Q-connections and their changes on an

almost quaternion manifold

By Shigeyoshi FujiMURA
(Received September 16, 1975)

Affine connections of certain types on an almost quaternion manifold
were studied by M. Obata ([9], [10]), and the existence of affine connections
such that the almost quaternion structure is covariantly constant with
respect to their connections, the transformations preserving the almost
quaternion structure, and so forth were discussed. = Recently, S. Ishihara
([6]) has defined the quaternion Kihlerian manifold by using the tensor
calculus, and interesting results have been obtained by several authors ([1],
21 [31 [4) [61 [7] 8] [12).

In the present paper, we shall define Q-connections satisfying the
condition which the Riemannian connection on the quaternion Kihlerian
manifold is imposed on, and show the existence of Q-connections and the
change of Q-connections preserving the Q-projective curvature tensor field
which is analogous to the H-projective change ([5], [11], [14].

Throughout this paper, we assume that manifolds, fields and connec-
tions are differentiable and of class C*, the indices q, b, ¢, *-+, j, k, I run over
the range {1, ---, 7} and the summation convension will be used.

§ 1. Q-connections.

Let M be a manifold of dimension 7 (=4m), and assume that there is
a 3-dimensional vector bundle V consisting of tensors of type (1,1) over
M satisfying the following condition :

In any coordinate neighborhood of M, there is a local base {F, G, H}
of V such that

JFZ G'=H=-1,

1.1
1.1) lFG=~—GF=H, GH=—HG=F, HF=—FH=G,

where we denote by I the identity tensor field of type (1,1) on M. Then,
the bundle V is called an almost quaternion structure on M, and (M, V)
an almost quaternion manifold. From now on, we shall discuss in the
local and use this local base {F, G, H} of V, whose local components are
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denoted by F}, G and H} respectively. Then, (1.1) is written in the form
FrF=G:G!=H!H! =—1},
(L.2) F'G¢=—GiFf=H}, GiH;=—H}G;=F},
H!F:=—F!H: =G},

where I* denote local components of I.
Let I" be an affine connection on an almost quaternion manifold (M, V),
which will be called a Q-connection if it satisfies the following condition :

Fi’;.f = Gv’:'aj - Hithj ’
(1- 3) ?;j=—Fihaj +Hihrjy
H:,;= F!'B;—GiTy,

where the symbol “;” denotes the operator of covariant differentiation with
respect to I', and a;, B; and 7; are certain 1-forms. In particular, an affine
connection I" will be called a V-connection if F, G and H are all covariantly
constant with respect to I'. It follows that I" is a Q-connection if and
only if, for a cross-section ¢} of the bundle V and an arbitrary vector field
u”, ¢4’ is also a cross-section of V, and it is equivalent that, when we put

(1- 4) ?Jk = Iihll.;—Fthjk—G?Gﬁ_Hié Jk ’

* is covariantly constant with respect to its connection (cf. [6]).

M. Obata ([9]) proved that, in an almost quaternion manifold with an
affine connection, there always exists a V-connection. First of all, we shall
show the existence of Q-connections including V-connections: Let I'=(I"}y)
and I" =(I'?,) be affine connections on an almost quaternion manifold (M, V),
where I'%; and I'}; are coefficients of I' and I" respectively, and assume
that I" is a Q-connection satisfying (1.3). When we denote by the symbols
“:” and “|” the operators of covariant differentiation with respect to I’
and I' respectively, from (1.3), we have

(1. 5) Fia zj—F:S::‘j = G?“J_HihﬁJ_Fi’?j ’
(1. 6) G; 31;—GZ G =—Fra;+ HT;—G};,
(1.7) H:Sk,—Hy Sty = FB,—G7,—HJ),,

where S, =I';,—I'%,. Transvecting (1.5), (1.6) and (1.7) with F¥, G} and
H respectively, and summing them, we have
(1.8) k— AkrSh,l4 = — (F3 Fi+ GEGY)+ HE HY )[4

