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On a parametrix for the hyperbolic mixed problem

with diffractive lateral boundary

By Masato Ima1 and Taira SHIROTA
(Received May 15, 1978)

§ 1. Introduction and results.

Let 2 be a domain of the closed half space Ri'={zx; x=(&, ), £ =
(Zos ***» Zn_1), £,=0} containing a neighborhood of a point £*=(0, &, -+, z,_1)
in its lateral boundary I'={x; €82, x,=0} and let P(x, D) be a differential
operator of order 2 with C*® coefficients on £, which is normal hyperbolic
with respect to x,.

Now let us consider the mixed problem in £; for some >0

Plx, D)u=0 in 2 and for x,<9d,
1.1) (P,B){ Blx, D)u=f in I', ‘
u=20 x,< 0
where [0, 0] X I'C £, the given boundary data f vanishes for x,<0, B(z, D)
is a differential operator of order 1, and I" is non-characteristic with respect
to B.
Reweiting the principal symbol P,(x, &) of P(x, D) in the following form :
(1.2) Py, 8) = (a— Az, &) — (. &), € =(€, 1),
we assume that [” is diffractive 7. e., that for (x, &) &7} (Q)
(1. 3) {Sn—l(x, &), ulz, S’)} >0 when &, =14(x, &) and p(x, &) =0

where {f, g} is the Poisson bracket and then such points (z, &) T*(I") with
above properties are called diffractive ([8]).
Near a fixed diffractive point (z2, &), let A*(x, &) be roots of Py(x% &, &,)
=0 with respect to &, such that for &>0
2% (x, &) = Az, &) TV Cpi(x, &),
I"S(x, E,) >0 )
(1.4) C=8—tralz, €") (8" =& -+ €ac)
ta(z, &) is real valued,

Y1 =1and v—1 =—i.
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The representation of 21*(x, &) follows from the normal hyperbolicity of P,
and non-characteristicity of I" with respect to P. Denoting the principal
symbol of B by Bi(x, &) and assuming B;(z% &, A(z%&"))=0 we can decom-
pose the function B,(z, &, it (x,&)) as follows:

By(x,€, 1*(2,€))=Ry(24 T, &") (VT —D(x,8")),
R(x,7 C,§")#0 and D(z,¢")=0.

Now we suppose in this paper that for some real number 0<0< 0< ~721—>

all of the values of ¢“D(x, ") lay in a proper cone, with its vertex at the
origin, contained in left half of the complex plane, i.e.

(1.5) % +eZarg (e“D(x, S”)) < % —c.
for some ¢(0<e< <1). Then we shall prove the following

THEOREM. Under the conditions described above there exists a para-
metriz for (P, B) near a diffractive point (2% &) whose wave front sets
behave themselves similarly to the case of Dirichlet or Neumann boundary
value problems.

The case of Dirichlet and Neumann boundary conditions were considered
by Ludwing, Melrose, Taylor and Eskin ([7], [8], and [2]). For more
general case, where boundary operator B has real coefficients, it was treated
by Ikawa in somewhat different point of view.

On the other hand we obtained in that the problem (P, B) is L2-well

posed only if for &>0

T rr __3_
7§arg(D(xI9$ ))é 2 T,
and from Theorem we have that the above parametrix for £,>0 is con-
structed if
Ko

5 <arg (D(x',S”)) é%x—e

for a positive ¢€1 and for («,&’) near (z%&). Furtheoremore from
the proof of Theorem we have that the condition (2.6) described below is
also sufficient to obtain such parametrix. Though the conditions (1.5) and
(2.6) are invariant under transformation of space-variables (x;:--x,) preserv-
ing unit normal to 2 at I', available relations between D(«,¢"’) and c¢(, &)
defined below are not always clear. Moreover if we want to treat mixed
problems for a equation of higher order or a system of equations of the
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first order, we may reduce these problems to ones considered here, but op-
erators P and B must be changed into pseudo-differential ones and then
Theorem will be also valid without any change. Here we must emphasize
that even if the coefficients of boundary operators are real, the corresponding
symbol D(x,£”) is not always real and that in general there are essential
gaps between the necessary condition to be L?-well posed for the problem
(P, B) and these conditions described in this paper to be able to reduce our
problem to a subelliptic interior problem on I, even if we restrict ourselves
to the case where the Lopatinskii determinant B(z, &, 1*(x, &) does not
vanish for 2’ €I' and for {—iy#0 with y=0 (see [10]).

