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Extension of involutions on spheres

By Yoshinobu KamMisHima
(Received May 12, 1978)

Introduction

Let Z,, be a cyclic group of order 2g generated by 7'. Suppose that
a free involution 7 is given on the sphere S" If there exists a free Z,
action on S™ such that the restriction of the Z,-action to the Z;-action
coincides with T on S*, i.e., T'|Z,=T1""=T, then we call that the involu-
tion T on S™ extends to a free Z,-action. In this paper, we show that:

THEOREM. Let q be any integer and n=1. Then, every picewise linear
(resp. topological) free involution on S*™*! extends to a picewise linear (resp.
topological) free Zy,-action on S*F1,

The theorem follows from a similar method to the proof of the follow-
ing proposition.

ProrosiTiON 3.1. Let T be a free involution on a homotopy sphere
2+ sych that the normal invariant »(3*YT)eIm {p*: [L**1(2q), G/H]
—[p*, G/H]} and (q, |Osny1(07)]) =1, where p: p*"*t1— L1 (2q) is the pro-
jection and H=0, PL or TOP and n=2. Then, T extends to a free Z,

action on X**t1,

§1 and §2 will be devoted to the preliminaries of the above propo-
sition. In § 3, we shall prove it and the above theorem.

The author would like to thank Professor Y. Kitada and Professor H.
Suzuki for many valuable suggestions.

1. Definition of transfer

Let X** ! be a (2n—1)-dimensional closed oriented manifold with fun-
damental group #. Denote by &4(X) the set of e-homotopy structures on
X, where H=O0O or PL and ¢=h or s. An e-homotopy equivalence f: M—
X determines a normal map

b

vy— &

L, |

M——-X,
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<(6(F, H)) =0((F)) H) = 0((F.),)
=z(0(F)),
we have
t(z+y) =t(a)+(y) -

ReMARK 1.2. The inclusion 7: mCr induces a homomorphism 7y :
Ly (m)— Lz, (r). Then we have the following as a property of the transfer
(See [2, p. 54]).

ProrosiTioN 1.3. Let C(z) be the center of n. If n,CC(x), then

. i T
w*(x) =[r; m]x:  Lj(m)—— La(n)

thn (751> ’
where [ ; m] is the index of =, in =.

The trivial map p: n—1 induces the homorphism py: Li(x)— Ly (1)
which is onto, and so we have

—~

Li(r) = Ly ()@ L« (1),
where Lt (z)=Ker [ps: Li(r)—Ly(1)] is the reduced Wall group.
Our goal in this section is the following lemma.

LEmMMa 1.4. 7: Li(Zy)—Ly(Z,) is onto modulo L,(1). Here Ly(1)C
Ly(Z).

Proof. Ly(Z,) is isomorphic to 8Z@8Z. The correspondence is given by

x=0(F, W)—— (I(W), I(W)),

where F: W—P#-1x [ is a normal map, P*~! the standard projective (4k—
1)-space, and I(W) (resp. [ (W)) is the index of W (resp. W), W the universal
cover of W.

Let T be a generator of Z,, The multi-signature invariant p(T, x) for
xe Ly(Z,) is given by

(1) o(T, z) = Sign(T, W) =2I(W)—I(W).
It follows that
(2) o(T, —): Li(Z)

is an isomorphism, and Ker p=Ly(1) which is isomorphic to {(m, 2M)} mez C
Ly(Z,). For the Atiyah-Singer invariants ¢(7,d.W) of 9. W, we have

(3) o(T, x)=0o(T,o_W)—a(T, 3, W).

8Z
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by taking &=g¢*vy, where vy is the normal bundle of M and g is an
e-homotopy inverse of f. Take x&Ly(x). By the realization theorem of
Wall [9], there is a triad (W, 3, W, 4_ W) and a map F of this to the triad
(XX I, Xx0, Xx1) satisfying that

(1) There is a bundle map B covering F of the normal bundle of W
which extends the bundle map &.

(2) (0-W,Flo_W)=(M,f).

(3) Flo,W is an e-homotopy equivalence.

