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Abstract

Let .# be a semifinite von Neumann algebra on a separable Hilbert space
with a faithful normal semifinite trace 7 on .#. Between r-measurable
operators, the condition of unitary mixing and other similar ones are char-
acterized in terms of the spectral relations such as the (sub)majorization.
Among other things, it is proved that, for positive x and y in L'(#; 1), x is
in the |-|;-closed convex hull of the unitary orbit of y if and only if the
majorization ex< ey holds for every central projection e.

Introduction

As a noncommutative measure space, let (#, ) be a pair of a
semifinite von Neumann algebra _# and a faithful normal semifinite trace =
on_#. The noncommutative integration theory (in the semifinite case) was
initiated by Segal and Dixmier (also [24]), and the noncom:-
mutative probability theory was developed by Umegaki [32]. The concept
of z-measurable operators was introduced by Nelson [22]. The space # of
r-measurable operators affiliated with .# gives a nice foundation for the
noncommutative L?-spaces L?(.#; 7). The notion of generalized s-numbers
of r-measurable operators extends the usual s-numbers of compact operators
and the decreasing rearrangements of measurable functions. This notion
has been studied in some contexts by several authors (see [12, 14, 25, 28, 33]
for instance). Recently Fack and Kosaki [13] established an extensive and
unified exposition on generalized s-numbers of z-measurable operators.

Between positive selfadjoint ¥ and v in .#, the spectral relations of
majorization x <y, submajorization x<y, spectral dominance x <y and spec-
tral equivalence x =y are defined by means of the generalized s-numbers of x
and y. The precise definitions of these will be given in §1 of this paper.
The notions of majorization and submajorization have been extensively
studied in theory of matrices (see Marshall and Olkin and Ando [3]).
We discussed in those spectral relations in connection with doubly
(sub)stochasic maps on .#. Furthermore, when .# is a factor, we char-
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acterized them by the conditions of unitary (or contraction) mixing. For
instance, we showed there that, for positive x and y in L'(#; ), the
majorization x<y (resp. the submajorization x<y) is equivalent to the
condition of x being in the ||+|;-closed convex hull of {uyu*: us_# unitary}
(resp. {aya*: a=.#, |a|=1}). This condition of unitary mixing was inves-
tigated by Alberti and Uhlmann in more general setup. In particular if
A is commutative, then the above condition is nothing but x=y (resp. ¥ <
y). When .7z is not a factor, it would be quite naturally expected that the
above condition of unitary (contraction) mixing follows from the (sub)
majorization restricted on each central projection in_#, namely ex<ey (ex<
ey) for all central projection e. The aim of this paper is to establish such
results. Our main tool is the reduction of general (.#, ) to factor cases by
theory of direct integral decompositions (cf. [11,30]).

In this paper, let (_#, ) be as above. §1 contains definitions and
notations on generalized s-numbers of z-measurable operators and the spec-
tral relations raised above. Also, for the convenience of the reader, we
summarize the results in concerning characterizations of those spectral
relations in case of .# being a factor. Although the central decomposition of
# into factors is enough for our main purpose, we assume in §§ 2, 3 that .7

®

is expressed as the direct integral .# = /; A (y)dv(y) of a measurable field

y— #(y) of von Neumann algebras on a standard o-finite measure space
®

(T', v). Then 7 is expressed as the direct integral 7= /F 7,dv(y) of a unique

(a.e.) measurable field y— 7, of faithful normal semifinite traces z, on
# (y). Moreover each x&.# is decomposed by the direct integral x=

/F @x(y)dv(y) of a unique (a.e.) measurable field y—x(y) of x(y)E

A (y). We refer to [7,20,23] for direct integral decompositions of un-
bounded operators. In §2, for z-measurable operators x and y, the
componentwise spectral relations such as x(y) <y(y) a.e. are characterized
by the corresponding spectral relations restricted on each projection in the
diagonal algebra (=L=(T"; v)). In §3, the conditions such as the unitary
mixing are shown to be equivalent to their componentwise conditions.
Finally in §4, we assume that the representing Hilbert space for .# is
separable. Then we establish the main results by decomposing .# into
factors and by combining the theorems obtained in §§ 2, 3 with the results in
the factor case.

1. Preliminaries

Let .# be a semifinite von Neumann algebra on a Hilbert space & with
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a faithful normal semifinite trace z. A densely-defined closed operator x
affiliated with _yz is said to be z-measurable if there is, for each >0, a
projection e in .# such that e#<2 (x) and r(1—e)<d. We denote by .#
the set of all z-measurable operators affiliated with .#. Then.# becomes a
complete Hausdorff topological *-algebra in the measure topology with
respect to strong sum x+y and strong product xy (denoted simply by x+y
and xy in this paper). Here the measure topology on.# is the linear topol-
ogy given by the fundamental system {Z (e, d): &, 6>0} of neighborhoods
of 0 where

(e, ={xct: |re|<e and r(1—e) <o
for some projection e in .#}.

For details on 7-measurable operators, see [22,31]. For each subspace &
of #, the set of all selfadjoint (resp. positive selfadjoint) elements in & is
denoted by ¥, (resp. <,). For 1=p<oo, LP(#)=L?(# ; 7) is the non-
commutative L?-space on (#, r), that is, the Banach space consisting of all
x&.# such that the norm ||x|,=z(|x[?)? is finite (see [10,22,27]). More-
over let & be the closure of L'(#) in.# in the measure topology. Then &
includes all L?(#), 1<p<oo. If 7 is finite (i.e. z(1) <o), then &=7 is
the set of all densely-defined closed operators affiliated with _z.

