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Remarks on the spaces of type H+ AP

By Hiroshi YamaGucHI
(Received October 6, 1978; Revised May 21, 1979)

§ 1. Introduction.

For a LCA group G, AP(G) and M(G) denote the space of all almost
periodic functions and the space of all bounded regular measures on G re-
spectively.

Let R be the reals. In [4], S. Power proved that the sum of the
Hardy space and the space of all almost periodic functions on R(H%*(R)+
AP(R)) is a closed subspace of L*(R) but not an algebra.

For a LCA group G, in [6], W. Rudin proved that H+C,(G) is a
closed subspace of L®(G) for a translation-invariant weak*-closed subspace
H of L*(G) and the space of all bounded uniformly continuous functions
C.(G).

In this paper, we shall prove that H+ AP(G) is a closed subspace of
L>(G) for every translation-invariant weak*-closed subspace H of L*(G).
Moreover, we shall investigate whether a space of type H+ AP(G) becomes
an algebra.

DEFINITION 1. For any subset @ of L*(G), the spectrum of @ is defined
as the set o(®) of all y=G that belong to the smallest translation-invariant
weak*-closed subspace of L*(G) containing O.

Easily, we have the following :

o(@) = N{/~0); FELXG), £ 0 =0}.

§ 2. Main Theorem

Let G denot_e the Bohr compactification of G. Then we can identify
AP(G) with C(G). Let dzx denote the Haar measure on G. For f, g
AP(G), we define fxg, ||f||; and f with respect to dz. The symbol B(L*(G))

denotes the Banach algebra of bounded linear operators on L*(G).

LEMMA. There exists a linear map

fim—— 25 AP(G) B(L=(G))

satisfying the following conditions for f, g€ AP(G) and ¢=L*(G):
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(a) 3H)EAPG), |||, = 1ALl and o(2(g)ca(fINa(g),
(b) 24(9) =f*g .
Proor. Let N be the family of all neighborhoods of 0=G directed
by set inclusion. For each V&N, choose hy= LY(G) such that
(1) hy=0, [lhll;=1 and supp(ky)CV,
and define

(2) (¢, ) = (phv)x¢p  for ¢, = L™(G).

Then, 4y is a bilinear operator on L®(G) and

(3) || )|l = Uhrllligloo < Nl ] e -

Since the unit ball of L*(G) is weak* compact, we can find a subnet
{4v,} of {&} such that for each ¢, ¢=L™(G), {4,(4, ¢)} converges weak* to
an element of L%(G), which will be denoted by (4, ¢). Evidently, 4 is
a bilinear operator on L*(G).

Now, we claim that

(4) o[ 2, p]co@nely)  for ¢, 9=L(G).

In fact, notice that supp (¢h) is contained in the closure of ¢(¢)+supp (%)
for = L*(G) and he LYG). Therefore, (4) is an easy consequence of the
definition of 2 combined with the fact that o(gx¢) Csupp (§) N e(¢) for g= LYG)
and ¢ L”(G). Next, we claim that

(5) |4 9|l = W1kl for FEAPG) and ¢=L(G).

To see this, we regard each hydzr as a measure on G. Then, the net

{hydx} converges to df in the weak* topology of M(G) by (1). Therefore
e AP(G) implies

lim || fhy|| = lims | flhydz
v v G

={ 1714z
=/l -

Thus (5) follows from the first inequality in (3).
In order to complete the proof, it will suffice to check that A(f, ¢)&
AP(G) if fe AP(G) and ¢=L>(G), and that A(f, 9)=f*g if f, g= AP(G).

By the continuity and Bilinearity of 4, we may assume that f=y and
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g=y for some y, y&G. But then ¢[A(y, $)| Co(y)={y} by (4). It follows from
7.8.3 (e) of that (7, ¢) is a constant multiple of 7; hence A(y, ¢) = AP(G).

Finally notice that yxy is eather y (if y=y) or 0 (if y=y%), and that
holr—x)=0 if y3y, provided that V&N is small enough. We therefore
conclude that

(ot = holx —7) X = %1
for all sufficiently small V&N, which completes the proof. Q.E.D.

THEOREM 1. Let G be a LCA group. For every translation-invariant
weak*-closed subspace H of L*(G), H+ AP(G) is norm-closed in L*(G).

Proor oF THEOREM 1. Let H be a translation-inrariant weak*-closed
suspace of L*(G), and let 2, fE AP(G), be as in Lemma 1. Thus each 4
maps L*(G) into AP(G). Moreover, 4, maps H into H. In fact, if ¢ =H,
then 2/(¢) is an element of AP(G) with spectrum contained in o(¢)Co(H),
so that 4/(¢) is in H (cf. 7.8.3 (e) [5]). Finally, choose a net {f;} in AP(G)
such that [|fi|;=1 for all { and lim || f;xg—gl|.=0 for all g€ AP(G). Then

we have ||4;]|=||fili=1 for all 7 and lim ||4;(g)—¢|l.=0 for all g€ AP(G).

Therefore, by Theorem 1.2 of [6], H+ AP(G) is norm-closed in L%(G).
Q. E.D.
Next, we investigate whether a space of type H+ AP(G) becomes an
algebra.

THEOREM 2. Let G be a noncompact LCA group. Suppose

(i) H is a translation-invariant, weak*-closed, proper subspace of
L>(G) such that ¢(H) has nonempty interior; and

(it) S is a norm-closed proper subalgebra of C,(G) such that AP(G)CS
and LMG)*xSCS.

Then the norm closure of H+S in L*(G) does not form an algebra.

ProOF. By (i), there exists a neigborhood V of 0&G and 74, 7,€G such
that 7,+VCo(H) and (1.4 V)Ne(H)=¢. Choose and fix any f=C,(G)N .S
There is no lose of generality in assuming that ¢(f) is compact. Indeed,
every ¢&C,(G) can be approximated in norm by functions of the form

vx(, where ve L}Y(G) and supp (9) is compact.
Choose {x1, %2 **» xn} ©G so that o(f)C {1, 2 == Xu} + V. We can find

ki, ko, -+, k, & LY(G) such that supp (£;)Cy;+V for all j and anléj:1 in a
i=1
neighborhood of ¢(f). Then, i}kj*f:fES, so kxf&.S for some j. Replacing
j=1

S by X;(kf), we may therefore assume that ¢(f) is a compact subset of V.
Now notice that ¢(y.f)=7,+06(f)Cri+VCa(H), so y,f belongs to H by (i).
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Since 7;+0(f) is a compact subset of G disjoint from ¢(H) there exists ke
LYG) such that £=1 in a neighborhood of y,+a¢(f) and supp (&) N e(H)=4.
Then, h€ H and s&.S implies 7,f+kxs=Fkx(y,f+h+s). Hence, by (i), we

have

inf {|lyof+h+sllw; hEH, s€S]
2 inf {]|[7ef+ kil |1l s sES]

>0.
In other words, the element 7,f=(7.7) (rif) is in SH but not in the
closure of S+ H. This completes the proof. Q.E.D.

After the first draft of this paper was written, Dr. S. Saeki pointed
out that the results in that draft had nothing to do with the order structure
of the group under the consideration. The present version was reorganized
following his suggestions. The author appreciates his various comments and
advices.
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