To prove Theorem, it seems to be convenient to use phase functions
constructed by Ludwig and Eskin ([7] and [2]). Throughout this paper,
functions in consideration are assumed to be of C*-class without any con-
fusions, a boundary point (2/,0) is simply denoted by 2’ in symbols and
we suppose that &,>0.

§ 2. Preliminaries.

(i) First of all, for the sake of completeness of our descriptions, follow-
ing Taylor’s and Eskin’s considerations we construct a solution ¢ of the
eikonal equation in a conic neighborhood in T*(Q) of (9, &) T (Q)

(2.1) ¢s,— (2, %))2 —Hz, 9r) =0

with the following properties :
a) There are real functions 6(z,7) and p(z,7) with new variables

. : 2
% =0 1 ***» Y1) With 7/ 0, homogeneous in 7/ of order 1 and 3 Te-
spectively such that

(2, 7) = <0i %p%) (x, 7)

satisfies (2.1) for p=0 when (Z, z,) are contained in some neighborhood
U(z") of z° and ' =(p, 7’) belong to some conic neighborhood of (73, 7*)
with 70=0, 7" =&, '
026
t _—
B det|| 5x o
tion 6(x,7)—<¥', 7> is non-degenerate for fixed z, with 6=x,=0 for some
0>0,

n 070 for x,=0, which means that the phase func-

p=<a+0(a°°)>f77’]§ for z,=0,

where a=yy/|7/| and
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op
0x,

>0 when p=0.

Next using ¢. and solving transport equations we can construct functions
g(z,7/) and A(z,7) such that for p=0, in particular «=0 (and a<a for
some a,<1) and for x,<0:

Ingk:

g—j(x, 7],) ’

0
h(x,7) =07 |73,
ord, g_; = —J, golx,,:o #0,

g(x, 7))~

S,
I

and

2.2 Pl D) (g—ch) &G de = 0(11)
L

where L is a complex contour

Jltle 31’ t——o0,
r=

N l test t— o0

which is different from Eskin’s. By using one of Airy functions defined by

A2) =§

([9) the integral in (2.2) can be written in the following form :

¢i(5 ~7%) Jr < =(27) e%* Ag <e—%xi( - x)>>

L

(2.3) jL<g—rh> 5=+ dr = g A (o) —ih A (o)

and by the choice of L A(p), A’(p) have the same asymptotic behaviors,
(when p—=*o0) as in [2], [8]. By applying such asymptotic behaviors and
the fact that A(aly[3), A’ (a]7/|3) do not vanish for real a, the relation (2. 2)
can be smoothly extended for negative a such that —[y|7*<a, where 0<

e< é, if we extend g_;(x,7) and h(x,y) smoothly over such a.

1 ..
Furthermore for negative a such the —?ln’l">a, it is shown by Eskin

that for x,=0 setting
a2, ) a=0, (£, ) — (2 7))

D el ) a=p(d, 0(2,7)) (a2<x v)>0) and

o=

6‘1(x,1))—zxn<a2x 7) la]) —Z, (2, 7)
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the function (+6,) (x, /) satisfies the eikonal equation, 7. e.
((0+69s,—2(x, 02:) )~ p(, Br) = 0

for z»=0.
By using the above facts, it can be constructed a parametrix for P as

follows : choose p,=C7(RY) and B,EC*(RY) such that for some a,>0 8,(t)=
for |t| <ay, ,81() 0 for |¢|>2a, and for some #>0 B,(t)=1 for t>t,>1,

&()()brt< t. Let x(x) ﬁ('wl ,ﬁ,)ﬁAMD where 7" = (o, 7"")
such that &"=4,. (x", 7%). Moreover choose y, and y_,&c¢®(RY) such that

x:(8) =1 for t>2¢, y,(t) =0 for t<c;
. X =1 for t<—2¢, y_,()=0 for t>—c and
200) = (1=00) (1-240),  where ¢>0.
Then we define

GV(z) = SL (9(x, 1) —ch(z, 7)) e -+ dr x
(2.4) X (Al 1897) (et 19+ xalely 19) 207) V) @
+ e ata, o) yatalr 19 1) Vi)
which is denoted by

= Gy((n+x) xV)+Galx-1x V),

where V&' (R") and V is a Fourier transform of V and where d(z,7)
is equal to ¢,(z, ) for x,=0 and g¢,(«2’, 7/) may be assumed to be real. Tak-
ing account of the asymptotic behaviors, 8) and y) we may conclude that
G|z -0 is a Fourier integral operator with symbol class 52 , and the phase
function ¢y(x, ) homogeneous in 5 of order 1 such that

12 1.3.2§r
[0z, 1) — 5 plx, 7)1+ 7 alf| for a20,

eo(x, ) =
10(3:, 7) for a<0.