For each x&.7 ¢, and each interval I in R, let ¢,(x) denote the spectral
projection of x corresponding to I. For x&# and ¢>0, the generalized
s-number u,(x) is defined by

u:(x)=inf {s=20: 7(es.(x)) <t}

A complete exposition on generalized s-numbers is found in [13]. Further-
more, when 7(1) <co, we define the spectral scale A,(x) of xE# ¢, by

A:(x)=inf {sER: 1(es(X))=t}, 0<t<z(D).

Obviously, if x&.#,, then A,(x) =, (x) for t&(0, (1)). The properties of
spectral scales are analogous to those of generalized s-numbers (cf. [26],
[15, § 6.

In particular, let _# be a factor of type I, namely, .#=B(%°) the algebra
of all bounded operators on #. Then.# is B(#%) itself with the usual norm
topology and & is the algebra of all compact operators on #. In this case,
the generalized s-numbers u,(x) of a compact operator x mean the usual
singular values of x arranged in decreasing order. When _# is the nX#n
matrix algebra, the spectral scale 1,(x) of a Hermitian matrix x means the
eigenvalues of x in decreasing order.

Next, let .# be commutative, namely, #=L*(Q; m) and z(f)=
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/{; fdm on a localizable measure space (Q,m). Then 4 consists of all

measurable functions on Q bounded except on m-finite sets. For a real
measurable function f on Q, the decreasing rearrangement f* of f (cf.
[6,29]) is given by

*(O=inf {s€R: m{weEl: f(@)>s})=t}, 0<t<m(Q).

If fe#, then wu.(f)=|f|*(t) for all t€(0, m(Q)). If m(Q)<o and f is
real measurable on Q, then A,(f)=f*(¢) for all t(0, m(Q)).

Here we note that an x&.7 belongs to & if and only if 7(e;s,(|x])) <o
for all s>0, or equivalently 132 u:(x)=0 (see [13, Proposition 3.2] and

[15, Proposition 1.3]). Also x belongs to the algebraic sum L'(#)+.# if
and only if /; s,u,(x) dt <oco for some (hence all) s>0 (see [15, Proposition

1.2]).
Several spectral relations between r-measurable operators will be con-
sidered in this paper. For x, ye.#., x is said to be submajorized by y, in

notation x<y, if ﬁs)ut(x) dté/o's,ut (y)dt for all s>0. Furthermore x is said

to be majorized by y, in notation x<y, if x<y and fowyt(x)dtzﬁmyt(y)dt
(i.e. r(x) =7(y) permitting the value o). When z(1)<co, these are
extended to x, yE# 4, as follows: x<y if lslt(x) dtglslt (y)dt for all s&

_ (1) (1) )
0, z(1)), and x<y if x<y andl lt(x)dt:fo A:()dt G.e.v(x)=71)

permitting +oo).

Two further spectral relations will be considered. For x, yeM ., We
say that x is spectrally dominated by y, in notation x <y, if p,(x) <pu,(y) for
all >0, or equivalently if 7(esw)y(®))=7(€s(¥)) for all s=0. We say
that x is spectrally equivalent to y, in notation xxy, if x <y and y <x, namely
ue(x)=p,(y) for all £>0. When z(1)<oo, x<y and x=y are defined for z,
yejsa with the use of A1,(+) in place of wu.(+).

For each ye.7, we define the subsets U(y) and C(y) of # by

U@)={uyu*: ucU ()},
C(y) ={aya* : ac.#.},

where U (#) is the set of all unitaries in .# and #,={ac.# : |a|<1}. The
convex hull of U(y) (resp. C(y)) is denoted by conv U(y) (resp.
conv C(y)). For x, yE.#, the condition x& U (y) means that x is unitarily
equivalent to vy in the exact sense. But it is suitable for our study to consider
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by [13, Lemma 4.1]. The same consideration works as well for x, y&
LY'(#)sa when 7(1)<co. Hence the assertion (1) is obtained.

REMARK 1.4. In particular when #=B(%), it is known (cf. [4,9])
that, for each normal operators x and y on #, x is in the norm-closure of
U (y) if and only if they have the same crude multiplicity function. Here the
crude multiplicity function of x is the function on C which assigns the
cardinal number 1rr>1£ [rank ep,(x)] to each & C, where ep,(x) is the

spectral projection of x corresponding to the disk D(§, ») of center & and
radius . The generalized s-numbers of a compact x& B(#). have as much
information as its crude multiplicity function. So[Theorem 1. 1/(4) in case of
A« =B(¥) is regarded as a special case of the above result. However, as
immediately seen, [Theorem 1. 1/(4) fails to hold for general x, yEB(%)..

2. Spectral relations for direct integrals

Throughout this and next sections, let # be a semifinite von Neumann
algebra on % expressed as the direct integral {4, #}=

ff{/{(y),%(w}dv(y) of a measurable field y—{#(y),#(y)} of von

Neumann algebras on a standard o-finite measure space (T, %, v). We
assume without loss of generality that #(y) is semifinite for every y&r.
Given a faithful normal semifinite trace = on _#, there exists a unique (in the
a.e. sense) measurable field y— 7, of faithful normal semifinite traces 7,

®

on #(y) such that r:/; ,dv(y) (see [11,8§11.5]). For each ye&Tl, 1,

denotes the identity operator on % (y). Let o be the diagonal algebra, that
® ~ ~

is, M:fr Cl,dv(y)=L>(T"; v). The spaces #(y), &(y) and L?( A (y))

with respect to (#(y), r,) are defined as well as 7, & and L?( #) with
respect to (#, 7).

