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Codominant dimensions and Morita equivalences

By Takeshi ONODERA
(Received April 9, 1976)

Introduction

Let P be a projective left R-module with endomorphism ring S. Let
A be a left R-module. We say that P-codominant dimension of A is=n,
denoted by P-codom. dim. A=n, if there exists an exact sequence:

XXy 1— -+ — Xy Xy A— 0

where X;’s are isomorphic to direct sums of P’s.

It is clear that P-codom. dim. A>1 iff P generates A. It is also equiv-
alent with the condition TA=A, where T is the trace ideal of zP. In
this paper it is shown that P-codom. dim. A=2 iff PQHomj (P, A) and

s

A are canonically isomorphic. Another some equivalent conditions for this

are also obtained in §2. On the other hand, let ¢B be a left S-module.

Then it is shown that B and Homgp (P, PQ B) are canonically isomorphic
s

iff Hompg (P, Q)-dom. dim. B=2, where z(Q is an injective cogenerator in
2. Thus we see that the categories ¥ ;={X& | P-codom. dim. X=2} and
&:={Y e M Hompg (P, Q)-dom. dim. Y=2} are (canonically) equivalent. In
case where pP is a progenerator in zIR, we have #,=3;I and, since sHomg
(P, Q) is an injective cogenerator in (IR, #¥,=gM. Thus our result affords
a generalization of Morita equivalence. Another variations of an equivalence
of this type are also discussed in §1 and § 4.

Since the trace ideal T of a projective module zP is an idempotent
two-sided ideal of R, T induce a torsion theory (&, %) in the category of
left R-modules : .7 ={Xe&M|TX=2X, or equivalently, P-codom. dim. X=1},
F={X e, MTX =0}. The condition under which (7, %) is hereditary,
that is, .7 is closed under submodules were studied recently by some authors
(1, [6]). Here we add some other conditions for this in §3. Some of
them are the followings :

(1) The class {X& | P-codom. dim. X =1} coincides with the class
{X € gR|P-codom. dim. X' =2}.
(2) P®Homg(P, X) and TX are canonically isomorphic for every left
S
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R-module X.
(3) The functor T: gMM— IR (the subfunctor of the identity functor
on M) is exact.

Finally, in § 5, we shall give some equivalent conditions under which
the class {Xe M| TX=X} is closed under submodules, direct products and
injective envelopes.

In what follows we assume that all rings have an identity element and
all modules are unital.

§ 1. Some generalizations of Morita equivalences

Let R, S be rings with an identity element. Let zA and zB be two
left R-modules. We say that A-codominant dimension of B is =7, denoted
by A-codom.dim. B=n, if there exists an exact sequence :

Xn_—’Xn—l'_" T —_)XI'—"B__’O )

where Xs are isomorphic to direct sums of A’s. Dually we say that A-
dominant dimension of B is =7, denoted by A-dom.dim. B=n, if there
exists an exact sequence :

O-_"’B___)Yl_—> e __’Yn—l"—’Yn ’

where Y’s are isomorphic to direct products of A’s. Dominant diemsion
was introduced by K. Morita and H. Tachikawa and studied by them and
some other authors.

In case pAg is a two-sided R-S-module, there is a canonical homomor-

phism ¢4 5 of AQHomg (A, B) into zB defined by
8

e« s(aXf)=f(a), ac A, feHomz(A, B).
Let sC be a left S-module. There is a canonical homomorphism 74 of sC

into Hompg (A, A®C) defined by
s

{WA,O(C)} (a) = a®(:, CEC, acA.

As is easily verified we have-the following

LemMmAa 1. It holds the following relations:

(1) Hom (1, e4,5) 74 Homp (4, B) = 1HomR(A,B)
(2) sA,A(?C <1A®77A,C) = 1A<§)C

LEMMA 2. ¢4 is an isomorphism iff A-codom. dim. B=2 and Hom

1) Cf. [8)
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(14 e4,8) s an isomorphism.

Proor. Assume that ¢4 5 is an isomorphism. Then clearly Hom(1,,
4,3 is an isomorphism. Let @S—@S—Homz(A4, B)—0 be an exact se-
quence of left S-modules, where @S’s are free left S-modules. Then, by
tensoring with Ag, we see that A-codom. dim. A(?HomR (A, B)=A-codom.
dim. B=2.