(ii) Before we consider boundary conditions with respect to GV, we
shall show the following lemmas which are used in the next section.

LEMMA 2.1. For real 2 both of real and imaginary parts of A’ (2)/A(2)
are negative.

(PROOF) Let @ be e, then from the definition of A we see that
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(2rest)~1 A(2) = Ai <a)2( z)

Therefore using Miller’s formula ([9]) we obtain that

(2reH) A(2) = — 5 0{ Ai(—2)+i Bi(—2)

and then that
(2re) A (2) = 5 o {Ai (—2) +i Bi (—3)}
from which it follows that
A (@) A2) =(—1){Ai(—2+Bi(— 27 " [{A7(—2) Ai(—2)
+Bi (—2) Bi(—2)} +i{Bi (—2) Ai(—z2)— Ai' (—2) Bi(—2)}].

Here the derivative of the last term in [ ] is zero since A: and B: are
both Airy functions and in fact

Bi(—2) Ai(—2)— Ai (—2) Bil—2)=— ([9)).

T

On the other hand the first term in [ ] is the derivative of the function
(Ai(—2)?+ Bi(—=2)?)/2 which is an increasing function with respect to (—=z)
and does not vanish for all z&R. Thus our assertion holds for such =z.

LEMMA 2.2. Set z=al7 |3, then
’2 112 _ 1 _ . 1 _
A el 19/ Alalyf 1) = ~ {12171 +0(2l9)+ile (1+0(121-)}
or
=(—1)I21}(1+0( 2 ),

when al7f 3> 1 or —aly/|#> 1 respectively. Here by O(|2|*) we means that

O(|=2]*) = ;}lzl"(cylz}‘%"), and
¢, is real for v=0,1,2,---

which are uniformly asymptotic expansions when |z|—oco and can be dif-
Sferentiated term-by-term.

(ProoF) Denoting ¢ by e 3 (—aly/|$), from the definition of A, we see
that

Alaly| ) = 7 gdie™ 3‘ (apt™ itariig.. )

for |a| [7|¥>1, where a,#0 and a; are real. Therefore we see that
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H a

A (a{7]' ’%) — 71'% e%i e_zz;“t e‘%m’<a0té+<al+ 1 )t—%—l + ) ,
from which
Al (al7 |3)/ Alalr |?)

2 (1 1 1
= g‘gﬂz<t§+—zti‘f+ . )

for [t/>>1. Then, since arg t=—g~ for >0 and arg tz—%zr for a<<0, we

have that our assertions are valid.

Here we remark that in the case where a<0 the imaginary part of
A (|7 |3)/Alal7/|?) is neglected, since it is decreasing exponentially when
la| | |8—>o0. Furthermore we see easily that the asymptotic expansions are
valid for any 2 such that |z >2,>0.
But later on we shall use Lemma 2.1 only for small |2|] and Lemma 2.2
for sufficiently large |z].

Furthermore we remark the following

LemMA 2.3. The following three conditions are equivalent :

1) a=0, B B

2) Setting_{(x, p’)ZGzO—«/ppxo—pz(x’, O — 0 0s), C(x'—,n’)zo and

3) an——«/ ppz, ts a real double root of Pz, O —N 0 0z, E,) =0 with

respect to &,.

(ProoF) From the method of construction of # and p ([2]) we see that
for a=0 6, =2(x', 6) and p(z, 6,)=0 which means 3) is valid. Moreover
from (1.4) it follows that

pa, &) =4, &) m(, §)
and therefore that {(x,7)=0 if and only if 3) is true. Finally also the one
of construction of p and @ implies that o{(Z,)/0a#0 for (L, )=(a" 7%)
when |7/|=1. Thus we obtain that if {(z,#)=0, then a=0. The proof

is complete. Here remark that (2, &”) is just the symbol 8(x, &) in [10].
Finally we show the following

LemMmA 2.4. Let B(x,8)=&,—A(2,&)+c(d,&). Then for a=0 c(,0,)
is rewritten in the following form:
c(@,02) (2, 0, 1") = {ph(2/, 0) = RY(2, 6) D(&, 0} X

D(x,a 0.1:”) (x,s o, 77”) ’

where R%°)(x’,0$') is defined below.