If x is a densely-defined closed operator on % affiliated with _#, then
there exists a unique (a.e.) measurable field y—— x(y) of closed operators

®
such that x= fF x(y)dv(y) (cf. [7,20,23]). For convenience, we give in
the next lemma some elementary facts on direct integral decompositions of

r-measurable operators.

~ o ®
LEMMA 2.1. Let x, ye#, x:fF x(y)dv(y) and y:'/r y(y)dv(y).
Then :

D T(e(s,oo)de):/I:Tr(e(s,eo)dx()’)l))dV(’}’>, s=0.
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that x is in the closure of U(y) in the measure topology (or in the norm
» when yeL?(#)). Also the condition of x being in the closure of
conv U (y) means that x is more unitarily mixed than y. The similar condi-
tions are considered with C(y) in place of U(y). Our main purpose is to
characterize those conditions in terms of the spectral relations. This will be
done in §4. Such characterizations were obtained in (also [18,19])
when _# is a factor. For convenience, we summarize them in the following :

THEOREM 1.1.  Assume that # is a semifinite factor. Then :

D If x€#, and yeL'(#), (or xEM s and yEL'(M)sa when
(1) <o), then x<y if and only if x is in the ||+||.-closure of conv U (y).

2) If xed . and yE L) +4). NS, then x<y if and only if x is
in the closure of conv C(y) in the measure topology. If x4, and y&<
LP(#), with 1=p<oo, then x<y if and only if x is in the |+|,-closure of
conv C(y).

3) If xet, and ye (LX) +4),NG, then x<y if and only if x is
in the closure of C(y) in the measure topology.

Q) If xed, and y=6, (or x, yEM s; when v(1) <o), then xxy if
and only if x is in the closure of U(y) in the measure topology.

REMARK 1.2. As to the above assertions (2) (the first part) and (3),
we showed them in in case of x=&, and ye (L} (#)+.4#),. But they
hold in the above case too. In fact, let xeZ, and ye (L' (L) +4).NG.
Then C(y) is included in & (cf. [13, Lemma 2.5]) and hence so is the
closure of conv C(y) in the measure topology. Also, if x<y, then we get x
=& (see [15, Proposition 2.1]). Hence each condition relevant to (2) or
(3) implies x=&.

REMARK 1.3. It is worth noting that [Theorem 1.1(1) can be shown
through Ky Fan functional instead of the direct proof in [15]. In our case,
Ky Fan functional K (x, «) of x&L'(#) (=.4#,) is given by

K(x, @)= sup Re z(xu*au), ac. /.
usU &)

According to [2, Theorem 3-8], if x, yeL'(#), and 7(x)=7(y), then x is
in the |+|;-closure of conv U(y) if and only if K(x, e)<K (y, e) for every
projection ¢ in #. This is a consequence of the “ X)-property ” of Ky Fan
functional (see [1,2]). When .# is a factor, if x&L'(#), and e is a projec-
tion in # with 7(e) <oo, then we have

K (x, e)=sup {zr(xe’): ¢ is a projection in # with r(¢)=17(e)}
T(e)
= A ue(x)dt
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@2 x(y)er(y) a e
(3) The divect integral decompositions of x+y and xy are x+y=

53] @
[P +y@dv(y) and = [Txpyrdvn.

@) If x€8, then x(y)E6(y) a.e.
(B) If x€L?(#) where 1<p<oo, then x(y)EL?(#(y)) a. e and

lello=| [Ixnltavin) |

Proor. (1) and (5) are readily seen from [20, §1]. It follows
from (1) that lsim 7, (s, (| (¥)D) =0 a. e., showing (2). Let e,=ep,»n (%))

(&)
Aeom (9D Aeom(x+y]) and e,= /F en(y)dv(y) for n=1. Then limz(1—e,)

n-—oco

=0 and hence lim z,(1—e¢,(y))=0 a.e. Since

@
Gy en= [y ety dv(y)

and

@
sertyen= [ ED e +3 (D en(y}dv(y)

from the boundedness of xe, and ye,, we have

G+ (Pe(y)=x(y)e(y)+y(y)e.(y) a.e.

By taking the limits of this both sides in the measure topology, we obtain the
first part of (3). We can show the second part similarly by considering
6, () €y = () (96,) where &, =epo,m(2*]) Ao (yD Acom (). If xEE,
then it follows from (1) that 7,(gs..)(|x(y)])) <co a.e. for all s>0. Hence
(4) is obtained. [

Let I'=T"x (0, ) and 7 be the product measure of v and the Lebesgue
measure on (0, ©). The Lebesgue measure of a Borel subset S of (0, o) is
denoted by |S|. A function on I' is considered to be defined except on some

p-null set. For each x&# with x= fF@x('y) dv(y), in view of Lemma 2. 1(2),
we define a function ¥(x) : '—— [0, o) by
V() (y, D=p.(x(y)), (y DHET.

When 7(1)<oo and hence 7,(1,)<co a.e., for each xEMs, we define a
function ®: I')—— R by

o) (y, H=2(x(y)), (3 HET,
where T''={(y, Hel': 0<t<1,,), yET}, a measurable subset of T' with
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5(T'D=7(1). The next lemma will be very important in later discussions.

LEMMA 2.2. (1) If x#, then Y(x) is v-measurable and e (x) =
W(x)*(t), the decreasing rearvrangement of ¥ (x), for all t>0.