Assume, conversely, that A-codom. dim. B=2 and Hom(1,¢45) is an

isomorphism. Let @A—-PA—B—0 be an exact sequence of left R-modules.
Applying to this the functors Homg( ,B) and Homg( , AQHomg (A, B)),
S

we have the following commutative diagram with exact rows:

0 — Homp (B, B) ——— Homgz(A, B) Homp (4, B)

r'S

Hom (15, eA,B){ [THom (1, e4,5) [IHom (1, EA,B){
0 Homg (B, AR Homg (A, AR Homg (A, AR
-_— s s s
Homz (4, B) Homz (A, B) Homg (A, B)).

Since [[ Hom (14,¢4,5)’s are isomorphisms, so is Hom(lgz,e, 5. Let he
Hompg (B, AQHompg (A, B)) be such that e, gh=15. Then ¢, 5 is an epimor-
S

phism and AQHomg(A, B)=h(B)PKer. ¢, 5. It follows that Homz (A, AR
S S
Hom (A, B)) = Homg (A4, h (B))PHompg (A, Ker. ¢4 ). Since Hom (1, ¢, 5) is

an isomorphism and Hom(1, ¢, 5) {Homgz(A, Ker. ¢, 5)} =0, we have Homg
(A, Ker.e4,5=0. If follows that Ker. ¢, 5=0, because Ker. ¢, 5 is generated
by zA. Thus ¢ 5 is an isomorphism.

Let zQ be an injective cogenerator in zft. We denote the left .S-module
Hompg (A, Q) by A*.

LEMMA 3. 94 s an isomorphism iff A*-dom.dim. C=2 and 1,Q7,¢
s an tsomorphism.

PrROOF. Suppose 7,4 is an isomorphism. Then clearly 1,X74¢ is an
isomorphism. Let 0-ARC—[[Q—]]Q be an exact sequence of left R-

8

modules where [[ Q’s are direct products of Q’s. Then, by applying functors
Homg (A4, ), we have the following exact sequence of left S-modules :

0— Homgz (4, AQC)—> [] A% — [] A*,
N

which means in turn that A*-dom. dim. €=2.

Suppose, conversely, A*-dom. dim. C=2 and 1,Xn4c¢ is an isomor-
phism. At first we note that Hom (9, ¢, 1,*) is an isomorphism because it
is the composition of the following isomorphisms: Homg(Homp (A4, A(?C),
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. Hom(Li®%4,c, 1
A9 22 Homp (A® Homg (A, AR C), Q)T e (A ©C Q==
S s

Homg(C, A*). Let 0—-C—][] A*—[] A* be an exact sequence of left S-
modules. By applying to this the functors Homg(C, ) and Homg(Homg (A4,
A®C), ) we have the following commutative diagram with exact rows:

S

0 —— Homg(C, C) ——— Homg(C, A¥) ——— Homg(C, A¥)

Hom (14,0, 10)I [THom (4,¢, 14*)] [THom (4,0, 14+ )I

Homg(Hompg (4, N [ITHomg(Hompg (A ﬂHomS HomR (A,
A()?C), C) A®C} A*) AQ;)C) A¥*).

0—

Since [[Hom (94¢, 14)’s are isomorphisms, so is Hom (74,6, 1¢). Let h&Hom;
(Hompg (A, AQC), C) be such that Anso=1,. Then %4 is a monomor-
8

phism and we have Homgz(A, AQC)=1940c(C)PKer. h. It follows that
S
Homg (Homp (A, AQC), A*)=Homg (n,4,¢ (C), A¥)PHomg (Ker. b, A*). Since
s
Hom (9, ¢, 1,) is an isomorphism and Hom (7,¢, 14 {Homg (Ker. h, A*)}=0,

Homg (Ker. h, A*)=0. This implies that Ker. h=0 because Ker.h is co-
generated by A*. Thus 7, is an epimorphism, whence an isomorphism.