(2.5)
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(ProoF) Let {(2, &) =8 — (2, &”’). Considering {«, {,§"’} as new vari-
ables, by a(2,{,&"’) here we denote the function a(x/,&,£”’). Then from
our assumption and (1.4) it follows that

B\(2.¢, 1 (£,8)) = Ry(2, 4L, ") (E~D(<, ¢")
= Vi (2, 8") +e(2, 6, ¢").

Therefore expanding both sides of the above equation with respect to /¢
and comparing with the first and the second terms in ones, by analiticities
of the above functions in ¥{ we see that

c(x',0,8") = —Ry(2,0,§") D(Z,¢") and
—,Ué(x’, 0, 51/) — R%(SC’, 0, S")—Rg)(x', 0, E”) D(x’, 5//) .
Thus using and setting & =80, (L, 7) we see that our assertion

is wvalid.

CorROLLARY. For the same 6 as in (1.5)

. 3
(2. 6) -;c— <arg (e”c(x', 0) (2, o, 7;")> < % )

Since pz(«,60.)>0 and D(z 0, (z% 7*))=0, we have that our assertion
is true if we restrict ourselves to a smaller conic neighborhood of (z° 7).
Here we must mention that the term c(&/, 8,) (£, 7)) —c(Z, 0,) (L, 0,7") does
not play any essential role in the next section (Compare with that in [10]).

§ 3. Proof of Theorem.
(i) We first calculate the symbol of BG,((xi+x0) xV)lz =0 :
B(Gi((u+1)1V)], _,) @)
= (B(2, 0. c00) (a0l 1) —eho(a, ) +

! i %’-,,++o) (X1+Xo) (alv,,s> X(ﬁl) ’ ’
+By(2, 7, 7)) € dr Alalr ) V(o) dy

where (6,4 702)0 = (0:+702)|s, 0 00 = Plz,=0» 0o =10]z,=0 and the last term
By(«',7,7) is a sum of symbols homogeneous in (7/,7) of order =0.

Here we say that a function B(z,7,r) is homogeneous in (7,7') of
order m if the following holds:

B(x, by, kit) = k" B(x, 7/, 7)
for any k>0.
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Furthermore we have

By(, (62— pa7)s) (g0 —ho)
=a(@, 1) +ald, ) e+t —p) b(@, 7, 7)
and taking 7=0, a=0,

a(@,7) = By(, 00) 6 for a=0.

(3.1)

Differentiating (3. 1) with respect to r and taking =0, a=0, we obtain
4 4 aB ! 4
e(d, 1) = _<Pxn>035‘i_<x > (0x)0> go— B, (x > (0:0)()) ho

for a=0. Because 8b/or(x, 7, r) is homogeneous in (i, 7) of order 0, (r*—
po) b(Z,7,7) is considered as a lower order term ES£,0. Thus we can
write BGy((x1+%0) XV)lz,—0 in the following form:

(e, ) Alpir At 19+id(, ) A (ol Alalf 19 X

X e (yy+x0) (7 |&) x () Vif) @y
Here

di(#,of) = By(, (62)0) go+Olalyfl)  mod (SP),
(%, f) = — ((02,)0 00+ Olalyf 9 mod (L),
Alp)/ Alaly 19 = (140 (a))es-k+fir)

if a|y/|3>¢,>0, and
Alpy)/Alalr|3) =1+0(”)

if |a| |7/ |3<2¢,, the same relations hold for A’(p,)/A’ (a]7|3) and all of which
are of S class. Furthermore the proof of Lemma 2. 3 implies that

B,(2, (8.)0) = (0s,)0— (2, (0)o) + ¢ (2, 0)0)
= (2, (62)0) + Olalr ) -

Therefore using f) (i) in, § 2 we obtain that the principal symbol of the
amplitude of the above integral is contained in the following symbol:

c(, (B)0) o +Olal )
+(~1) (02,090 + Olalrf 19) A’ (alif 13/ Alalf |3

where all of functions except A’ (a|7/|3)/A(al7/|?) are of S, ,-class.

(3.2)
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Now let @ be an elliptic Fourier integral operator such that
(@V) (xr) — Sei(rpo(w’,:;')—(y’,n’)) a(x’, 77/) V(ﬂ') dy' d77'

where a(2,7)E82(R*x R*\0) and is positive. Then we can define the
inverse elliptic Fourier integral operator ¢! such that

po V=V (mod C*)

for any Ve &' (I') whose WF(V) belongs to a conic neighborhood of (z°, &).