@) If T(1)<o and XEM o0, then ®(x) is V-measurable and A,(x)=
Ox)*(t) for all te(0, z(1)).

Proor. (1) Let f(y, s)=7,(es,m(x(»)])) for (y,s)e T'x[0, o).
For each integers #=1 and 1<k=<#n2", let (E%): 0<7<#72"} be a measur-
able partition of T" given by

Ef={ycl: j/2"<f(y, k/2")<(F+1)/2%, 0<j=n2"-—1,
EG={yET: f(y, k/2™) 2 n}.

Define f,: I'x [0, c0)—— [0, o) by
£y s)= {J'/Z” on E{x[(k—1)/2" k/2%), 0<j<n2", 1<k<n2,
Y 0 onTI'X[n, o),

and gy : [0, 00)——[0, o] by gn(s):/l:fn('y, $)dv(y). Let {E®™}, be the

refinement of partitions {£{%};, 1<k<#n2". Then f, and g, are written as
follows :

nan
fn(')’: s) :kzl 2 a’(z'QXE&"’x[(k—l)/zn,k/z")('y, s),
=1 1
nan
gn (s)= 521 ﬁ‘k”’x l(k—l)/zn,k/zﬂ)<3>,

where a?= ... 2a{")%»20, BP=3 av(E™), and xs denotes the charac-

teristic function of a set S. Now let F,: '—[0,00) and G,: (0, c0)—>
[0, 00) be given by

F,(y, r)=inf {s=20: f,(y, s)<7r}
_((k=D)/2" on EWX[a), a_), 1Sk n2"
- { n on E™ X (0, @),

G,(t)=inf {s=20: g,(s) <t}

nan
= kgl (B—1)/2" 218,800 () + 120,80 (1),

with conventions a{}=6§"=c0. Since
i({(y, NET: Fuly, N 2k/2H=5(U[E®PX O, afD]
=B =[(t>0: Gult)Zh/27),
it follows that F';(¢) = G,(t) for all t>0. Since f,(y, s) /f (y, s) for all (y,s)
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el x[0,00), we get F,(y, ) ¥ (x)(y, r) for all (y, reT, so that ¥(x)
is p-measurable and F:(¢) /¥ (x)*(t), t>0. Furthermore we get g,(s)/
7(€s.e (%)) for all s=0 by Lemma 2.1(1) and the monotone convergence
theorem, so that G,(¢) / u:(x), t>0. Therefore u,(x)=¥(x)*().

(2) It may be assumed that 7,(1,) <oo and x(y) ex (y)sq for every ye
I'. Letting f(y, s)=1,(&sx(y))) for (y,s)ETXR, we define for each
n=1

Em={yel: j/2"<f(y, k/2")<G+1D/2", j=0, —n2"sk=n2"
7/2" on E{2pmx (—o0, —n), j=0,

fuly, )=17/2" on E@x[(k—1)/2% k/2™), j 20, —n2"+1sk<n2",
0 onI'X[#n,c0),

and gn(s):frfn(y, $)dv(y), sER. Then f,(y, ) 7f (3, s) for all (y,s)€

I'X R and g,(s) / 7(es~(x)) for all s&€ R. Now we can proceed as in the
proof of (1). So the details may be omitted. []

In the sequel of this section, we shall discuss the spectral relations
described in § 1 between x, yed., (or x, yE.#s) under the direct integral

.. D @
decompositions x:/I: x(y)dv(y) and y:ﬁ y(y)dv(y).

THEOREM 2.3. For every x, yE M ., the following conditions are equiv-
alent :

(i) ex<ey for every projection e in o« ;
(ii) ax<ay for every aEy . ;
(iii) x(y)<y(y) a.e.
®
PROOF.  (ii)==(ii). For a= ﬁ a(P1,dv(y) with a€L=(T; v).,

(iii) implies that (ax)(y)=a(Px(y)<a(y)y(y)=(ay)(y) a.e. So it is
enough to show the case ¢=1. By Lemma 2.2(1), we observe (cf. [29, p.
202]) that

/(;rﬂs(x)dt:sup {/I; V(x)(y, Hdi(y, t):
H =T measurable, #(H)=r}

for every »>0. For a measurable subset H of I’ with 5(H) =7, let H'=
{(y,)el': 0<t<|H,|, yET} where H, is the y-section of H. Then

[ ¥ Hdaty, = S meeCy)dav(y)
< [ [ uO)dav(y) by Gid)
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= [ ¥y, DddCy, 1
é'/o'r/»‘s(y>ds

by #¥(H’)=v» and [Lemma 2.2(1). Hence forys(x)dséﬁrys@)ds for every
» >0, so that x<y because 7(x)=7(y) follows from (iii).

(ii)==(1i) is trivial.
®
(i)=={(iii). For every E€.Z, letting e:ﬁ xe(¥)1,dv(y), we have

JrEodnty =ren=r(e=[n6H)dum,

so that 7,(x(y))=7,(9(y)) a.e. For n=1, define F,: f‘—»[O, co) by

F.(y )= { 1727 if 0= (y) (y, £)Z1/27,
ny 7/2rif G=1/2"<¥ () (y, H=j/2m, jz2.
Since lrF,,(y, t)dt\./or\lf(y)(y, t)dt for each 0<7» <oo, it suffices to show

that /OT\II(x)(y, t)dtélrF,,(y, t)dt a.e. for every n=1 and every rational
number »>0. If this does not hold, then

v({yET fwxxy, t)dt>[F,,<y, DAt >0

for some #=1 and some »>0. From the countability of values of F,, we can
choose an E€% with 0<v(E) <oco such that F,(-, ) is constant on E and