From and we have the following

THEOREM 1. Let gAg be a two-sided R-S-module. Then there is a
category isomorphism between the class & ={X& zgI|A-codom. dim. X=2
and Hom (1,64 x) is an isomorphism} and the class Z={Y M| A*-dom.
dim. Y=2 and 1,Qmsy is an isomorphism} which is induced from the
equivalent functors :

F: #2X—F(X)=Homz (A, X)eZ
G: ,@BY—+G(Y)=A(?YE°€.
LemMMA 4. Let A be a left R-module with the endomorphism ring
S. Let T be the trace ideal of RA: T= 3, ¢(A). Then T Ker.eyx
=0 for every X&zIk. reonatA
Proor. Let Zaz®fzeA®HomR(A X) be in Ker.eyx. Then for
every gEHomR(A R) and for every a=A, we have ¢( )Zai®fi=Z
alg, a]R fi=aR Z [9, a;] +f;=0, where [g, a;]’s denote the endomorph1sms of

rA defined by x[g, a;]=¢g(x) a;, x&A. Thus we have T Ker. ¢, x=0, as
asserted.

CorOLLARY. If TA=A, then Ker.cyx ts small in AQHomp (A, X)
s
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for every Xe& gt
Proor. Let Ker.ey ytu=A®Hompg (A, X), where u is a submodule
S

of AQHompg (A, X). Then we have u27u=T Ker.e4 xy+Tu= A®HomR
s
(A, X). Tt follows that u=A®Homg (4, X). This proves the corollary
N

THEOREM 2. Let zA be a left R-module with the endomorphism ring
S, such that TA=A. Then the class € ={X& | A-codom.dim. X=2}
and the class Z={YeM|A*-dom.dim. Y=2} are category equivalent in
the way described in Theorem 1.

Proor. By [Theorem 1, it suffices to show that Hom (1, ¢,x) and 1,
X4y are isomorphisms for every Xe It and for every Yeglt. By Lem-
ma 1, Hom (1,¢4x) is an epimorphism. Let ¢o=Homg (4, AQHomg (4,

S
X)) be in Ker. Hom (14,¢4%x). Then ¢(A)CKer.eyx, and, from which we
have ¢ (A)=T ¢(A)CT Ker.e,x=0. It follows that ¢=0. Thus Hom

(14 e4x) is a monomorphism, whence an isomorphism. Next, by Lemma 1|,
€4, agy is an epimorphism. Since TA=A, and Ker.e¢, Ag¥ is a direct sum-

mand of A®HomR (A, A@ Y) we have 0=T Ker. ¢, A@y—Ker Sa,457 Thus

S4,487) or equ1valent[y, 1 A®77A,Y is an isomorphism. Thls proves the theorem.

REMARK. The condition TA=A holds, for example, when rA is a
projective module.

THEOREM 3. Let rA be a finitely generated quasi-projective module
with the endomorphism ring S. Then the class {XEg|A-codom. dim. X
=2} and N are equivalent in the way described in Theorem 1.

Proor. Let zX be a left R-module such that A-codom. dim. X=2.
We want to show that e,y is an isomorphism. For this purpose. let A
—@PA—X—0 be an exact sequence of left R-modules. Applying to this
Hompg (A, ) we have the following exact sequence of left S-modules: @S—
@S—Homg (A, X)—0, because A is finitely generated and quasiprojetive.
Then, by applying to this AC?—, we have the following commutative dia-

gram with exact rows:
PA—PA—X—0
a] [9’{ SA,X]
@A——»G—)A~—>A(?Hom3 (4, X)—0

where a, 8 are the canonical isomorphisms. It follows that e, x is an iso-
morphism.
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Next, let Y be a left S-module and PS—>PS—Y—0 be an exact se-
quence of left .S-modules. Then, as above, applying A® — and then Homg
s

(4, ) we see that 74y is an isomorphism. Our theorem is thus proved.

CorROLLARY 1. Let pA be as in Theorem 3 and pQ be an injective
cogenerator in pR. Then A*=Homg (A, Q) is a cogenerator in J.

Proor. By and [Theorem 3, A*-dom. dim. Y=2 for every
Ye R But this implies that A* is a cogenerator in ¢I.

CorOLLARY 2. For a left R-modules X, A-codom. dim. X=2 iff esx
is an isomorphism.

