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Note on automorphisms in separable extension

of non commutative ring

By Kozo Sucano
(Received April 19, 1979)

Preliminaries

All definitions and terminologies in this paper are the same as those
in the same author’s papers [8], and [13]. So 4 shall be a ring with
an identity 1, I" a subring of 4 which contains 1, C the center of 4, ('
the center of I' and 4=V, (\={x=A|zr=rx for all r&l'}. A is an H-
separable extension of I' if AX)rA is a A— A-direct summand of some finite
direct sum of copies of A. In this case A is a separable extension of I,
i.e., mapz of ARXrA to A such that z(x®y)=ay, for x, y=4, splits as
A—A-map. As for the fundamental properties of H-separable extension, see

[4], and [12]. In and the author showed that in case I" is a

simple artinean ring, A is an H-separable extension of I" if and only if 4
is an inner Galois extension of I'. It is well known that in this case every
automorphism of 4 which fixes all elements of I" is an inner automorphism.
In this paper we will generalize this theorem to the case of ordinal H-
separable extensions (Theorem 2). We will also show that every G-Galois
extension such that all elements of G are inner automorphisms is an H-
separable extension (Theorem 3). For a two-sided 4-module M, we denote
C-submodule {m& M|xm=mx for all x4} by M*. Then, Ais H-separable
over I' if and only if 4QcM!=M" by (dXm—dm) (see Theorem 1.2 [8])
for every two sided A-module M. We will use this theorem very often
throughout this paper. For a ring A we denote the Jacobson radical of
A by J(A4). We will also study in §3 in what case J(A)=AJ(")=J(I') 4
and J(IN=J(A) NI holds when A is H-separable over I

1. Automorphisms in H-separable extensions.

The first result is a supplement of [5].

THEOREM 1. Let A be an H-separable extension of I'. Then every
ring endomorphism of A which fixes all elements of I' is an automorphism

and fizxes all elements of V,(V,(I)).
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Proor. Let ¢ be an arbitrary ring endomorphism of A with ¢(r)=r
for all r&I. Then, scHom (; 4, r4;) = 4X)cd° (see (1.5) [12]). Hence there
exists ), diXel€4X)o4® such that ¢(x)= ) d;zxe; for all x&4. Then for any
reV,d), or)=rY.d;e;=r, since ¢(1)=).d;e;=1. Thus ¢ fixes all elements
of V,(4). Then ¢ fixes all elements of C, since CC V,(4). Then by
2 (b) [5], ¢ is an automorphism.

THEOREM 2. Let A be an H-separable extension of I', and let A=
AlJ(A), P=T1J(AWNT and d=V{(I). Then if A is artinean, and if 4 is
mapped onto 4 by the natural map, every automorphism of A which fixes
all elements of I' is an inner automorphism.

In order to prove this theorem we need the following

ProrosiTiON 1. Let A be a separable extension of I', and a be an
ideal of A which is contained in J(A). Let ¢ be an automorphism of A
which fixes all elements of I'.  Then if ¢ induces the identity automorphism
of A, 6(x)=0(z) for all xE /A, ¢ is an inner automorphism, where A=Afa
and z=x+a in A, for xE A

Proor. Let d(x)=0(x)—x for x=A. Then § is a I'-derivation of 4
to a A—/A-module a, where the right /-module structure of a is defined
by a-x=as(x), for aca and x&4. Then by Satz 4.2 [2], d is an inner
derivation, and there exists aca such that ¢(x)—x=xa—ac(z) (=0d(x)), for
all x&4. Hence (1+a)o(x)=x(14+a). But since acJ(4), 1+a is a unit.
Therefore ¢ is an inner automorphism.

ProrosiTiON 2. Let A be a two sided simple ring (not necessarily

artinean) and an H-separable extension of some subring I'. Then every
automorphism of A which fixes all elements of I is an inner automorphism.

