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Introduction.

Let R be a ring with identity and U be a right R-module such that
RcIl E(U)=C where E(U) is the injective hull of U. Then the double
centralizer of C is a ring S and is a U-rational extension of R as a right
R-module. A ring S is regarded as a subring of a maximal right quotient
ring of R. '

In [5], K. Masaike states a characterization of a ring of which a ca-
nonical inclusion of R into a maximal quotient ring is a right flat epi-
morphism. We will generalize this result for a canonical inclusion of R
into S.

Throughout this paper, a ring R has always an identity element and
an R-module is unital. An injective hull of an R-module M is written
by E(M). Let X and Y be the right R-modules. We say X is Y-torsion-
less if X is embeddable into some product of Y, i.e., XcIT'Y. This is
equivalent that for any nonzero x€ X there exists an R-homomorphism f
of X into Y such that f(x)+0.

1. U-rational extension of a ring

Let U be a right R-module such that E(U) is faithful. Then we have
Rcll E(U). We put C=II E(U), H=Homz(C,C). Then C becomes a
bimodule zC thus we get S=Homjy(C, C) the double centralizer of Cj.

ProrosiTiON 1.  C is injective as a right S-module, Homg(C, C)=
Homg(C, C), and if By is a direct summand of Cr, then B is a right S-
module and also a direct summand of C as a right S-module.

Proor. This is well-known (see [3], for example), but for the
completeness, we state the proof.

Let 0—X—Y be an exact sequence of right S-modules, and f be an
S-homomorphism of X into C. Since Cy is injective, f can be extended
to g: Yp—C, We will show that ¢ is an S-homomorphism.

For any y€Y, define the mapping %,:S—C by %,(s)=g(ys)—g(y)s for
s€S. This is clearly an R-homomorphism and can be extended to %,€ H
by injectivity of Cz. Then %, (R)=%,(R)=0, therefore, %, (s)=Fk (s)=k.((1)s)
=(k} (1)) s=0 (here we use the canonical embedding of Sy into Cp;s+>(1)s).
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Thus ¢ is an S-homomorphism, so C is, injective as a right S-module.
Next, we obtain trivially ‘Homy(C, C)cHompg(C, C), and because zCys is
a bimodule, equality holds. 4
Finally, we shall show if By is a direct summand of Cj, then B is a
right S-module and also a direct summand of C as a right S-module. Let

C=B® A where A is an R-submodule of C. Take any b€B, s€S and let
p be a canonical projection from C onto A. Then p((d) s)=(p (b)) s=0,
thus, (b)s€B for any b€B and s€S. This means that B is a right S-mod-
ule. By the same way, A is also a right S-module, therefore, B is a direct
summand of C as a right S-module.

Let M be a right R-module and N be a submodule of M. Following
Findlay and Lambek [2], we call M a U-rational extension of N if Hompg
{(M'|N,U)=0 for any submodule M' of M that contains N. This is equiv-
alent to Homz(M|N, E(U))=0 by [Proposition 2. 1 of [2].

ProPOSITION 2. S is a U-rational extension of R as a right R-module.
If an R-submodule T of C is a U-rational extension of R, then TCS.

Proor. The first assertion follows easily from the proof of Theorem
2 of [3]

In order to prove the second part, we shall show that A(£)=0 for any
teT and heH such that A(R)=0. If A(2)#0, then there exists f: C—E(U)
such that f(h(£)#0. Put g=fh|s: T—E(U). Then we have :

g(2)=f(h(2)#0

and
0(R) = f(h(R)=0.

Since T is a U-rational extension of R, this is a contradiction. Thus,
h(t)=0 and then we have t€S.

2. Flat epimorphism

We shall begin this section with stating some definitions and nota-
tions. In what follows, let R, S and U be as in the previous section.

DeFINITIONS. Let A (B) be a right ideal of R(S). Then we call A(B)
U-dense if Homz(R/A, E(U))=0 (Homg(S/B, E(U))=0).

When A is a right ideal of R, A is U-dense if and only if R is a
U-rational extension of A as right R-module, but since U is not a right

S-module, we take above definitions.
' For any right R(S)-module M(N), we put
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Ve(M)= {mGM ; mA=0 for some U-dense right ideal A of R}
(Vg(N)= {nEN ; nB=0 for fome U-dense right ideal B of S}).

LEmMMA 1. If A is a U-dense right ideal of R, then
A:s= {reR ; erA}

is a U-dense fight ideal of R for anmy s€S.

Proor. Consider a map f: R—S that is defined by f(r)=sr, reR.
Then f is an R-homomorphism. Thus, A:s=f"(A). Since S is a U-
rational extension of R,S is also a U-rational extension of A by Ppro-
position 1.3 of [2]. Therefore, R=f"*(S) is a U-rational extension of
S (A)=A:s by Proposition 2.2 of [2]. Thus, A:s is U-dense.