Proor. This follows also directly from and [Theorem 3.

CoroLLARY 3 (K. Morita). Let gA be a progenerator (= finitely gen-
erated projective and generator) with the endomorphism ring S. Then g
and SN are category equivalent in the way described in Theorem 1.

§ 2. Modules whose codominant dimensions are =2

Let zP be a projective module with the endomorphism ring .S. Let
T be the trace ideal of zP. For a left R-module X, it is clear that P-
codom. dim. X=1, that is, X generated by P iff TX=2X.

THEOREM 4. For a left R-module X, the following statements are
equivalent :

(1) P-codom. dim. X=2
(2) TX=X, and, for every left R-module Y such that TY=Y and
Jor every epimorphism f of Y onto X, T Ker.f=Ker. f

(3) For every exact sequence O—»A—»BgC—>O of left R-modules such
that TA=0 and for every homomorphism h of X into C, there
exists a unique homomorphism j of X into B such that gj=h,
or equivalently, Hom (1x,9): Homgz (X, B>Homy(X,C) is an
isomorphism

(4) epy: P(?HomR (P, X)—X is an isomorphism

Proor. (1)=>(2). Let P-codom. dim. X=2. Then clearly TX=X.

Let @P—>@P—X—0 be an exact sequence. Combining this with the exact

sequence 0— 7{( Iire;rff i TKYer. Ia et Ke;.f —0, where { and v denote the

natural injection and epimorphism, respectively, we have the following com-
mutative diagram with exact rows and columns :
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Ker. f Y Y
0— ﬂ HomR(P, Tm)—) H HomR<P, mﬁ)ﬁ H HOI’H}e(P, m)—» 0

T T |
0— [JHom R(P, m17>_) [[Hom R(P, *T‘%Ef,)_) [[Hom R(P, —Kel:—f> —0

I Hom (1, v) I

Ker. Y v ¥
0—s HOI’I‘IR<X, T IZ:rff> — HomR<X, *YTKEIT‘]T-> o HOI’HR(X’ K——erj)

| | |

0

Since TP=P and TX=X we have HomR<P, %%c):HomR(X, #}%%)

=0. It follows that Hom (1,v): Homg (X, TK%—};)—»HomR (X, Kef_f) is

an isomorphism. Let  be the induced isomorphism of Rggf to X and let

g=Homp (X, TKYE'7‘> be such that v-g=#F-1 Then we have —TK};r.f =

g(X}(—DTKTEZ—{?. But since Y=Y this implies that Ker. f=T Ker. f.

(2)=>(1). Assume (2). Then since 7X=X there exists an epimorphism
f of @P onto X, and, again by assumption, the kernel of f is generated

by P. Thus there exists an exact sequence PP—PP—X—0, that is P-
codom. dim. X=2.

(1)=>(3). Assume (1) and let O——>A~—>B—Q>C—>O be an exact sequence
such that TA=0, or equivalently, Hompg (P, A)=0. Then, just as in the
proof for (1)=>(2), we see that Hom (1g, g) : Homg (X, B)»Homp (X, C) is an

isomorphism. Thus (3) holds.

(3)=>(1). Assume (3). Then from the trivial exact sequence 0_)?XX_

-—>TXX~~>0——>O, we have that Hom (14, 0) : Homp (X, T—&)——»Homlg (X, 0) (=0)
is an isomorphism. It follows that X=7TX. Let f: @P—X be an epimor-

phism and let 0— TKIEZrJ.C 7 A TCI?eP;. f/ik%%—»o be the canonical exact

@P

sequence. Let A be an isomorphism of X onto Rer f- Then, by assump-

tion, there is a homomorphism ¢ of X into T%;—.f such that vg=h. It
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follows that '7“%7—:(]00@_7‘%%’ and, from which we have Ker.

f=TKer. f because TP=P. Thus we see that P-codom. dim. X=2.
(1)¢<>(4). This follows directly from and Theorem 2

CoroOLLARY. If X has a projective cover P0—€> X—0, then P-codom.
dim. X=>2 iff TX=X and T Ker.e=Ker.e.