(4) O0(F, W)=z Ly, ()

Let 7, be a subgroup of r and let X be the universal cover of X. Put
X,=X/r,. For the projection p: X,—X, we consider the following pull-back
diagram

F
W, —— X, xI
|» . |
74 XXxI.

The pair (F;, W) has the same properties corresponding with (1), (2) and
(3). We set

o(x) = 0(Fy) € Ly, (z) .

It is easy to see that the definition of r is independent of choices of the
cobordisms which represent x. In particular, we may start from (X, id) e
Z%(X) in place of (M, f).

LEMMA 1.1. 7: Ly ()= Ly, (z) is a well-defined homomorphism.

Proor. We can show that r is a homomorphism similarly as the proof
of the theorem [7, p. 50]. Let z, y< Ly (x), and let F,: W,—~>XXx1I be
the cobordism between id: X— X and fz: M,—X such that 0(F,)=x. We
represent ¥ by the cobordism F,: W,—Xx I similarly. We consider cobor-
disms

(1) F_p: W_,—»XxI between f, and id such that §(F_,)=—zx.

(i) Fyo: Wy—>M, X I between id: M,~M, and f,,: M,,— M, such

that (9<Fyx):x.
Combining these with id: W,—W,, we have a map

H: W_UW,UW,—W,.

It follows that §(H')=60(F_,)+0(id)+6(F,;) =0. We have an e-homotopy
equivalence H: W/—W,. We take F,UF,H: W,UW/—XxI as the nor-
mal map Fu,y,: W, — XX I corresponding to x+1y. Since
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By [8], there exists a homotopy equivalence f; of a homotopy complex
projective 3-space HCP? into the complex projective 3-space CP? which is
transverse regular to CP? and such that the restricted normal map

Sfir N*=f71(CP?)
(4) 6(f) =28 for any icZ.

Consider the S!-fibration p: L7(2¢)—CP3 where L7(2g) being the 7-
dimensional standard lens space. Pulling back this fibration by f;, we have
a homotopy lens space L! and an e-homotopy equivalence

Cp? satisfies

which is transverse to L%2q), Li=g;'(L*2q)), and §,=¢,/L:: Li—L%2q)
is the restricted normal map. Since the surgery obstruction 6(g;)=0 in
Li(Zy), §; is normally cobordant to an e-homotopy equivalence ¢}: L¥—
L*(2q). By the normal cobordism extension property (See [7, p. 45]), we
may extend the normal cobordism between §;: L3—L5(2q) and ¢}: L¥—
L%(2q) to a cobordism between g¢;: L!—L"(2g) and h;: L7—L7(2g) such
that h;'(L%(2¢))=L}, and hJ|Ly=g]. Let N(L2q)) be a tubular neigh-
bourhood of L5(2g) in L7(2g). Then the surgery obstruction of A; 6(h;)
is equal to the surgery obstruction of the restriction map

he: LV —int N(LY) L'(2g)—int N(L3(2q)) = D*x '

which is a homotopy equivalence on the boundary, i.e.,

0(h) =0 (R

LY —int N(LY)) € L(Z) = Ly(1) = Z,
Here N(LY) is a tubular neighbourhood of LY in LY. Since 6(h;)=6(g;) =0,

there exists a normal cobordism rel. boundary between A;|/(LY —int N(L¥))
and a homotopy equivalence A}: E—DxS. Put MI=EUN(LY). There

is an e-homotopy equivalence
k: M{—— L"(2q)

defined to be A, on E and A; on N(LY). Combining these cobordisms,
there is a normal cobordism

F: Vs

between ¢;: Li—L"(2q) and k: M{—L"(2q). It follows that 6(F, V)< L(Z,,).
We have

(6) Tﬁ(F’ V) :0(F1’ V1>EL8(22) ’

L'(2q)x I
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where F,: V;,—P"x I is a normal map, and the universal cover oV, =L7U M.
Since Li— HCP* is the S-fibration, so o(T), IJ) is the value o(—1, HCP)

of the Atiyah-Singer invariant o(z, H’E},”), teSt at t=—1. Hence from (4)

we have

(7) o(T, T7) = o(—1, HCP*) = 8i .