Then by the canonical transformation with the generating function ¢y(2, %)
—<&/, 7> a conical neighborhood ¥ of the point (9% &) is transformed to
a conic neighborhood X' of the point (3% 2" such that |a|<27'a<1 for
(y,7)e2" and

Pox (20, ) =§¥ and Doy’ (%, ) =9y°.

Thus we obtain that the pseudo-differential operator

¢! (BG1 ((Xl +20) X V> lxn= 0)

has an amplitude with the principal symbol transformed by the canonical
transformation from (3.2). Let {2/(y, %), & (, 7))} be the canonical transform
from 3 to 3, then the principal symbol may be considered as the function
obtained from (3.2) replacing 2/ by &' (y,7) whose terms we shall denote
by the same notations without confusion.

Furthermore from g) (i) in §2 we see that

((pa)o 00+ Olalrf 19) /1713

does not vanish if |a| Zay<1. Therefore extending suitably the above sym-
bol in the whole space R*X R"\0 we obtain a pseudo-differential operator
Q whose principal symbol is the inverse of the above function. Then
QO~Y((BG(x1+20) xV)|z,—0) has the principal symbol contained in the fol-
lowing

er(2, (6)0)+Olaly|)
+(=d)l |5 A (alyf [3)] Alal]]3),
where ¢, (2, (0x),) satisfies also (2.6). Let w be the function
(517?)7&5 v (a+0) (al 1) 1 () Vo)

where VeCy(z2'). Then extending symbols suitably in the whole space
R™ x(R\0), we have that
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Re (—¢*Q071( BG (w)lz, ), )
(3.3) = (je v (ealy, ) +Olalyf |)+Re (ie]/|F A’ (alsf [} Alalyf 19))-
wd, w)+ Oy

where e;(y, 1) =0, ex(y, 7') €S!, and the last term is caused by a commutator.

Since by Lemma 2.1 and 2.2 we see that
5.4 Re {ie“lv’l%il' (alv’ﬁ)z/zl‘l(alv’!%)} 2
Z ko [3(|e] [/ [3)7 or kyfof [,

when |a| [7/|5=¢;>0 or |a| |7|3<2c, respectively. Hence it implies that
Re { } in (3.4) is larger than ks|y/|3 for a= —2c|y/|~*. Here and hereafter
in this section we denote some positive numbers by &; (=1, 2, -+, 6) and c;
(7=1,2, ---, 11).

Now we have that (3.3) =¢/|w||} when we take f, sufficiently large
in the definition 8, in § 2. For, we apply first the Garding sharp form to
the term containing e,(y, 7). Next to treat the term O(aly/|), from (3. 4),
taking a, sufficiently small, we see that for £, >1

1y ot 1) +hlad b (1 =l 1) > a7

if aly [e=—2c,

where the left hand side a(y) in the above inequality is of S;_j-class and
is less than the half of the real part in (3.4). Here 7 is a function such
that y(#)=1 if |¢| <6, and y(t)=0 if || =24, for §;>1. Therefore also using
Garding sharp form we obtain

Re (s‘e“@'ﬂ'> (a(n’)—l—O(a]v’[)) wdy, w)
>~}

Thus we see that desired inequality is valid.
Furthermore from the above inequality it follows that

|Q@~*(BGi(10)|.,.~0)

from which we see by a usual method that

| Q@ (BG.(10)12,.w0) ||, Z sl 13

and finally we obtain that for sufficiently large #, and a;*

|, zallelly
3
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(3.5) “¢-1<BGI(w)lxn=o>”0 = cql |z .

(i) Next we shall treat BG,(x_;zV). Form 7), (i) in §2 we see that
the principal symbol of BG,(w)|, o has the following form :

B, <x" ((0+0I)x>0> : B, <x" (0.1:’)0’ a* <x” (6.1:')0))
=12, (B2)0) — A2, (Ba)o) +c (2, (B)o)
= VT, 0:00) +e(, 62)o)

where
a2 (0e)e) >0, C=(0)o—pta(2, o)
c(, (B)o) = (2, (B))| ., +Olal 1),
lafeSt.,, J{eS..,
(2, 0.)) €88, D(2,(0.)) €Sk,
and

7 N ~kslal® | = chal |73,

since |a| |7|*>c.
Thus by the same way as in (i) considering Re (—e” @~ (BG,(w)|s,=0), w), We
have that for w=y_,xV and for sufficiently large #, and a;!