Proor. Assume that TX=X and T Ker.e=Ker.e. Let @P—JZX—+0
be an exact sequence. Then there is a homomorphism ¢: PP— P, such that
eg=f. Since Ker. ¢ is small in P, it follows that ¢ is an epimorphism and,
since P, is projective, there is a monomorphism A: P—@P such that gh=
1p. Thus we have @QP=h(P)PKer.g. Since, as is easily verified, Ker. g

CKer. f and A (Ker.e)=h (Py)CKer.f, h(Po)fﬂfﬁ) X—0 is also a projective

cover for X. Now we have T Ker. f=T((h(P,) NKer. f)PKer. g)=T (h(Ker.
e)®Ker. g)=h (Ker. e)®Ker. g=Ker.f. It follows that P-codom. dim. X=2.
The converse part of the proof follows direct from [Theorem 4.

§ 3. On projective self-generators

A module is called self-generator if it generates all its submodules?.

Let zP be a projective left R-module with the trace ideal 7. Since
T is an idempotent two-sided ideal of R, it induces the torsion theory (=,
%), where 7={Xe,M|TX=X} and .7 ={YE, M| TY=0}. Further, let
S be the endomorphism ring of zP. Following characterizations for zP to

be a self-generator are due to [1], [2], [6].

THEOREM 5. For a projective module rP the following statements
are equivalent :

(1) &P is a self-generator
(2) The class {X€ g |P-codom. dim. X=1} is closed under submo-
dules, that is, the torsion theorey (7, .%) is hereditary

(3) The right R-module (—%)R is flat

(4) Tpp for every element p=P

(4)Y Anngp(p)+T=R for every element p=P, where Anng(p)={rec
R|rp=0}, the annihilator left ideal of p in R.

(4Y) aAnnR( )+ 1T=R for every finite set of elements py, po -+, Pn
i=1
eP.

2) Cf. [10)
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In this section we shall add some other characterizations of projective
self-generators.
THEOREM 5 (continued). The following statements are equivalent to
the statements (1)~(4)" in the theorem above :
(5) The class {XEg|P-codom. dim. X=1} coincides with the class
{Ye gt|P-codom. dim. Y=2}.
(6) sp,X:P(?HomR (P, X)—>TX is an isomorphism for every Xyt

(7) Homg (P, %)#O Jor every submodules b, u of P such that 0Cu
CoCP.

(8) TEm)=0 for every simple left R-module m such that Tm=0.
Here E(m) denotes, as usual, the injective envelope of m.

(9) Every homomorphic image of P is Q-torsionless, where Q=E (P
m,), m, ranging over all (non-isomorphic) simple left R-modules
such that Tm,=m,.

(10) Every left R-module X such that TX=X is Q-torsionless.

(11) The functor T : g M2 X—->TXE M, Tf=frx (the restriction of f
to TX), where X, YEM, f€ Homyp (X, Y), is exact.?

Proor. (2)=>(5). Assume (2) and let X be a left R-module such that

P-codom. dim. X=1. Then, since every submodule of a direct sum of P’s
is generated by P, we see that P-codom. dim. X=2. Thus (5) holds.

(5)=>(1). Assume (5) and let u be a submodule of P. Then, by as-

. . P : :
sumption, P-codom. dim. —11—22. Consider the following exact sequence :

un ¢ P v P
O——rr— T — 0

where ¢ and v are the canonical injection and epimorphism, respectively.

Then, by [Theorem 4, there is a homomorphism f&Homp <—§,~,11—;—1> such

that vf =1§, It follows that T}; =f (%1)—)@71511—’ and from which we can

easily deduce -%Iu-::O, that is u=7Tu. Thus P is a self-generator.

(6)=(6). Assume (5) and let X be an arbitrary left R-module. Then,
since T'X is generated by P, P-codom. dim. TX=2. It follows that 0=Ker.
ep,rx=Ker. ep y by [Theorem 4. Thus (6) holds.

