On a certain subspace of the Riemannian
projective recurrent space

By Toshikiyo Yamapa

§0. Introduction

Riemannian spaces which admit some recurrent tensors have been
studied by many authors. Recently, T. Miyazawa and Gors Chiman
have studied the subspaces of a Riemannian recurrent space. In this paper,
we would like to further study the subspaces of the Riemannian projective
recurrent spaces.

The Riemannian space V,, may be called a projective recurrent space
if Weyl’s projective curvature tensor

_ 1 _ _
0.1) Ppj" = Ry — ‘m—1 (R0, —Ryi6")
satisfies the relation
(0- 2) VZP/cjih = KlPlcjih,

where V, denotes a covariant differentiation with respect to the metric
tensor g¢;; of the V,,. We will call K; in (0.2) the vector of recurrence
of the space.
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§1. Preliminary

Let us consider an n-dimensional subspace V,, of local coordinate ¥
immersed in an m-dimensional Riemannian space V,, of local coordinate
z!. Let Bf=0x"/0y,, then the rank of the matrix (B,) is »#, where the
indices h,1,7j, ---, take the values 1, ---,7¢ and the indices a, b,c. ---, the
values 1, ---,n(m>n). We have the components g,, of the fundamental
tensor for V,, given by the relation g.,=B,’B,’9,;, g:; being the components
of the fundamental tensor for V,,.

Let Npo(P=n+1,:--,m) be unit normals to the V,, and mutually or-
thogonal, then we have the relations

(1- 1) guNpini = €p, gilefNQj = O(PiQ), gMBainj =0,
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where e, is an indicator.
The Euler-Schouten’s curvature tensor H,’ of the V,, is defined by

Habi = VaBb¢,

where V, denotes a covariant differentiation with respect to the fundamental
tensor g, of the V,. If we put

(1.2) H,' = ; epHoupp N7,
then the second fundamental tensor H,,, for N, is given by
(1. 3) Hypp = Hy' Ny,
Therefore (1.2) can be rewritten as
H,' = 4; epH ' NpyN£ .

The Gauss and Codazzi equation for the V, can be written in the
following forms respectively :

(1.4) Rypea=Riju BB,/ B B/ + 2 ep(Hyop Hazp— Huop Hoar)

(1. 5) Ry Bi Ny BB} =V ,H, p—V ,Hp+ %: €o(Lpoc Havo— Lpgy Hoog),
where we put
(1 6) LQPa = VaNQiNf?(: _LPQa) .

§ 2. Reviews of the known results

We have studied a Riemannian space V,,(m>2) satisfying
(2- 1) 4 z ijih = Kz ij’ih
for a non-zero vector K,, where W,," is the so-called concircular tensor
given by K. Yano as follows :

1 —

2.2 West' = Resd = =1y RU0ud —~000/").

For brevity, we denote by CCK,,-space a Riemannian space defined by (2. 1).

We shall denote the following results that are necessary to prove our
theorems.

LemMma 1. (T. Miyazawa [3])

A CCK,,-space is a projective recurrent space.
LemMma 2. (T. Miyazawa [3])

A projective recurrent space is a CCK,-space.
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§ 3. A totally umbilical surface immersed in a projective
recurrent space

From lemma 1 and lemma 2 we find that a CCK,-space is equal to
a projective recurrent space. We assume that a V,, is a Riemannian pro-
jective recurrent space, that is, CCK,,-space. If H,,’ satisfies the following
relation :

(3 1) Habi = gab Hia
where H* is called the mean curvature vector and satisfies
(3 2) Hf: — _1__ gab [1

. n ab »

then the V, is called a totally umbilical surface. We assume that the
subspace V, immersed in the V,, is totally umbilical.
Substituting (3. 1) into (1. 3), we have

(3.3) Hayp = ga H* Np; .

Putting H*Np,=05, (3.3), (3.2) and (3.1) can be rewritten respectively as:
(3. 4) Heop=PpGas

(3.5) Hi= ;} erPp Ny,

(3.6) H,'= 4; erPpNp Qe

Using (1.1) and (3.5), we have

(3.7) Hsz=§epPi.

Hereafter, for brevity, we will put H?= } ep,0%. Then the mean cur-
P

vature H is written as H?=|H, H*|.
Substituting (3. 4) into (1. 4), we have

(3. 8) Ripea = Rw/cz B.!'B,’B* B} + H,H*(gsc9aa—9ac94) - .

Differentiating (3.4) covariantly with respect to %°, substituting its result
and (3.4) into (1.5), we have

3.9) R@jleaiNPj o B = guacV s Pp—gasV.pp+ § €qPo(Lpos9as— Lres9ac) -

Furthermore, differentiating (3.8) covariantly with respect to %" and
using (1.6), (3.8), (3.9) and (2. 1),

(3 10) VfRabcd = Km Bfm [Rabcd - II{ Hi (gbc Jae— Jac gbd)]

1 _ —
4+ (Bfm Vm R - Bfm Km R) (gbc Jaa— G ac gbd)

m(m—1)
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+ Vf (}Ii H%) (gbc Jaa— Jac gbd)

1 :
+ 7[711 (Hi HZ) (gbc gfd - gbrl gfc) + Vb (Hi Hi) (gda gfc - gca gf(l)

+ Vo (Hi H*) (902950 — 9sa9ra) + Vo (H; H?) (g00 910 — Gac gm)] .