(3.6) |07 (BGs(w)lsm)||, 2 crlltelhg Z cdlnolly

(i) Take ¢, and a;! sufficiently large and add (3.5) and (3.6). Then
by modifying y; such that (y;+x0)2+x2:=1, we see that

|87 (BEW)e,molf = au((fi+ 20 2 VI +112-12V1Es)
—cllx Vliis = callx Vi ‘

(3.7)

is valid for Vec§(z2'), since y;+yxo and 3, €S8, ,CS5, Furthermore it is
easily seen that for the adjoint operator of ¢ '(BG(+)s,-o) the analogous
estimate as above is true, for to derive the estimate (3.7) the relation (1. 5)
and Lemma 2.1 and 2.2 were essential and therefore we merely consder
to take complex conjugates to the terms appeared in that.

Finally adding an elliptic pseudo-differential operator and a compact one
with symbol €575 to ¢7(BG(+)|, —o) and using a priori estimates as above,
we have that the equation for Veé&'(rY)



On a parametrix for the hyperbolic mizxed problem with diffractive lateral boundary 351

¢ (BGV]s,=0) =¢7f  (mod C*)
is solved for given f&&’ (z2) with WF(f)C2Y such that WF(V)C WF(g7f).

To show the last assertion mentioned above, we remark first that for
some neighborhood of a point (y, y/) with [a| >0

K = (4 (alyf D/ Ay 19)l7 €Sk

and furthermore from the definition of e (y,7) and (2.5) we see that for
a point (y,7) such that a=0 but B,(2 (v,7), 0.(2 ¥,7),7))#0, ey, 7)>0
and hence Q@ '(BG;(+)|s -0) (=1 or 2) is elliptic in some neighborhood
of (y,7). Finally we see that the other point (y,7")E2%, the symbol of

the commutator of K and a function f(y) (€Cy(U(yY)))belongs to Sfyo. For,

the main symbol of [K(D), 7] is D, K (1/)- %f(y) and K(f)eS}, if [ally|}

<2¢;. Furthermore if |a|7|¥>c;, the principal symbol of D, K(y)=(—1i)
D, (al*)=(—i) Dy (mult 71} whose absolute value < kyly/|"F¥+ < ks |4.
Thus applying a priori-estimates as in (3.7) and using cut off functions, by
a standard method we see that the extension of ¢7!(BG(-)|s,-o) mentioned
before is hypoelliptic.

Thus we obtain the desired micro-local solution of (1.1) modulo C*-
functions near the given point (z° &Y).

References

[1] AGEMI, R. and SHIROTA, T.: On necessary and sufficient conditions for L?-well
posendness of mixed problems for hyperbolic equations, J. Fac. Sci. Hok-
kaido Univ,, Ser. I, Vol. 21, 133-151 (1970).

[2] ESKIN, G.: A parametrix for mixed problems for strictly hyperbolic equations
of arbitrary order, Comm. in Partial Diff. Equ.,, 1, 521-560 (1976).

[3] HERSH, R.: Mixed problem in several variable, J. Math. Mech., 12, 356-388 (1963).

[4] HORMANDER, L.: Fourier integral operators I, Acta, Math., 127, 79-183 (1971).

[5] HORMANDER, L.: On the existence and regularity of solutions of linear pseudo-
differential equations, Enseignement Math., 17, 99-163 (1971).

[6] IKAWA, M.: Problémes mixtes pour I’équation des ondes, Publ, RI.M.S. Kyoto
Univ., 12, 55-122 (1975): 13, 61-106 (1977).

[7] LUDWIG, D.: Uniform asymptotic expansions of the field scattered by a convex
object at high frequencies, Comm. Pure. Appl. Math., 20, 103-138 (1967).

[8] MELROSE, R. B.: Microlocal parametrices for diffractive boundary value pro-
blems, Duk. Math. ]J., 42, 605-635 (1975).

[9] MILLER, J. C.: Airy integral, Cambridge (1946).

[10] SATO, S. and SHIROTA, T.: Remarks on modified symmetrizers for 2X2 hyper-
bolic mixed problems, Hokkaido Math. J. Vol. 5, No. 1, 120-138 (1976).



352 M. Imai and T. Shirota

[11] TAYLOR, M. E.: Grazing rays and reflections of singularities to wave equa-
tions, Comm. Pure Appl. Math., 29, 1-38 (1976).

Department of Mathematics
Hokkaido University



	\S 1. Introduction and ...
	THEOREM. Under ...

	\S 2. Preliminaries.
	\S 3. Proof of Theorem.
	References