3) In the equivalences (1)&(2)&(5) hold also for quasiprojective modules
(Ct. Lemma 2.2). .
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6)=(5). This follows direct from the fact that P-codom. dim. P&
8

(
Y=2 for every Y. ,

(1)=>(7). Assume (1). Then, since P generates b, there exists a ho-
momorphism f&Hompg (P, b) such that f(P)Zu. Then vf is a non-zero ho-

. . b : . X )
momorphism of P into o where v is the canonical epimorphism of onto

b b
T Thus Hompg (P, ?>ﬁ; 0.
(7)=>(1). Assume (7). Suppose there is a submodule b of P such that

. . b
To<b. Then there exists a non-zero homomorphism f&Homg <P, —’ITD”)'

But then we have f(P)=f(TP)=Tf(P)=0, a contradiction. It follows that
P is a self-generator.

(2)=(8). Assume (2) and let m be a simple left R-module such that
Tm=0. Suppose TE(m)=0. Then since TE(m) is generated by P and
contains m, m is generated by P. It follows that Tm=m, a contradiction.
Thus (8) holds.

(8)=(1). Assume (8). Suppose there is a submodule u of P such that

44

Tu=u. Let ', u’ be submodules of P such that TuCw<u”’Cu and

4

ul

=0. It follows that

is simple. Then since TuW’'CTuCu we have T 0=

rr

>:O. On the other hand, since E<7> is injective, the natural

"

u
v

i

1 4

. u . . u
epimorphism v (x0): u”—»i,— is extended to a homomorphism »: P—E (Y)

This is a contradiction. Thus P is a self-generator.
(1)=(9). Assume that P is a self-generator. Let u be a submodule of

P and p be an element of P such that p&u. Let m be a simple epimorphic

u+Rp
T

image of Then since T (ut+Rp)=u+Rp we see that Tm=m. It

follows that there exists a homomorphism f of % into Q such that f(p+u)

P
20. This implies that T is Q-torsionless.

(9)=(1). Assume (9). Suppose there exists a submodule u of P such
that Tuxu. Let x€u be such that x&7u. Then there is a homomorp-

hism fEHomg (—Y—I;— , Q> such that f(z+7Tu)=0. Since Rf(x+ Tu) con-

tains a simple submodule of Q, Tf(x+7Tu)>x0. On the other hand, we
have Tf(x+Tu)=0 because x=u. This is a contradiction. Thus P is a
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self-generator.
(9)=>(10). Assume (9) and let X be a left R-module such that 7X=X.
Let = be a non-zero element of X and m be a simple epimorphic image of
Rzx. Then, by (2), we have Tm=m. It follows that there exists a homo-
morphism f of X to Q such that f(x)%0. Thus X is Q-torsionless.
(10)=(9). This is trivial.
g

(6)=>(11). Assume (6) and let 0— X —]—i Y- Z—0 be an exact sequence
of left R-modules. Then since pP is projective and Pg is flat? we have the
following commutative diagram with exact rows :

PQHom (P, f) PQHom (P, g)
0—P®Homg (P, X)—— PRQHomg (P, Y) PXHom g(P, Z)—0
EP,XI T f 51?,1{ Tg 5P,Z[
TX >»TY = VA

where ¢p y, ¢py and ep ; are all isomorphism. It follows that the sequence:

T T
o—1xLrylr7_0
is exact. Thus T is exact.
(11)=>(1). Assume T is exact. Let u be a submodule of P and consider
the following canonical exact sequence :
u ¢ P v P

0.

Tu Tu u

0

Then we have the exact sequence:

P Tv p
0—90——4—7,———-)————%0,

u u

But this implies that Tu=u. It follows that P is a self-generator.

Thus we have completed all of our proofs.

If R is a commutative ring or regular ring, then every projective R-
module is necessarily a self-generator®.

A ring R is called left V-ring if every simple left R-module is injective,
or equivalently, if every left R-module has a zero (Jacobson-) radical. By

to Lemma 4 and [Theorem 5 we have the following

ProposiTION 1. Let R be a left V-ring. Then every projective left
R-module is a self-generator.

4) Cf. Lemma 2.1.
5) Cf. [I0} THEOREM 31.