LemMA 2. (i) B is a U-dense right ideal of S if and only if BNR
is a U-dense right ideal of R.

(i) If A is a U-dense right ideal of R, then AS is a U-dense right
ideal of S.

ProoF. (i) Assume that B is a U-dense right ideal of S. If there
exists nonzero R-homomorphism f:R/(BNR)— E(U), then it can be ex-
tended to f':S/B— E(U) by injectivity of E(U). By the same way as in
IProposition 1, f’ becomes an S-homomorphism and nonzero. This is a
contradiction. Thus, Hom,(R/(BNR), E(U))=0.

The converse is trivial by R/(BNR)=(R+ B)/B.

(ii) Trivial by (i) and ACASNR.

LemMmA 3. If M is a right S-module, then Vg(M)=Vz(M).

Proor. This follows from lemma 3.

Now, next [Proposition 3 and 4 are generalization of K. Masaike ([5].
[Proposition 1| and 3).

ProrosiTioN 3. A right R-module M is E(U)-torsionless if and only
if Va(M)=0.

ProOF. Assume that M is E(U)-torsionless. Let 0#x€E(U) and A
be a U-dense right ideal of R. Consider an R-homomorphism f: R— E(U)
such that f(r)=xr(reR). If zA=0, then f induces a nonzero homomor-
phism f':R/A—E(U). This is a contradiction. Thus, V;(M)=0.
Conversely, assume V,(M)=0, then, for any nonzero x€M, A={reR ;

xréO} is not a U-dense right ideal of R. Thus there exists a nonzero
homomorphism ¢:R—E(U) such that g(A)=0. On the other hand, R/

AZ=xR, so there exists canonically a homomorphism 4 :xR— E(U) such
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that hA(xr)=g(r). It can be extended to A': M— E(U) by injectivity of
E(U). Thus, &' (x)=h(x)=¢(1)#0. Hence, M is E(U)-torsionless.

Let T be a ring extension of R. Then we call a canonical inclusion of
R into T a right flat epimorphism if ;7 is flat and T® T=T canonically
(we always form a tensor product as R-modules).

PROPOSITION 4. A canonical inclusion of R into S is a right flat
epimorphism if and only if M®S is E(U)-torsionless as right S-module
for every (finitely generated) E(U)-torsionless right R-module M.

PrOOF. Assume that a canonical inclusion of R into S is a right flat
epimorphism. We have E(U);=E(U)® Ss by Corollary 1.3 of [6].

Now, we shall prove that a canonical mapping M—-MQ®S (m—>m®1)
is a monomorphism for any E(U)-torsionless module My If some nonzero
meM, m®1=0, then there exists f: M—E(U) such that f(m)+O0. The
homomorphism f induces f®Id: MRQS—E{U)QS=E(U). Then 0#f(m)®
1=(f®Id) (m®1)=0. This is a contradiction. Thus, by Proposition 1.7
of M®S is an essential extension of M as an R-module. Therefore,
M®S is E(U)-torsionless as an R-module. By assumption, for any right
S-modules K and K’, Homg (K, K')=Homg(K, K'.. Thus, M®S is E(U)-
torsionless as a right S-module.

For the converse, we shall show that .S is flat and the canonical
mapping S® S—S is an isomorphism.

If we show A®S=AS canonically for any finitely generated right
ideal A of R, then the flatness of »S follows from section 5.4
1 of [4] Thus, we will show that a canonical mapping ¢ :A®RS—>S is a
monomorphism. Let u=1a,®5,€A®S and Y a,s.=0. Put B= QR:s,c.

Then by lemma 2, B is a U-dense right ideal of R. For any b€B ub=
Na,®s,b=Y a,5:6®1=0. Thus, uB=0 so u€ Vxz(A®S). But ACRC
I E(U) implies that A®S is E(U)-torsionless as an S-module. By Propo-
sition 3 V(A ®S)=0. Therefore, #=0. Thus, »S is flat.

Next we will show Vg(S®S)=0. Let Y 5. ®si€Vy(S®S), and K=s,
R+s, R+ +s,R. By the flatness of S, we have K®ScS®S. There-
fore Y5, sl Ve(K®S). On the other hand, KcScIl E(U) and K is
finitely generated, so by assumption Vg(K®S)=0. Thus, s ®si=0.
Therefore, Vg(S®S)=0. If u=Ysi®s5,€S®S and X s st=0, then as
above u€Vy(S®S)=0. Therefore, u=0. Thus, the canonical mapping of
S®S onto S is a monomorphism, whence an isomorphism.
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