On the other hand, the Atiyah-Singer invariant ¢(7, Q*~!) is equal to the
Browder-Livesay invariant ¢(Q*~1) for a homotopy projective (4k—1)-space
Q#*1 (See [3]). If we note that the Browder-Livesay invariant ¢(Q*™)
is the desuspension invariant of Q*~1, we see that the g-fold covering mani-
fold M7 is a homotopy projective space which desuspends (in fact, (7T, M)
is a double suspension). Hence we have

(8) o(T, M)=0.
By (3), (6), (7) and (8), it follows that
o(0(F, V)) =8i.
Therefore, by (2), t: L{(Zs)— Lo(Z) is onto modulo Ly(1). This completes
the proof of the lemma.

2. Surgery exact sequence

Let &54(X) be the set of e-homotopy structures on X and let [X, G/H]
be the set of normal cobordisms classes of normal maps into X. We con-
sider the surgery exact sequences for X=P*! and L**1(2q) (See [9].
The projection p: P?+1—[2*1(2q) induces a map

Pl y;(mﬂ(zq))

yHF(P.?’IH'l)
by taking g-fold covering. Similarly, p induces a map

pE [L2n+1(2q), G/H]

[P+, G/H] .

Then we have the following commutative diagram of exact sequences for
n=2.

Lanss(Z) ———s S (P )y— L[ Po+1, G/ H]

S R P
g
Linss(Zo) —r F (L% 1(2g)) — > [ L21(2g), G/ H] —> Linsr(Zag)

L2n+1 (22)
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LEMMmaA 2.2. p*: [L*1(2q), G/H]—[P*, G/H] is onto for H=PL,
TOP.

Proor. The projection p: L*!(s)—>CP" induces a map p* : [CP", G/ H]
—[L**1(s), G/H] for each integer s&Z The lemma follows from the fact
that p* is onto (See [9, LEMMa 14 A. 2, p 186]).

The natural projection d: Z,;—Z, induces the isomorphism

(2. 3) d: Li(Z) = 7, Ly(Z)=Z,.

We have the following lemma.

Lemma 2.4, There is a following commutative diagram for H=O,
PL, or TOP and k=1.

[P+, G/H ]——0—> Ly(Z,)

ey e

[L#7%(2q), G/ H] Li(Zyg)

ReMARks. The lemma of PL case is seen in [9, THEOREM 14. 4] and
the smooth case is seen in [5, THEOREM 3.7]. Throughout the cases H=
O, PL, or TOP, the proof of this lemma is to determine the nontrivial
obstruction for the fundamental group of a cyclic group of even order in
place of a cyclic group of odd order in [1, THEOREM 1'].

Proor. Take a normal map f: L**3—[*+3(2g). As in the proof of
the lemma 1.4, there is a normal map ¢: L#+— L#+3(2¢) which is normally
cobordant to f such that g: g=!(L#*1(2q))— L**1(2q) is an ¢-homotopy eui-
valence. Let N(g71(L**!(2g)) be a tubular neighbourhood of g~!L#+1(2q))
in Lt It follows that

() = 0 g| L= —ine N(g+(L#+1(29)) ),

where ¢g: L{*"—int N(g71(L**1(2q)))—>D**2x S'is a normal map which is

a homotopy equivalence on the boundary. Make ¢ transverse to D**2x
tCD¥*2x St such that g71(S***1 X ¢) is a homotopy sphere and ¢: ¢g~!(S***! x
£)—S**1 is a homotopy equivalence. Let d”: Lj(Z,)— L,(1) be the homo-
morphism defined by the composition of L§(Z,)—Ls(Z) and Ly(Z)—> Ly(1).

We have

d'0(f) = 0<g|g‘1(D4"+2 Xt)ELy(1) = Z,.

