"'ilz"'zzp+xgilzi ’
and hence we get
2p+1 Iz 2p+1
7-; 18 Syp s v:+ Tzi izp+1;i = _k Z ( ) pzl"' h'"zzp+lgzhi k Z ( ) p@i Iz"'izp+lgilbil
(h#l)

‘ 2p+1 2
= —k{_piz"'dzp+1gixi+ hz=:2(— ) pi "'2h"'z2p+1gihi}
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2p+1 »
—k {'“piz---izp+ Jae, T :L‘jz (=1) pﬁz"‘gh'"izp+xgihil}

2p+1

=k {2P¢2...¢2p+lgizl - Z (— 1)h (pgl..‘ih...¢2p+lg¢hg + P¢¢2...3h...,;2p+lg,;h,;l)} .

This equation shows that T, 4,,,, 15 a conformal Killing tensor field of

degree 2p+1 whose associated tensor field is given by k9, ., , . By means
of Lemma 1.1 [Lemma 1.2 and the above calculation, we have

THEOREM 2.1. Let R" be an n-dimensional Riemannian manifold of
constant curvature which admits a conformal Killing vector field &. Then
R* admits a conformal Killing tensor field of degree p (p=<n).

Department of Mathematics,
Hokkaido University
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