Proor. Let ¢ an automorphism of A with ¢(x)==x for all z& 4. Let
A, be a A— A-bimodule defined by the following way ; 4,=/ as left 4-module,
but right A-module structure of 4, is defined by xz-y=ux0(y), for z, y= .
Let J,={acAd|xza=as(x) for any x&A4}. Then clearly (4,)'=J,C4 and
(4,)'=4. On the other hand 4=(A,)"=4R(A,)'=4K)¢J,, since A is an H-
separable extension of I Then, since C is a field, [J,: C]=1, and J,=Cu,
for some 0#wu,=J,. Then, clearly Au, is a two sided ideal of a simple ring
A. Therefore, Au,=/A, and we see that u, is an unit of 4. Since u,&J,,
we have o(x)=u;'zu,, for all z= 4.

Proor of THEOREM 2. Let f’::V;l(J) and C be the center of 4. By
Proposition 3. 2 and Theorem 1.3 [8], 4 is an H-separable extension
of both I" and [". Since o(J(4))=J(4), ¢ induces an automorphism & of
A which fixes all elements of . Then & fixes all elements of 7 by Theorem
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1. Since I"DC, all central idempotents of A are also central idempotents of
. Hence if I=A4,PA,P --- P4, is a decomposition of A into simple rings,
and if 1=¢,+é&+ -+ +¢, A,=Ae, with e, primitive idempotents of the center
of 4, then I@PI® - @I, =I" with [;=I"¢, as ring, and I/ is a subring
of A; for each 7. Then clearly each 4; is an H-separable extension of I
and &, the restriction of & to A, is an automorphism of /4; which fixes
all elements of I;, because #(¢;)=e¢; for each i. Therefore, each 4; is an
inner automorphism of A; induced by a unit of V7 (). Then ¢ is an inner
automorphism of 4 induced by a unit of 4=V, (I'). Let d be such
a unit of 4, i.e., o(x)=d'zd, for all 2=/, and d be a representative of d
in 4. By assumption we can choose d from 4. Since d is a unit in 4,
we have dd'=1+m for some d' 4 and m&J(4). But 1+m is a unit.
Hence d is also a unit in 4. Let 7 be an automorphism of A defined by
t(x)=do(x) d! for all x&A4. Then ¢ fixes all elements of I" since d&4,
and we see that #(z) = identity on 4. Then by Prop. 1, r is an inner
automorphism, and ¢ is also an inner automorphism of 4.

2. Relation with Galois extensions

Let A4 be a ring and G a finite group of automorphisms of 4, A%=
{red|o(x)=x for all s&G}. Let S=4(A:G) be the trivial crossed product
of 4 and G, that is, S=°4U,, a free A-module with a free basis {U,}.cq,

eF

where the product is defied by AU,yU.=2¢(y) U,. for 4 €4, g, r&G. Then

there exists a ring homomorphism
j: 4(4: G—>Hom (4, 1) J(AU,) () = 20(x)

for 2, x4, 6=G. Now, following T. Kanzaki [6], we say that 4 is a
G-Galois extension of I, if (1) I'=A4% (2) A is right ['-finitely generated pro-
jective, and (3) map j is an isomorphism.

LEmMA 1. Let A be a G-Galois extension of I'. Then, we have

(1) There exists ceC with te(c)=1 if and only if I<Prdr, where
te(x)=2.,cq0(x) for x< A. '

(2) Suppose furthermore CCI', then |G|=n is a unit in C if and
only if [I'r<@PrAr.

Proor. (1). If there exists c&C with #z(c)=1, we obtain a A—A-
map f of A to /A defined by f{x)=xzc for x&4. Then we have (tgof) (r)=
te(rc)=rtg(c)=r for all r&I'. Therefore I''<@rA4;. Conversely suppose

A '»<PrAr. Then since A is right I'-finitely generated projective, Hom (4, 4;)
is a separable <xtension of 4 by Theorem 7 [10]. Then S=4(4,G) is
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a separable extension of /4. Hence there exists } a;XB:;<S(SX)4S) with
Ya;pi=1. We can put Y a®pb:=2x, . URQU.= 2 x,,-.URQU,-., where
z,.€4 and ¢, t=G. Y a;8;=1 implies } x,,.U.=U, Hence we have
>x,,~=1 and XY x,,-.=0 (r#1). On the other hand, > U,a;X8;= 2 a:X
B: U, for all p=G, implies that p(x, . =z,,.,— for all g, T, pEG, and ) xa,X)
Bi= D aQp;x for all xE 4, implies that x,.=J,, for all 6, r=G. Especially
we have p(z;,)=x,,~ and z,,EJ;=C. Hence we have 1=}z, .= 2.0(x;,1)-
(2) follows from (1), since ts(n )= n"'e(l)=n"'n=1, and 2,,=CCI implies
that #4(xy,) =2 0(xy,) =nx;1=1.