A W) (y, Hdt> ﬁ 'Fu(y, O)dt for all yE. Letting e= fr ® (N 1,dv(y),
we have by Lemma 2. 2(1)

ﬁ " sendsz ﬁx(o,nwexx% Hdi(y, t)
= [ [weo (. Dty
> [ [[Futy, Datavy)
= [ eFo o),

because F,(y, ¢t) is non-increasing in ¢ and F,(+, ») is constant on E. Since

V(E)Tr V(E)r
xeFnZ2 x5V () =¥ (ey), we get/0 /,cs(ex)a’s>/o‘ usCey)ds, contradict-
ing (i). [
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THEOREM 2.4. Let x, y = 4 .. Then the following conditions (i)
—(iii) are equivalent -

(i) ex<ey for every projection e in & ;

(i) ax<ay for every ae., ;

(i) x(y<y(y) a e

Furthermore if yEL'( )+ M, then the above conditions ave equivalent
to the following :

(iv) 7(x—a)D=r((y—a),) for every ac «..

PrROOF. The equivalence of (i)—(iii) can be seen in the proof of
Theorem 2. 3.

D
(iD= (iv). For a:/F a(P1,dv(y) with a€L=(T; v).,

(-0 = [5G —aly)Ddv(y)
< f (VP —a(y)Ddv(P=7((—a).)

by (iii) and [15, Proposition 2. 3].
(iv)==(1). Assume yeL'(#)+.# and hence lim z((y—n),)=0.

n-—oo

Let ¢ be a projection in .o~ and »>0. For each n=1, letting a=re+n(1—e),
we have

r((ex—r)=r(x—a))=7((Y—a))
<r((ey—r))+r((y—mn)y)

from (x—a),=(ex—7),+((1—e)x—mn), and the same for (y—a),. Hence
r((ex—7).)<7((ey—7r),) for all »>0, so that ex<ey by [15, Proposition
2.3]. O

THEOREM 2.5. Assume (1) <oo and let x, ye]/sa. If yvyelL'(1),
then the following conditions (i)—C(iii) are equivalent :

(1) ex<ey for every projection e in

(ii) ax<ay for every aE .«

(i) x(y»<y(y) a. e

Furthermore if yEL'(M), then the above conditions arve equivalent to the
following -

(v) z(x—a)=r(y—al) for every aE . s.

Proor. The equivalence of (i )—(iii) can be shown in a manner
analogous to the proof of [Theorem 2.3 with the use of ®(x), ®(y) (Lemma
2.2(2)) in place of ¥(x), ¥(y). Here we note only that either of (i) and
(iii) implies x,€L'( /) as well as y,€L'(#) and hence ®(x),, P&
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LY(T'y; 5) by Lemma 2.2(2). This guarantees the use of Fubini’s theorem
to d(x), ®(y).

We now assume yeL'(#) and show the equivalence of (iii) and (iv).
First note that either of (jii) and (iv) implies x&L'( /).

GiD==(iv). For a:/;@af('y)l,dv(y) with a€L=(T"; ).,

r(x—a) = [ 5,0x(r) - a(Dav(y)
< [#ly (D —amhav(n=rly—a)

by (iii) and [16, Proposition 1. 3].
(iv)==(iii). Let Ey={yET: 7,(x())> 7, (y))}. Suppose v(FEy >

@
0. Let eozj; xe.(¥)1,dv(y) and a,=—ne+n(1—¢). Because we have

lim z(x—al~la) = [ nGO) A= [ n@h)dvy)

and

lim =(y ~al~la) = [ GO0~ [ 50O

by Lebesgue’s dominated convergence theorem, there is an # such that
(| x—aa—la.D>7(y—a.—|a.) and hence z(|x—a,.D>z(y—a],
contradicting (iv). Therefore 7,(x(y))<7,(y(y)) a.e. To show (iii), it
suffices by [16, Proposition 1.3] to obtain 7,(x(y)—7D=<z,(y(y)—7])
a.e. for every rational number ». If this does not hold, then there are an 7
€R and an E€% with v(E) >0 such that 7,(jx(y) —7]) >,y (y) —7|) for

e
all yeFE. Letting a=7e+n(1—e) where e:/; xe(y)1,dv(y), we have

0< [[70x = rDdv (9 — [0y ()= rDdu(y)
=r(x—a)— [ 5 Ux(n)—nDdv(y)
—rly—aD+ [ 50y —nDdv(y)
< [ n—lsn—nbavin— [ s-ly—nDdv(y)

by (iv). This last expression converges as #——co to

Ji mEDavin— [ B0 d (S0,
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a contradiction. [

THEOREM 2.6. For every x, ye#, (or x, yEM & when 7(1) <o),
the following conditions are equivalent -

(i) ex<ey (resp. exxey) for every projection e in & ;

(ii) ax<ay (rvesp. ax=ay) for every ac« . ;

(i) x(y<y(y) (resp. x(y)=y(y)) a.e.

Proor. We shall establish the equivalence for the relation <. This
obviously shows the equivalence for =. Let x, ye_#, in the following
proof. The proof for x, y&.#,, when 7(1) <co is analogous.

(iii)==C(ii). The case a=1 is enough. Since (iii) implies ¥(x)(y, t)
V() (y, t) v-a.e., we have by Lemma 2. 2(1)

us() =¥ )* () =FO* (D =us ), $>0,

namely x<y.