The g-fold covering map of f induces a normal map p*(f): Q—P*+*3. Here
Q is the g-fold cover of L#*3 Then it follows that the surgery obstruction
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0(p*(f)) is equal to O(glg~(D***x1)), i.e., dO(p*(f))=0(glg~(D***x1)),
where d' : Ly(Z,)— L,(1) is the isomorphism. From the commutative diagram

d
Ly(Z;) — L,(1)

¢
iz
we have df(f) =6(p*(f)). This proves the lemma.

3. Proof of Theorem

First we prove the following.

ProrositioNn 3.1. Let H=0O, PL, or TOP and n=2. Let T be a
Sfree involution on a homotopy sphere X***! such that n(X***1/T)&Im [p*:
[L***1(2q), G/ H]—[P**, G/H]] and (q, |Bzns1 (07)])=1, where Ouyyi(dx) is
the group of homotopy (2n-+1)-spheres which bound parallelizable manifolds,
and |Byn 1 (07)| is the order of Ognyi(0n). Then, T extends to a free Zy,

action on JX.

REMARK. For example, ¢=3 satisfies (g, |@gp+1(07)|)=1 for any n=2.

Proor. Case 1. n=0(2). Let T be a free involution on X**! such
that »(X**!/T)=Im p*. Since 0: [L*"1(2q), G/H]— Lj;.1(Zy,) is zero, there
exists an element L**'e;(L%*%1(2q)) such that

p(p (L) = (I8 T).
Since the action @ of L,(Z,)= L,(1) is to add the Kervaire manifold, we have
Z4k+1/T§P!(L§k+I>
or
24k+1/T EP!(L‘{]C-Fl) #Z%C-I-l ,
where 2%*! is the Kervaire sphere.
If pl(LIFH) g 2% =341 T, we take Li+'= L g3%+ < S +(L¥*+1(2g)). Since
(¢, |O4441(07)[)=1 and the order of @,.,(dn) is at most 2, we have
PULF) = p ! (L) § g%
= pI(LPFH) g 2+ = Yaet T
Hence T extends to a free Z,,-action.

Case 2. n=1(2). Let T be a free involution on X**3 such that
(243 T)cIm p*. By Lemma 2. 4, there exists an element Lt e/ (L4#+3
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(29)) such that n(p!(L#*+%))=5(2#*+3/T). From (2.1), we have Y**3/T'=e
(z, pI(L#**%) for some x&Ly(Zy). By Lemma 1.4, there exists & Li(Zy)
such that z—rt(y)=x, for some x& Lo(1)C Lo(Z;). Put Ly,=o0(y, L{**) €Sy
(L#+3(2g)). We have from the commutativity of (2.1) that

3490 T = o2, pULy) .
Since the action @ of L,(1) is to add the Milnor manifolds, it follows that
T3 T = p(Ly) § m3P?

for some meZ, where 3%+ is a generator of O,3(dn). By the condition
(¢, |@4ss(@7)))=1, there is an integer n such that ng=1 mod|Osu,(0)].
We take Li=L,tnmI¥" <./ (L**(2g)). Then we have

PHLy) = pH(Ly) § qnmI1FT
= pI(Ly) § mIfe+3 = 3+3/ T

Hence T extends to a free Zy-action. This proves the proposition.

Proor oF THEOREM IN INTRODUCTION.

By [6], any free involution on S* is conjugate to the antipodal map.
Therefore, T extends to a free Zy-action on S%. Let T be a free involu-
tion on S2t! for n=2. It follows from Lemma 2.2 that 5($***!/T)&Imp*.
Similarly to [Proposition 3.1, S**!/T=w(x, p!(M)) for some MeS ; (Lt
(29)) and xE Lyy19(Z;). Since the action of Lgnio(1) on & x(P?™*1) is trivial
for H=PL, TOP, we have S*T=p!(M,) for some M,Ex(L***(2g)).

Hence T extends to a free Z,-action.

CorROLLARY. (See [4]) There exist non-triangulable (simple) homotopy
lens spaces L*+1(2q) for n=2 and q=1.

ProoF. From the computations of [P***!, G/H] for H=PL, TOP,

there is an exact sequence

o 4
S pp (PP s F o (P . 7, 0,

where @ is the obvious map, and ¥ is the obstruction map (See [7]).
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