C +(F¢"Tj+Gfﬁj+H¢ka,)/2.
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Now, for an affine connection I' and arbitrary 1l-forms a;, S8, 7; on
(M, V), when we put
I'y=Ty—(FeF+GiGH;+ HY H )4
(F{”?}-&-Gi ﬁj"‘H,; aj)/Z ,

then, I'}; satisfies (1.8), and we have
Fi’:j = 3F{l|j/4—(thFiaF:]j+GhF'aGglj'l'thFia ablj)/4
+H:G$”/4 GhHu/4+Gi aj‘—'Hihﬂj

=3F} 4+ F}FF3,/A—G3{(Fe GY),—F3,Gi} /4

— Hp{(Fe H?),,— F3, H2} [A+ H2 G /4
—GaH}j,/A+ Gray;—H}' By
=Gla,—H!B;.
Similarly, we have
ti=—Fa;+ Hr; and H}; = F}B,—G!71;.
Therefore, we can obtain

THEOREM 1. In an almost quaternion manifold with an affine con-
nection, there always exist Q-connections.

§ 2. Q-projective changes.

We now consider an almost quaternion manifold (M, V) with an affine
connection I'=(I"};) and the curve x*=z"(f) in (M, V) satisfying the ordinary
differential equations

d’z" , dx® dx’
2.1) a7 tle g g

| o
= (p(t) Ib+ 02(8) F2+u(0) Gh+ () HZ)

where ¢,(t) (=1, ---, 4) are certain functions of the parameter ¢, and we
will call such a curve a Q-planar curve. It’follows‘fhét there exists uniquely
a Q-planar curve through an arbitrary point P of M such that the curve
has an arbitrary tangent vector at P as the vector tangent to the curve at
P. And we see from (2.1) that, for a Q-connection I', a curve x*=2x"(¢) is

a Q-planar curve if and only if the 4-plane spanned by four vector fields

ciz , F? cfit“ , Gt éﬁa and H? ilt is pérallel along the curve itself. The
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following theorem is obvious.

THEOREM 2. In an almost quaternion manifold, affine connections
=(I'Y)) and T =(T'%) have all Q-planar curves in common if there exists
1 forms N A s and v, satisfying

(2.2) tnl2 =nal)+ A F5 + paGh +voHJ
where Sy=T%—T"% and Ty;=(Ti;+ T)2 for an arbitrary tensor field T;;.

We seem that the converse of is true. But its proof by
means of the calculation analogous to one of H-projective changes (Appen-
dix in [13]) is too complicated. Now we will call affine connections I" and
' to be Q-projectively related to each other if there exist 1-form 7, 4,
and v, satisfying (2.2).

THEOREM 3. The symmetric Q-connections I'=(I"};) and T'=(T'}) are
Q-projectively related to each other if and only if there exists a l-form
such that

(2.3) Iy = I'ly+ 2n1 5 — 20, FGF ) — 29, GG — 29, HGH
=TI+ 2400 -

Proor. When the symmetric Q-connections I" and I" are Q-projectively
related to each other, from (1.3) and (2.2), we have

(2. 4) (@;—a;—2v,) Gt —(B;— B;—2p5) H?
= (%Fi"+2z) I} + (A Fi —n,) F}
+ (e F +v3) G+ (v B — 1)
(2.5) (73—7,—24,) H —(@5—a,;—2v,) F
= 0.Gt + 1) I} + (2. Gi —vy) F}
(F‘a Gi—71:) G+ GT + 4)
(2. 6) ( ‘BJ 2#1) —(,—7;,—22,) G?
= (% Hi +v) I} + (. H + ) F
+(tta H —2) G+ (v H —) Hy

where quantities with bar (without bar, resp.) denote quantities with respect
to I' (with repect to I', resp.) Transvecting (2.4) with Gi, (2.5) with H}
and (2.6) with F} respectively, we have

(2.7) ay—a;—2;=—20Hj + 2, Gi— p Ff—vj)[n,
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(2. 8) Ti—T3—22y= =20 F}—2;+ pt Hf —v,G3)/n,
(2 9) ’ Ej—ﬁj—zﬂj=_2(7]aG?_2aH;_pj+”aFf)/n-

On the other hand, contracting (2.4), (2.5) and (2.6) with respect to indices
h and j respectively, we have

(2. 10) (Oa—aa—2v4) Gf —(Ba—Ba—24a) H = n(p F + 2,)

(2. 11) (?a—ra_zza) Hia—(aa_aa—zva) Ff=n(n.Gi+p),

(2.12) (Ba— Ba—24t0) F¥' —(Ta— 70— 222) Gf = n(n Hi +vy).
Transvecting (2.10) with G} and (2.11) with F} respectively, we have
(2.13) (Ba—Ba—24t4) Fi —(@y—at;—2v,) = n(n. Hj + . G3),

(2. 14) (@y—ay—2v))+(Ta—T2—224) G§ = n(ps F§ — 1. Hy) .