(i)==(ii). For n=1, let F, be defined just as in the proof (i )=
(iii) of [Theorem 2.3. We need to show that ¥(x)(y, ») < F,(y, ) a.e. for
every n=1 and every rational number » >0. Suppose on the contrary that

v({yel: YY) (y, »)>F,(y, r)})>0

for some n=1 and some >0. Then we can choose an E&€% with 0<
v(E) <co such that F,(+, 7) is constant (=c¢) on E and ¥(x)(y, r)>c for

all yeE. Now let e:ﬁeexﬁ-(y)l,dv(y) and s=v(E)r. Since

{(y, DET: xe(MNTE)(y, H>cH>FE X0, 1) =5,
we get us(ex)=(xs¥(x))*(s)>c. On the other hand, since
F{(y, DET : xe(PFaly, H>cH<s,

we get us(ey)=(xeYW)*(O)=(xeF)*(s)=c. Hence us(ex)>us(ey),
contradicting (i). [J

3. Unitary mixing for direct integrals

In this section, we shall discuss the conditions such as the unitary mixing
for z-measurable operators under direct integral decompositions. Let
(#,7) be decomposed by the direct integrals {«#, ¥}=

/:B{//(y), F (y)}dv(y) and r:ﬁ@rydu(y) as in the previous section. We

begin with some technical lemmas.

LEMMA 3.1. (1) There exists a sequence {a,} in #, such that {a,(y) :
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n=1} is strongly* demse in #(y): for a.e. yET.
(2) There exists a sequence {uy} in U(4) such that {u,(y): n=1} is
strongly* dense in U(#(y)) for a.e. y&T.

Before proving the lemma, we recall the notion of measurable multifunc-
tions (i.e. set-valued functions). Let ¥ be a complete separable metric
space and % (¥) the Borel o-field on ¥. The family of all nonempty closed
subsets of ¥ is denoted by % (¥). A multifunction H from T into % (X) 1is
said to be measurable (or %-measurable) if {yeTl : H(y)NO=+= @} belongs
to % for each open subset O of %, or equivalently if there is a sequence {/,}
of measurable functions %, : — ¥ such that H (y) is the closure of {%,(y)}
for every y&I'. If H: I—> % (%) is measurable, then the graph Gr(H)=
((y, x)ETX%: x€H (y)} of H belongs to #®%(X). Also the converse
holds when (T, #, v) is complete. The proofs of these facts are found in
[5,17].

PrROOF OF LEMMA 3.1. The assertion (1) is readily seen from the
definition of measurable field of von Neumann algebras and Kaplansky
density theorem. To show (2), we may assume (cf. [30, Theorem IV. 8.
13]) that y—— #(y) is a constant field #, (a fixed separable Hilbert
space). Then B(¥#,); becomes a complete separable metric space in the
strong* topology, and a function a: I'— B(%#,), is measurable if and only
if y——a(y) is a measurable field of operators. Hence (1) shows that the
multifunction #(+),: T— % (B(%#,),) is %-measurable where % is the
v-completion of 4. Because the graph of the multifunction U(A(+)): T
—> A (B(Ho)1) is

Gr(U () =Gr(A () N[TXUB#)]
Eﬁ ®\%,<B<%O>l>)

there is a sequence {#,} of Z-measurable functions &, : I'— B(#,), such
that U(#(y)) is the strong* closure of {#,(y)} for every y&I'. Taking
#-measurable functions u, : '— B(%,); such that #,(y)=1,(y) a.e. and

denoting ‘/; @un('y) dv(y)eU(4) by the same u,, we obtain (2). []

LEMMA 3.2. Let {a,} be a sequence in M, such that a,— a strongly.
Then :

(1)  ayai—— aya* in the measure topology for all ye.

2 |awat—aya*|,——0 for all yEL?(M) where 1=p <.

PrROOF. Letye®&. Since L2(4) is dense in & in the measure topology,
for each &, 6>0 there exists a z&L*(4) such that u;(y—z)<e (cf. [13,
Lemma 3.1]). By [13, Lemma 2. 5],
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Mas(ayay —aya*) < us(a,(y —z)ay) +us((a,—a)zay)
+us(az(a,—a)*) +pus(a(z—y)a*)
<2e+us((@n—a)z) +us((an—a)z*).

Noting that L?(#) is the standard Hilbert space for .#, we get |(a,—a)z|;
—0 and ||(@,—a)z*|,—0. Hence

lim sup us(aya,—aya*) <2e,

n—oo

which shows (1). (2) follows from (1) and [13, Theorem 3.6]. [

We note that Lemma 3. 2(1) fails to hold for general ye.# (consider
y=1 in case of #=B(%)).

We are now ready to obtain the next theorem.

THEOREM 3.3. Let x, ye&. Then the following conditions are
equivalent -

(i) x is in the closure of conv U(y) (vesp. conv C(»)) in the mea-
sure topology ;

(ii) for a.e. yET, x(y) s in the closure of conv U(y(y)) (resp.
conv C(y(y))) in the measure topology.

PrOOF. We shall establish the equivalence of (i) and (ii) concern-
ing conv U(+). The proof of the equivalence concerning conv C(+) is the
same in view of Lemma 3. 1.