ProPOSITION 3. Let A be an H-separable and G-Galois extension of
I'. Then we have

1) ViV, (D)=I

(2) 4 is a rank n projective module, where n=|G].

(38) Following three conditions are equivalent

(i) n(=|G]) is a unit.
(i1) I' is a I'—I'-direct summand of A.
(i) 4 s a separable C-algebra.

Proor. (1). By Prop. 1, we see that every element ¢ of G fixes all
element of I"(=V,(d4)). Thus we have I"CA%=T". 'The converse inclusion
is obvious. (2). By (1.3) (4) [12], 4d=(4, =4Rc(4,)'=4R¢J,. It is already
known that 4 is C-finitely generated projective, and C is a C-direct summand
of 4. Hence J, is rank one projective C-module. On the other hand, 4=
Hom (A, A =4(4: G*=(3°AU,) =Y %¢J,. Thus 4 is rank n projective
C-module. (3). Since CCV,(4)=I" by (1), the equivalence of (i) and (ii)
follows from Lemma 1. The equivalence of (ii) and (iii) follows from Prop.
4.7 [3] and Corollary 1.2 [9], since V,(V,(["))=I. But the author will
repeat the proof here for the convenience to readers. Suppose (i), and let
p be the I'—I"-map of A to I" with p(1)=1. Then we have a commutative
diagram of 4—4-maps

A®(]A—77—"H0m (I‘AI') F/II’)
n\\ /90/ \\Hom (5, 1)
4 —Hom (¢ 'y, r4r)

where n(dRe) (x) =dze, n(dRe)=de, for d, ecd and z= 4, ¢(f)=f(1), for fE
Hom (+4r, rAr), and n(d)=dr (=rd), for ded, r&['. 7 and n are isomor-
phisms (see (1.5) [12]). Thus = splits as 4—4-map. Suppose (iii). Then
there exists Y d;Qe;E(ARed)* with Y d;e;=1. Hence we. obtain map p of
A to I" (=V,(4) such that p(x)= Y dxe; for all x=4. pis a ["—I"-map
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with p(r)=r for all r&I'. Thus we have (ii).
As an example of H-separable G-Galois extensionst we have

THEOREM 3. Let A be a G-Galois extension of I'.  Then if all elements
of G are inner automorphisms of A, then A is an H-separable extension

of I'y and 4 is a free C-module of rank n, where n=|G|.

Proors For each ¢=G, let 7, be a unit of 4 such that ¢(x)=7"xy,
for all x&4s Note that each AU, is a 4— /A-module with formulae U,i=
o(A) U, for each A= 4, and that j is a A— A-isomorphisms Then for each
6<G, define a map f, of AU, to 4 by f,(AU,)=2y;* for each 2&4. Then
since f,(U,A)=f,(6(2) U,)=0(A) 1. =1r-"2=f,(U,) 2 for each 1€ 4, f, is a A— A-
isomorphism. Hence we have Hom (4, 4)=APAP --- PA (n folds) as
A— A-module. Then,

4= Hom (,Ar, Ar) =[Hom (4, 4)]' 2[4 4D B 4] =CHCD--DC

Hence 4 is a free C-module of rank n. On the other hand, since 4 is right
I'-finitely generated projective, we have

AQr A = AQrHom (.4, ,4) = Hom ( Hom (4r, A7), ,A)

= Hom ({ADAD - D4), ,4) = ADAD - DA

as A— A-module. Thus A is an H-separable extension of I

ReEMARK. In the proof of Theorem 3, we see that the A— A-isomor-
phism of APAD --- D4 to 4(A:G) is given by; (4,4, -+, )= 47, U,

e

On the other hand, the isomorphism Hom (44, 4/47)—4 is given by ; f—f(1)
tor feHom (44, 44r). Therefore, COCD --- PC is mapped onto j(};®Cy, U,)
ce@

=2.°Cy,. Thus we have V,(I')=2°Cy,.

