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On Sasakian manifolds with vanishing contact

Bochner curvature tensor

By Izumi Hasecawa and Toshiyuki NAKANE
(Received November 21, 1979; Revised January 23, 1980)

§ 1. Introduction.
Recently, S. I. Goldberg and M. Okumura proved

THEOREM A. Let M be an n-dimensional compact conformally flat
Riemannian manifold with constant scalar curvature R. If the length of
the Ricci tensor is less than RNn—1, n=3, then M is a space of constant
curvature.

For a Kaehlerian manifold, Y. Kubo proved

TueoreM B. Let M be a real n-dimensional Kaehlerian manifold
with constant scalar curvature R whose Bochner curvature tensor vanishes.
If the length of the Ricci tensor is not greater than RWn—2, n=4, then
M is a space of constant holomorphic sectional curvature.

Note that the square of the length of the Ricci tensor is greater than

or equal to R%n, so the Ricci tensor has been “pinched”.
We have the following remarks on Theorem B.

RemaRk 1. The condition with respect to the length of the Ricci
tensor can be replaced by
R2
n—2"°

( * ) Rab Rab é

REMARK 2. Moreover the condition (*) can be replaced by the best
condition

nd—2n*432
n+2)%(n—4)

R,y R® < ( > R? for n>4.

REMARK 3. In paticular, when M is of dimension 4, if the scalar
curvature does not vanish, then M is of constant holomorphic sectional
curvature.

The purpose of this paper is to obtain the theorems, analogous to the
above theorems, for a Sasakian manifold with vanishing contact Bochner
curvature tensor.

THEOREM 1. Let M be a (2n+1)-dimensional Sasakian manifold with
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constant scalar curvature R whose contact Bochner curvature tensor vanishes.
If the square of the length of the n-Einstein tensor is less than

(n—1) (n+2)2(R+2n)?
2n(n+1)2(n—2)

, n=3,

then M is a space of constant ¢-holomorphic sectional curvature.

THEOREM 2. Let M be a 5-dimensional Sasakian manifold with con-
stant scalar curvature whose contact Bochner curvature tensor wvanishes.
If the scalar curvature is not —4, then M is a space of constant ¢-holo-
morphic sectional curvature.

§ 2. Preliminaries.

Let M be a (2n+1)-dimensional Sasakian manifold with the Riemannian
metric ¢;; and an almost contact structure (¢, &, 5 satisfying

¢ai¢.7'a = _aij+7]j§i’ ¢a,i§a = O’ 77a¢ia = 0) 7]a$a =1,
1
Nif+(0in;—0;7:) §* =0, ¢y =5 (0:7;—9;74),
Jar $2 5 = Qis—1i03 § =0 7a>
where N/ is the Nijenhuis tensor with respect to ¢;; and 9;=0/dx’ is the
partial differential operator with respect to the local coorsinate (zf). In view
of the last equation we shall write 7* instead of £ in the sequel.
In the following, let Ry R;;, R and F; denote the Riemannian cur-
vature tensor, the Ricci tensor, the scalar curvature and the operator of
covariant differentiation with respect to ¢;; respectively. It is well known

that in a (2n-+1)-dimensional Sasakian manifold we have the following iden-
tities :

(2.1) Vin! =¢7,

(2.2) Vig/ = —gin*+di*y;,

(2.3) 7° Rasje = D195 — 15 Gt »

(2. 4) 7 Roi = 2ny; ,

(2.5) Ry Gar — Ruix® Gaj = Gij Ok — Pir s+ Gij Pre— Jir Pn »
(2. 6) ¢” Raijo = R @oj—(2n—1) @45,

(2.7) R ¢a;+Rf s =0,

(2. 8) ¢ Ropij = —2R%Pa;+2(2n—1) ¢s; .
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DeFINITION 1. If a tensor Til...ipjf"fq of a Sasakian manifold M satisfies
(2. 9) ¢ilal...¢ipap ¢b1j1“'¢bqjq¢chc Tal---apbl.“bq — O ,

then we say that the tensor Til...ipjl“’jq of M is n-parallel. If the Riemannian
curvature tensor of a Sasakian manifold M is z-parallel, then we say that
M is locally ¢-symmetric.

DeriNiTION 2. If the Ricci tensor R;; of a Sasakian manifold M satisfies

R R
(2.10) R;; :(‘27{ —1) Q@-j—(‘zﬁ’ ——2n—1> Ni%j»

then we say that M is an »-Einstein mainfold.
We define the »-Einstein tensor .S;; by

R R
(2.11) Sij:Rij“(% —1> gij+<2n _2’1“1) %% -
If the 7-Einstein tensor S;; of a Sasakian manifold M vanishes, then M is

an 7-Einstein mainfold.
(2.1), (2.3), (2.5) and the second Bianchi identity

(2.12) ViRnijw+VnRirje+ViRinju =0
give
(2.13) P*VaRnije = 0.

From this fact and brief computations, we have
LemMa 1 [4]. A Sasakian manifold M is locally ¢-symmetric if and
only if the Riemannian curvature tensor of M satisfies
Vy Rhijlc = —¢° (77h Raijlc‘f‘%' Rhajk+7]j Rhiak+77k Rhija)
(2. 14) + 70 (P G55 — Bui Gin) + 75 (P15 Gne — Gue Iny)
+15(1i G — Pun 9) + 0 (Pin 05— 1 Gng) -

LemMa 2. Let M be a (2n+1)-dimensional Sasakian manifold. The
Ricci tensor of M is yp-parallel if and only if the Ricci tensor satisfies the
Jfollowing identity :

(2.15) ViRij = — " (Rajns+ Raimj) + 200+ Gramy) -

From brief computations, we see that the Ricci tensor is »-parallel if a
Sasakian manifold M is locally ¢-symmetric.