(i)==C(ii). This implication holds for x ye#Z. Let {x.} be a
sequence in conv U (y) such that x,—— x in the measure topology. Since
x(y)Econv U(y(y)) a.e., we need to show that, for a.e. y&T', x(y) isin
the closure of {x,(y)} in the measure topology. Suppose the contrary.
Then, by [13, Lemma 3. 1], there are an >0, an ¢ >0 and an E€% with
v(E) >0 such that

inf i (% (y) —2(y)) 2ze, y€E,

which shows by Lemma 2. 1(3) that
V(= 2) (y, ) =u X (y) —x(y)) 2 ¢

for all (y,t)eEx(0,7) and n=1. This leads us to a contradiction,
because we have by Lemma 2. 2(1)

Iim ¥ (x,—x)*(s) =lim us(x,—x)=0, s>0.

(ii)=(1i). Let {u,} be a sequence in U(#) as in Lemma 3.1(2).
Let (a{, a¥,...), 7=1, 2, ..., be an enumeration of all sequences (&, a, ...)
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of rational numbers «,=0 with a,=0 except tor a finite number of » and
N.a,=1. For j=1, define x;&conv U(y) by x,=>auyuy. Then (ii)
implies by Lemmas B.1(4) and 3.2(1) that, for a.e. yT', x(y) is in the
closure of {x;(y): j=1} in the measure topology, namely

inf ¥ (x;—x) (y, ) =inf u, (x,(y) —2(y))=0, >0.

For each &, >0, taking a measurable function &: I'— (0, 00) with
/;&‘dv<é‘ in view of the o¢-finiteness of (T', v), we obtain a measurable

partition {E;: j=1} of T' such that ¥(x;—x)(y, &(y))<e for a.e. y€E,
j=1. For k21, define 2,4 by z,(y)=’1x5(y)x;(y) where E{=FE,U
[U,;»:E;] and E;=E,, 2<j<k. Since

k
a(y)= 2B (aw ... ai) 2D x5 (), )y (Y, (7)",
we get z,&conv U(y). Furthermore it follows that

¥({(y, DET: W(a—1)(y, H>e))
<3(0 (v, HET: 0<t<E(y), yEE)
U{(y, DET: ¥—0)(y, D>, yE UED

< [gdv+o(((y, DET: Y- (3, D>e, yE UED

The second term of this last expression converges to 0 as /—— o, because
we have

i({(y, DET: T(m—x)(y, ) >e})<oo

by m—x=& and Lemma 2.2(1). Hence us(z,—x)=W¥(z,—x)*(8)<e for
sufficiently large 2. Therefore (i) is obtained. [J

THEOREM 3.4. Let xe# and yeLP?(4) where 1<p<co. Then the
following conditions are equivalent -

(i) x is in the ||+|,-closure of conv U(y) (resp. conv C(»));

(ii) for a.e. yET, x(y) is in the |+|,-closure of conv U(y(y)) (resp.
conv C(y(y))).

Proor. We shall show the equivalence concerning conv U(+). (1)
== (i) is readily seen from Lemma 2. 1/(5) and the argument of extracting
an a.e. convergent subsequence. Conversely assume (ii). Let {«,} be as
in Lemma 3.1(2) and z&L9(#) where 1/p+1/q=1. Given a measurable
function &: I'— (0, c0), by Lemmas R.1(5) and 3.2(2), there exists a
measurable partition {E,} of I" such that
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Re 7, (x(y)z(y))=Re 7 (u(y)y (P un(y)*2(y)) +&(y)

for a.e. y€E, n=1. Hence

Re 7(xz) <Re r(uyu*z)—%—/ligdu

where uc U (/) is defined by u(y) =X 1x:.(y) u.(y). Since ./;‘Edv can be

arbitrarily small, we have

Re 7(xz) < sup Re z(uyu*z),
ueU(A)

which shows (i). [

THEOREM 3.5. Let xed and y=&. Then the following conditions
are equivalent :

(1) x1s in the closure of U(y) (resp. C(¥)) in the measure topology ;

(ii) for a. e. yET, x(y) is in the closure of U(y(y))(resp. C(y(y)))
in the measure topology.

Furthermore if yeL?(M) where 1<p <o, then the above conditions are
equivalent to those wheve the closuve in the measure topology is replaced by the
p-closure.

Proor. First note that (ii), as well as (i), implies x&& by
2.2(1). So the proof of the first part can be done in a manner similar to that
of [Theorem 3.3 Next let yeL?(/#), 1=p<co. Since u,(z)=u,(y) for
every z&C(y), it follows from [13, Theorem 3.6] that the |||,-closure of
each subset of C(y) coincides with its closure in the measure topology.
Hence the second part is verified. [

REMARK 3.6. In connection with Theorems and B.5, we see also
that if yeL?(#) and 1<p <o, then the ||+|,-closure of each convex subset
of conv C(y) coincides with its closure in the measure topology (cf. the
proof of [15, Theorem 2.5(3)]). However this is not the case when p=1.
In fact, let {¢,} be a sequence of mutually orthogonal one dimensional
projections in #/=B(#). Then k7 'X%_e,cconv U(e) and |k7'1D%  e,|=
k~'—0, but 0 is not in the ||+|;-closure of conv U (e).

4. Main results

In this section, we shall establish the main results by connecting the
spectral relations discussed in § 2 with the corresponding conditions discus-
sed in § 3.

In the theorems below, we assume that .# is a semifinite von Neumann
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¢

algebra on a “separable ” Hilbert space # with a faithful normal semifinite
trace 7. So there exists a measurable field y— {# (y), #(y)} of factors on
a standard o-finite measure space (T, %,v) such that {/, %)=

/;@{//(7), # (y)}dv(y) (see [30, Theorem IV. 8.21]). In this case, the

diagonal algebra is the center & =27N4".