Adding (2.12) and (2.13) to (2.14), and transvecting it with F/, we have
(2.15) Bi—Bi—2p = — n(.Gf— 2, Hf — p; + v, F&)2 .

Similarly, we have

(2. 16) a—o;—2v;, = —n(H+ 2, G — p  Ff—v,)]2 ,

(2.17) Ti—1—20 = —n@ Ff— 2+ p H —v,G3)2 .

Therefore, from (2.7), (2.8), (2.9), (2.15), (2.16) and (2.17),"we can obtain
(2.18) di— ot —2v; = By— By— 24ty = Fo—T,— 22, = 0 ,

from which, using (2.10), (2.11) and (2.12), we can obtain (2.3). By
straightforward calculation, the converse is easily verified.

§3. Q-projective curvature tensor fields.

Let I'=(I'};) and T =(I'})) be symmetric Q-connections on an almost
quaternion manifold (M, V), whose curvature tensor fields and Ricci tensor
fields are denoted by R, Rl,, R,; and R,; respectively. Then, after
straightforward calculation, we have
(3.1) Rl = Ry +2A%5 Yar— 2A%% 0y

(3.2) Rij=Ry;—(n+4) 9,4+ 2A3 Yy

where A}} is given by (1.4), the symbol “;” denotes the operator of
covariant differentiation with respect to I, and

(3. 3) Wiy =055~ AL a7, .
LEMMA 1. Let n:; be given by (3.3). Then
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n+4 o 1 —
(3. 4) 7= Pn+8) (Rapn—Rup)+ Py (Rrin—Rpz)

2 _
] A (Rary—Ran) »

+ n(n+8

where Tyn=(Ty;— Ty)|2 for an arbitrary tensor field Ti;.
Proor. From (3.2), we have

(3.5) Ryp—Rupy=—(n+4)pun,

(3.6) Rup—Rup =—(n+4) puy + 24557 -
Transvecting (3.6) with AY, since A7 AY=4I{I?, we have
(3.7) AZY(Rapy— Riany) = — (n +4) A3 7pay + 8701 -

Eliminating the term A%®7., from (3.6) and (3.7), we have
(3.8) n(n+8)7uy = (n+4) (Rup—Rup)+ 245 (Ran — Rean) -

Therefore, from (3.5) and (3.8), we can obtain (3.4).

Now, we will define the tensor field which is invariant under Q-
projective changes of symmetric Q-connections, i.e., the Q-projective cur-
vature tensor field Q; of the symmetric Q-connection I" as the following:

(3.9) Qe = Rl + 2A%Y Bur—2A0 Bay
where B, is given by
n+4 2
(8.10) By = in+v8) Runt mrgy ARan 3557 o R

Then, from (3.1), (3.4) and (3.10), we can obtain

THEOREM 4. The Q-projective curvature tensor ﬁelds are mvarzant
under Q-projective changes of symmetric Q-connections.

ReEMARK. From (2.18), it follows that, if two symmetric V-connections
are Q-projectively related to each others, its change is affine ([10]).

§ 4. The Q-projective flatness.

If the Q-projective curvature tensor field of a symmetric Q-connection
vanishes, we call such a connection a Q-projectively flat connection and
such an almost quaternion manifold (M, V) with its connection to be Q-
projectively flat.

Now, let I' be a symmetric Q-connection on an almost quaternoin
manifold (M, V), whose operator of covariant differentiation, curvature



Q-connections and their changes on an almost quaternion manifold 245

tensor field, Ricci tensor field and Q-projective curvature tensor field are
denoted by the symbol “;”, R}, R;; and Qf, respectively. Then, the
following lemma can be obtained after straightforward calculation.