For a (2n41)-dimensional Sasakian manifold, we define the contact
Bochner curvature tensor B of M by
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1
Bhijk = Ruiji— 57— o7 (Rij One— Rt 0n;+ 015 Rux — Qi Raj
2(n42)

— R ymani+ Ruxgnn;— 005 Ru+ 171 Rug + Hij b
— Hi ¢+ iy Hye— G Hpj— 2 Hiyiy @ i — 260 H i)

R—6n—-8
(2. 16) + 4(n+1) (n+2) (Qijgnk—gmgnj)
R+4n24+6
T 4+ 1) (n_|_7;) (i Pre— Bir Py — 2P0 6 70)
R+42n

= A1) (g 2) sl G005 G~ 070 Gns)
Where Hij:Ria¢aj-

Taking the covariant differentiation of (2.16) and contraction, we have
the following

LEmMA 3. Let M be a Sasakian manifold with wvanishing contact
Bochner curvature tensor. If the scalar curvature is constant, then the
Ricci tensor of M 1is p-parallel.

Also, we know the following

LEmMMA 4. Let M be a Sasakian manifold with vanishing contact
Bochner curvature tensor. If M is an y-Einstein manifold, then M is a
space of constant ¢-holomorphic sectional curvature.

M. Okumura proved
LeEmMMA 5. Let ¢;, 1=1,2, -, m, be real numbers satisfying

% c;=0 and % ;2 =k? (k=constant = 0) .
i-1 i=1

Then we have

_m=2 om—z
~ Am(m—1) &7 dmim—1

§ 3. Proofs of theorems.

Proor of THEOREM 1.
Let M be a (2n+1)-dimensional Sasakian manifold. Assume that the
contact Bochner curvature tensor vanishes, then we have
2 2n+1) R—2(5n*+8n-+2
Rabcd Rad Rbc —_ _m Rab Rbc Rca_l_ ( 2)(n + 1)((n + 2) )
—R34-2(5n+4) R2+12n*R—8n*(2n+1)
* i(n+1) (n+2) |

R, R®
(3. 1)
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Since the contact Bochner curvature tensor vanishes and the scalar
curvature is constant, from Lemma 3, the Ricci tensor is p-parallel. There-
fore we have (2.15) by virtue of Lemma 2. Then, from this fact and the

Ricci identity, we obtain
Rupea R R* — R RS R = R¥ g% (V4 V o Rea—V uV 5 Rea)
= —~Ryp R®+4nR—4n*(2n+1).
Substituting (3. 1) into (3. 2), we have
dn(n+1) RP R Ro+[4n(dn+5)—2(2n+1) R| Ry R*+ R’
—2(5n+4) R?24-4n(4n?+9n+8) R—8n?(2n+1) (2n?4-5n+4) =

From the definition of the »-Einstein tensor .S;; we have S2¢,/ =¢S5, .
Moreover we see that

(3. 4) trace S=S5,2=0,

(3.2)

(3. 3)

(3.5) trace S?=,S,55% = Ry R — —1—R2+2R—4n2—2n_>__0 ,
2n :

trace S*= S22 85 S2 = R Ry R — (—ZR; >RabR b4 *1—R3
—%R2+6(n—|—1)R—4n(n—|-1) (2n+1)

=R} RbcRc“—B(—Z%— —~1> Sap S — Z}’L—ZRS—*_ %RZ—-SR
—2n(2n+1)(2n—1).

M is an 7-Einstein mainfold if and only if zrace S* vainshes.
Substituting (3.5) and (3.6) in (3. 3), we have

(3.7 2n(n+1) trace S*+(n+2) (R+2n) trace S2=0
We put fi=trace S? (f=0). From S27,=0 and the comutativity of

S and ¢, we see that the characteristic roots of S; are ¢y, -+, Ca, €1, **, Ca
and 0. Combining this fact with Lemma 5, we have
n—2 n—2
3. R S P 1< T2
3-8) V2n(n—1) f*=trace S V2n(n—1) S*

Applying the above inequality, (3.7) yields the following inequality

i+ ®e2n- 22 p| <o

2n(n+1) (n—2)
+ V2n(n—1) f]

éfz[(n+2) (R+27)
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By the assumption of Theorem 1, we see that f2=0, that is M is an 7-
Einstein mainfold. From [Lemma 4, Theorem 1 has been proved.

REMARK. In Theorem 1, the condition with respect to the square of
the length of the 7-Einstein tensor is equivalent to

w4 2(nt—3n*—6n"+4n+8)
KR Gt n—2p K= (i ip (n—2p
2n*(2nt—3n3—Tn*4-8n+12)

(n41) (n—2)°

R

Proor of THEOREM 2.
Let M be a 5-dimensional Sasakian manifold with constant scalar cur-
vature whose contact Bochner curvature tensor vanishes. We see that ¢race

S53=0 since the characteristic roots of .S,/ are ¢, —¢, ¢, —¢ and 0. From
(3.7) we have 4(R+4)trace S?=0. Therefore we have Theorem 2 by
virtue of Lemma 4.
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