We assume that the mean curvature is a constant (#0), then we have

(3' 11) Vlelbcd = Km Bfm [Rabcd— I_I¢ Hi (gbc Oaa Gac gbd)]

1

=) B TnR—=B" K R)(gssgas—Guc00a) -

+

Contracting (3. 11) with ¢%, we get
(3.12) 7R = KB/ [ Ru—(n—1) H,H' g,

1
m(m—1)

+ (B/*VnR—B{* K, R) gaa -

Transvecting (3. 12) with ¢“, we have

(3. 13) 7;,R=K,B"[R—n(n—1) H H]
n(n—1) R m —
m(Bf VmR—‘Bf KmR).

From the above equations, we can consider the following two cases:
(A) K,B"=K,#0, (B) K,B™=0.

The case of (B) means that the recurrence vector K,, is orthogonal to the
V. immersed in the V,.

§4. The subspace with non-orthogonal recurrence vector
to the 7,.

In this section, let us consider that the recurrence vector is not or-
thogonal to the V,. First we shall prove the following theorem.

THEOREM 4.1. Let V, be a totally wmbilical surface immersed in
a projective recurrent space and let the recurrence vector be not orthogonal
to the V,. If the mean curvature is a constant (#0,n=3), then the V, is
a projective recurrent space. |

Proor. Substituting (A) into (3. 11) and (3. 12), we have

(4.1) 7y Rave = Ky [ Rasoa— He H* (9. Gua— 0o 020)|

1 _ _
+ m (m—— 1) (VfR_KfR) (gbc Oaa— Gac gb(l) ’
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4.2)  PV,R.=K, [Ra,,— (n—1) H,H* ga,,] I L -

from which we have

1 1 _
KfRad_VfRad)+ m VfR—KfR) Oaq -

KHH g =, mm—T) \

71
Substituting this equation into (4. 1), we find

1
Vf Rabcd - _7—2—:1— (Vf Rad Jvc— Vf Rac gbd)

1
= Kf[Rabcd— ~n-:—]_._ (Rad gbc_Rac gbd)] ’

that is, V;P,oq=K;Py.q. This completes the proof.

The following lemma is well known [4]:

LEmMMma 3. (M. Matsumoto [4]) In a projective recurrent space a re-
currence vector K, is gradient.
From this lemma, after easy calculation, we have

LeMMmA 4. The vector K, defined by (A) is gradient.

THEOREM 4. 2. Let V, be a totally umbilical surface immersed in
a projective recurrent space and let the recurrence vector be not orthogonal
to the V,. If the mean curvature is constant (#+0,n=3), then V, is an
Einstein space, or a recurrent space.

Proor. Substituting (A) into (3. 13), we have

(4. 3) V,,R=Kf[R—n(n—1)mHi]+;—g’n:_lT))(VfR'—K,R).
From (4. 3), we get

(4. 4) V,R—K.R= —’;i((%l)—) F;,R—K,R)+m(m—1)K,H,H* .
Substituting (4. 4) into (4. 1) and (4. 2), we have

@5 P Raw= K Rust 5=y R K R) 0 O0a— e,
(4.6) P Rus = K/ Rua+ - (7, R=KyR) .

Differentiating (4. 6) covariantly with respect to y°, we have
V.VsRug="V.K; R, |
+ K, K, R,,d——}z—K,Ke Rgad—-nl— V.K;Rgu:+ —’12—17, V:Rgaq.
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Exchanging the indices ¢ and f and using the lemma 4, and subtracting
the equation obtained from the last result, we get V.V R,,—V.V;R, =0.
Applying Ricci’s identity to the left hand side of the last equation, we have
Ry Rpd + Ry Ry =0. Differentiating this equation covariantly with respect
to y° and substituting (4.5) and (4. 6) into its equation, we have

(4 7) (Vc R - Kc R) (thl gea - Red gfa + Raf ged - Rae gfd) = 0 .

Transvecting (4. 7) with g¢,, we have (F,R—K,R)(Rg.,.—nR,)=0. It fol-
lows that V,R—K_R=0, or Rg,,=nR,,. If the former equation holds, then
V, is a recurrent space according to (4.5). If the latter equation holds,
then V,, is an Einstein space. This completes the proof.

CoROLLARY 1. Let V, be a totally geodesic surface immersed in
a projective recurrent space and let the recurrence vector be not orthogonal
to the V,,. Then V, is a recurrent space, or an Einstein space.

COROLLARY 2. Let V, be a totally geodesic surface immersed in
a projective recurrent space and let the recurrence vector be not orthogonal
to the V,, and V, be not an Einstein space. Then V., is a recurrent space.

§ 5. The subspace with orthogonal recurrence vector to the V,

In this section, let us consider thst the recurrence vector is orthogo-
nal to the V,.

THEOREM 5.1. Let V, be a totally umbilical surface immersed in
a projective recurrent space and let the recurrence vector be orthogonal to
the V,. If the mean curvature is a constant (+0,n=3), then V, is sym-
metric in the sense of Cartan.

Proor. From (4.1) and (4. 3), we have

1 _
(5' 1) VfRabctl = m VfR (gbc gad_ gac gb(l) ’
nn—1 = = m(m—1
(5. 2) V,R= %Eim—T)) v,R, V,R= 75;—;1—)) 7.R.
Substituting (5. 2) into (5.1), we have
1
) (5‘ 3) VfRabctI _m VfR (gbc ga(l—gac gb(l) = 0 .

' . . i . 1
The contraction with respect to ¢g** in (5.3) gives V fR,,c——n—Vng,,c=0.

Transvecting this equation with g,,, we get V, R=0, that is, R=constant.
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Therefore, from (5.3) we find V,R,;,,,=0. This completes the proof.
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