180 T. Onodera

§4. Further variations of Morita equivalences

From [Theorem 3 and [Theorem 5 we can deduce direct the following

TueoreM 6 (K. Fuller).? Let P be a finitely generated quasi-projective
self-generator with the endomorphism ring S, and let & be the class {X
& g |P-codom. dim. X=1}. Then we have the following category iso-
morphism between € and g :

Homg (P, )
Zf—"))) |

e

An example (G. Azumaya): Let .S be a ring and Pg be a projective
generator in Ms. Set R=End (Ps). Then the left R-module P is finitely
generated projective and End (zP)=.S. Further P is a self-generator”. Thus
we have the category isomorphism between {X€& zt|P-codom. dim. X=1}
and ¢ in the way described in [Theorem 6.

Let zP be a finitely generated projective left R-module with the endo-
morphism ring S. Let T be the trace ideal of zP. Let further Q be the
injective envelope of Pm,, where m, ranges over the class of all (non-iso-
morphic) simple left R-modules such that Tm,=m, Then sHomg (P, Q)
is an injective cogenerator in ¢, and we have the following category iso-
morphism between the class {X& | Q-dom. dim. X=2} and ¢ :®

Homg (P, )
{(X€x|Q-dom. dim. X=2} ————— ¢IR,
HOms(P*, )
where P* is the R-dual of zP: P*=Homg (P, R).
Combining this with our we have the following

THEOREM 7. In the setting above we have the following category
isomorphism :

Homg (P*, Homg (P, ))
{(XE g | P-codom. dim. X=2} = >

P®HomR (P’ )
s
{(Ye M| Q-dom. dim. Y=2}

§ 5. Supplementaries

Let zP be a projective left R-module with the trace ideal 7. Let I

6) Cf. Theorem 2.6.

7) Cf. Satz 4.
8) Cf. Theorem 2, [Theorem 4
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be the annihilator ideal of P.

LEMMA 5. The class € ={X& M| TX=X} is closed under submodules
and direct products iff T+I=R.

Proor. Suppose ¢ is closed under submodules and direct products.
Consider the direct product [| An, where A,=M for each meM. Let x

meM
. R .
=[]m, m&A,. Then by assumption Rz, where T generated by P. It

follows that T+I=R.

Conversely, suppose T+I=R. Then, since IT=0, for a left R-module
X we see that TX=X iff IX=0. Thus it is easy to see that & is closed
under submodules and direct products.

PrROPOSITION 2. If R is a semi-perfect ring, then gP is a self-generator
iff T+I1=R. Further, in this case, I is the smallest left ideal of R with
respect to this property.

Proor. By it suffices to show that if zP is a self-genera-
tor then T+I=R. Suppose zP is a self-generator. Let [, be a left ideal
of R such that [;+7T=R and |, is minimal with respect to this property®.
Then we have I[,=ICl,. Let p be an element of P. Then by

we see that Anng PN, is generated by P. It follows that 7'+ Anng(p)N

[,=R. Then by the minimality of I, we have [;CAnng(p). Since this is
true for every element p of P, we see that [;,CI Thus we have ;=1
whence T+I=R. The last assertion follows from the fact that if I+7T=R,
[ a left ideal of R, then II=ICI.

Let Q be an injective envelope of Pm, where m, ranges over the class
of all (non-isomorphic) simple left R-modules such that 7'm,=m,.

PropPOSITION 3. The following statements are equivalent :
(1) The class € is closed under submodules, direct products and in-
jective envelopes.

(2) IPT=R (direct sum).

(8) The class € coincides with the class {YE zg|Q-dom. dim. Y=1}.

Proor. (1)=>(2). Assume (1). Then by the lemma above we have
T+I=R. It follows that [ is an idempotent two-sided ideal of R and ¢
coincides with the class {YEzM|IY=0}, the torsionfree class corresponding

to I. Because ¥ is closed under injective envelope, T is flat as a right
R

R-module.® It follows that ICT=IT=0. Thus we have IDT=R.

9) Cf. Satz.
10) Cf.
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(2)=>(3).
{(YeM|Q-dom. dim. Y=1}.

T. Onodera

Suppose IPT=R. Then by we see that ¢ C
On the other hand we have IQ=0. For,

if IQx0 then IQ contains a simple submodule m such that Tm=0. But

this is a contradiction.
every Y such that Q-dom. dim. Y>1.

=1}.

It follows that we have IY=0, that is TY=Y, for
Thus & ={YEM|Q-dom. dim. Y

(3)=>(1). This is almost clear.
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