The next [Theorem 4. 1 is now immediate from Theorems 2.3, and
3.4 together with [Theorem 1.1(1), and [Theorem 4. 2 is so from Theorems
2.4, and together with [Theorem 1.1/(2) (see also Remark 1.2 and
Lemma 2. 1)).

THEOREM 4.1. If x= /., and yeL'(M),, then the following condi-
tions (1) and (ii) are equivalent :

(i) xis in the |+||\-closure of conv U(y):

(ii) ex<ey for every projection ¢ in .

Assume 1(1)<co. If XEM s and yE L' (M), then the above (1),
(ii) and the following (iii) are equivalent :

(i) z(x—aD=z(y—al) for every a=Zs,.

THEOREM 4.2. Let x4, and y& (L (M)+M).NE, Then the fol-
lowing conditions (i)—(iii) are equivalent :

(1) x is in the closure of conv C(y) in the measure topology :

(i)  ex<ey for every projection e in & ;

(i) r(—wD=r(—a),) for every ac Z..

Furthermore if yeL?(M) where 1<p<oo, then the above conditions are
equivalent to the following :

(iv) x5 in the ||+|,-closure of conv C ().

THEOREM 4.3. Let x4, and ye(L'\UW)+4).N&, Then the fol-
lowing conditions are equivalent -

(i) x s in the closure of C(y) in the measure topology :

(i1) ex<ey for every projection e in & ;

(i) semX) <es,m(Y) in the Murray-von Newmann sense for every
s=0.

Proor. The equivalence of (i) and (ii) follows from Theorems 2. 6§
and together with [Theorem 1. 1(3).
(iii)==(ii). For every projection ¢ in &, we have by (iii)

€(s,00) (€X) = €€(5,00) (X) < €(5,0) (V) = 5,000 (€Y),  $20.

Hence 7(eis,0)(ex)) = 7(es,0(ey)) for all s=0, so that ex<ey.

(ii )==(iii). For each s=0, because (ii) implies by Lemma 2.1(1)
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that

[ esmGNdv (NS [#(eemG ) dv(y), E€F,

there is a T'ye.# with v(I'\I'y) =0 such that 7,(¢es,«) (X (¥))) = 7, (es,ey (¥ (¥)))
for all y&I,. Since each #(y) is a factor, we have ;0 (x(y))<
sy (Y (¥)), yET,. For y&T, define

H(y)={vEA(y)1: v*v=05mx(y)), W*S @ (¥))}

which is a nonempty strongly* closed subset of #(y),. Also let H (y)={0}
for yeI'\I'. To show the existence of a measurable field y— w(y) of
operators such that w(y)eH (y) a.e., we may assume that y— #(y) isa
constant field #,. Then #(+),: I'— % (B(%,):) is %-measurable by the
proof of Lemma 3.1. In view of the strong* continuity of v—— v*v and v
— vv* on B(#,)., it is readily seen that the graph of the multifunction H :
I— % (B(¥#,),) belongs to Z ® Z(B(%#,),). Hence there is a measurable
function w: I'— B(%#,);, such that w(y)eH (y) a.e. This w gives a

desired measurable field of operators. Denoting /1: 69w(y) dv(y)eA by the

same w, we get w*w=gsw(x) and ww*=<esw(y), implying esw(x) <
esm). [

The final theorem follows from Theorems 2.6 and together with
Theorem 1. 1/(4) and from the argument as in the above proof.

THEOREM 4.4. Let xEH, and y=6&, (or x, yEM s when (1) <oo0).
Then the following conditions ave equivalent -

(i) x is in the closure of U(y) in the measure topology ;

(ii) ex=ey for every projection ¢ in &,

(i) €s.m(X) ~esm(¥) tn the Murray-von Neumann sense for every
s=0.

In conclusion, [Theorem 1.1(1)—(4) are reduced to the special cases of
Theorems . 1—4. 4 respectively, while the separability of # is not assumed
in [I’heorem 1. 1|

We close this paper with the following remarks.

REMARK 4.5. Even when the representing Hilbert space # is not
separable, it is not difficult to show directly (i )==(ii) of each of Theo-
rems 4.1—4.4. To consider the converse, let x, y€@+ and e¢y=¢(w)(x)V
€o.(¥) which is a o-finite projection. Let .#"be the von Neumann subalge-
bra of ¢.# ¢, generated by the spectral projections of x any y. Then . is
faithfully represented on a separable Hilbert space and 7 restricted on.#" is
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semifinite. Hence, also (ii)==(i) of the above theorems can be shown if
it happens that the center of s is included in ¢%. However this does not
always happen. So we cannot, at present, remove the separability assump-
tion of # in our main results.

REMARK 4.6. When .# is a general (not necessarily semifinite) von
Neumann algebra, the spectral relations considered in this paper cannot be
defined from the lack of the notion of generalized s-numbers. However the
unitary mixing for elements in .#, (moreover .#*) is meaningful. Now let

@, vE4%. In [2], @ is said to be more chaotic (or more unitarily mixed)
than ¢ if ¢ is in the norm-closure of conv U(y) where U () ={uyu*: ucs
U} and uyu*=+ (u*-u). But we observe (cf. [2, §4.4]) thatif #isa
von Neumann algebra of type III on a separable Hilbert space, then ¢ is more
chaotic than ¥ whenever ¢|Z=v|%. In particular if .# is a factor of type
III;, then @ is in the norm-closure of U (y) for every @, =44 with (1) =
¥ (1) (see [8]). Hence we may conclude that the concept of unitary mixing
is more or less simple on the type III part and rather crucial on the semifinite
part.
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