€@ €@
REMARK. /4 is a G-Galois extension of I' if and only if there exist
xy Yied (i=1,2,---,n) such that ) x;0(y;)=0;, by Prop. 2.4 [6]. Then,
under the condition of Theorem 3, it can be directly computed that 1R)1=

2iecal (xiXo(ys) oY) in AQrd, with y,€4 and 2 x:QRoy:) o' (AR A
We call these {1, 22x:Q0¥:) 77" }ece an H-system for A|I" (see [5]).

3. On radicals in H-separable extensions.

ProrosiTION 4. Let A be an H-separable extension of I' with I';<®
rAr. Then if A/J(A) is artinean, we have J(A)=AJ([)=J([) A and J(I')=
JANT.
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Proor. By Theorem 4.1 (2) [13], J(A)=AJUHND)=JUHNT)A.
Hence we need only to show that J(I\=J(A)NI. Since I'=V,(4), every
element of J(A)NI" has its quasi-inverse in I". Therefore J(A)NT'TJ().
Let A=A4/J(4) and P=I/J(A)NT. Then A is an H-separable extension
of I, and I;<@:4;, by Prop. 3.4 (1) [13]. Let A='®M as '-T-
module and | be an arbitrary left ideal of I". Then A=AIPL as left A-
module. Then A=IPMNPL and F=IPMI+L)NT as left I-module.
Thus every left ideal of I” is a I"-direct summand of I, and we see that
I is a semisimle ring. Then, J(I")=0, and JI"CJUNI. Therefore,
we have J(I=J(AHNT.

ReMARK. In general J(A)=AJ(=AJ(I") and J(ANIT' =J(") do not
hold in H-separable extensions. Let D be a division ring and 4 be the
n X n-full matrix ring over D, and I' the lower triangular matrix subring
of 4. Let e¢;; be the matrix units of 4. Then it is easily proved that
2eiaXes i E(AReA)?, Xlei1e;,=1. But since ¢ ,&I’, for each i, 2e;,,&
e, &'QpA)". Hence mapr of I'KpAd to A defined by n(r@x)=rzx(re
I', x€ A), splits as I'— A-map. Then by Prop. 2.2 [9], 4 is an H-separable
extension of I'. It is also clear that A is left I'-finitely generated projective.
But J(4)=0 and J(I")#0.

Before explaining some examples in which the conditions of Theorem
4 holds, we need some preperations. The next two propositions are sup-
plements of results which have been obtained in [13].

ProposiTION 5. Let A be an H-separable extension of I' such that
I’'<@rd. Then Hom (p4, [I') is a left A-progenerator.

Proor. Since I'<@rd, Hom (¢4, [I') is a left A-direct summand of
Hom (r4, r4). But Hom (4, p4) =4Re A< PAPAP --- PA as A— A-module,
since 4 is C-finitely generated projective. Hence Hom (4, [[") is left 4-
finitely generated projective. On the other hand, in Prop. 1.1 (1) [13], we
have already shown that Hom (;4, ;") is a left A-generator.

PrROPOSITION 6. Let A be an H-separable extension of I'. Then,

(1) If I' is left I'-cogenerator, then A is a left A-cogenerator

(3) If I' is a left PF-ring, then A is a left PF-ring.

(3) If I' is left self injective, then A is left self-injective

(4y If I' is a quasi-Frobenius ring, then A is a quasi-Frobenius ring.

Proor. (3) and (4) are shown in [13]. Hence we need only to show (1).
But this follows from Korollar 1 [15], since Hom (r4, ;I")E Hom (;4, ;) <@
ADPAP -+ PA as left A-module. Since left PF-ring is a ring which is left

self injective and a left cogenerator (see [1]), (2) follows from (1) and (3).
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It is well known that if 4 is a left (or right) PF-ring, A/J (/) is artinean.
Therefore we have '

COROLLARY 1.

Let I be a left (or right) PF-ring, and A an H-separable

extension of I Then if I' is a I'—I"-direct summand of A, JA)=AJ()=
JII) A and J(I)=J(AHNT.
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