LemmMmA 2. If B;; is given by (3.10) and a 1-form 7w, satisfies the
Jollowing :

(4.1) i3 = Afj0anp+ Bm ;
then,
(4.2) 2t pe1 = (Qm“"Rm) Na+2Birj07 -

Next, taking the skew-symmetric part and the symmetric "part with
respect to indices 7 and j of (3.10), we have

(4.3) Bp =771 Run>
n+4 2
(4.4) By = n(n+8) Ry n(n+8) AT Ra)

Transvecting (4.4) with AL and eliminating A%} R from it and (4. 4), we
have

(4.5) Ry = (n+4) Bujy—2A% B -
From (4.3) and (4.5), we have
(4.6) Rij=(n+4) Bi;—2A% By -

Therefore, from (3.9), (4.6) and the second Bianchi identity, we can obtain
(4.7) Qistsa = 2(n+4) By, k]“‘4A( 7 Bapi + 441 Barsi g1 -

From which, when B, vanishes, it is obvious that Qf;, vanishes.
Conversely, when Q%., vanishes, from (4.7), we have

(4.8) (n+4) Borg1— 2450 By 1+ 2450 By = 0.

Transvecting (4.8) with 24, we have

(4.9) (71+4) A By 1— A(Bsgsor + Buag) + 2459 AL Byryn = 0.
Transvecting (4.9) with 24", from A Ak AY =4I AT and AsANAL =

4Ij ‘l)k’ we have ) )
(4.10) (n+4) ALY AG Bygasn— 4ALY Bugss
+ 2A( a?) Ba[j;b] + 2Aga:) B,,[i; ] — O .
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Ehmlnatmg the term A{}” A{® By from (4.9) and (4.10), we have
{4.11) (n*+8n+8) A(ab) Basia— 4A5 Biisin
—4(n+4) (Bygn+ Birin) —4A% Bann =0

Taking the skew-symmetric part of (4.11) with respect to indices j and &,
we have

(4.12) A3 Baposin— ALE” Baps; 11

4n+4
= n—z_,(:‘g‘,;'_,i)z (2Bt 1+ Byrss s1— Birss 1) -
Substituting (4.12) into (4.8), we have
(4.13) (n*+8n—12) By j;41—8(Brsse1— Bariss) =0 -

Taking the symmetric part of (4.13) with respect to indices ¢ and j, we
have

(4. 14) (n+10) (n—2) (Birg;00+ Byse1) =0 .

Since 7 is greater than 4, taking the symmetric part of (4.14) with respect
to indices j and %, we have

(4.15) Bjrie1+ Barisn =0 .
Substituting (4.15) into (4.13), we have
(4. 16) (n*+8n—12) By 5;;1—16Byr401 = 0.
Substituting (4.14) into (4.16), we have
By =0.
Therefore, we can obtain

LEMMA 3. Qe vanishes if and only if By vanishes.

From and Lemma 3, it follows that the condition of inte-
grability of the equation (4.1) is that Q% vanishes. Then, there exists
a 1-form 7, satisfying (4.1), and if we put

Ty =TY+2A)%, ,
from (3.2), (3.3) and (4.6), we have

Ry = Ryy—(n+4) 15+ 2A% 9 a
= R“"_(n =+ 4) B,;j =+ ZA?_?B(ab)
=0.
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Since the Q-projective curvature tensor field of T' vanishes by means of
it follows that the curvature tensor field of I' vanishes, i.e.,

T is a locally flat connection. Therefore, we can obtain

THEOREM 5. An almost quaternion manifold with a symmetric Q-
connection I' is Q-projectively flat if and only if I' is Q-projectively related
to a locally flat connection.

A quaternion Kihlerian manifold is defined as an almost quaternion
manifold with ‘a 'Riemannian metric which is Hermitian with respect to
the almost quaternion structure and whose connection is a Q-connection ([6]).
And it was proved that a quaternion Kihlerian manifold is an Einstein
space ([1], [6]). Therefore, it follows that our Q-projectively flat quaternion
Kihlerian manifold is one of constant Q-sectional curvature (cf. [6]). Thus
we can obtain

THEOREM 6. In order that a quaternion Kdihlerian manifold be Q-

projectively flat, it is necessary and sufficient that it be of constant Q-
sectional curvature.
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