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A characterization of some spreads of order ¢°
that admit GL(2, q) as a collineation group
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Introbuction

Let .¥=GF(q), g=p™ be a field of matrices in GL(3m, p)U{Osm}.
Then z=F:"®F:™ becomes a ¢ =GL(2, ¥)-module under the natural
action of ¥ =GL(2,q) on1I:

1@y ——(xa+yb)D(xc+yd)

whenever ¢, b, ¢, d= % and ad — bc+0.

We regard this action of ¢ on z as defining the Desarguesian representa-
tion of GL(2, q), of order ¢° because under this representation GL(2, q)
leaves invariant (several) Desarguesian spreads of order ¢°, on z. Thus, if
M =GF (g% is a field of matrices containing %, then .# defines a ¢ -invariant
Desarguesian spread I'» whose components, apart from Y = Os.@F;™, have
the generic form:

{(x, xM): xEF™} for ME.#.

Also there are often many non-Desarguesian spreads on = that are
invariant under the Desarguesian representation of GL(2,¢q). The first
infinite families of such spreads were discovered by Kantor [7, 8], and later
more examples were given in Bartolone-Ostrom [1]. Recently [5], we de-
scribed a technique for constructing such spreads that yields all the above-
mentioned spreads of Kantor and Bartolone-Ostrom, and, in addition, yields
many new examples. Our method allows one to construct a ¢ -invariant
spread “z. ”, whenever one has a fixed-point-free collineation & &PTL
(3, ¢)-PGL(3, q) of the Desarguesian projective plane PG(2, ¢). These “ n, ”,
which we shall call “ generalized Desarguesian spreads ”, seem too numer-
ous to classify as nonconjugate ¢ usually yield nonisomorphic spreads.

The object of this note is to show that the only non-Desarguesian spreads
invariant under the Desarguesian action of GL(2, q) (of order ¢%) are the
generalized Desarguesian spreads.

THEOREM A. Let n be a Desarguesian GL(2, q)-module of ovder ¢°.
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Then the only spreads on n invariant under this Desarguesian vepresentation
of GL(2,q) are either Desarguesian spreads or generalized Desarguesian
spreads.

REMARK. The converse, that every generalized Desarguesian spread
of order ¢* (cf. result 1. 4) is invariant under a Desarguesian representation
of GL(2, q), has been proved in [5].

The following corollary also follows from Bartolone and Ostrom [1].

COROLLARY B. Let p be a prime and let nm admit a Desarguesian
representation of GL(2,q) of order p°. Then any spread on =, invariant
under this representation, is mecessarvily a Desarguesian spread.

The module-theoretic characterization of the generalized Desarguesian
spreads given in Theorem A, seems a good base from which to obtain
geometric characterizations of the corresponding translation planes. One
such characterization will be given in a sequel [6].

1. The Generalized Desarguesian Spreads.

In this section, we review our construction of the generalized
Desarguesian spreads , and take the opportunity to introduce some nota-
tion.

Throughout the article, z=F;"@®F;™ is a vector space of 3m-tuples
over the prime field GF(p), and s =GF(q), q=p™=p, is a field of 3m X3m
matrices over GF(p). = is regarded as a ¢ =GL(2, % )-module defined by
the following action :

A
@) & |- +y00@0B-+D)
whenever
A B am
[C D]ES’ and x, yeF".

If M is any 3m X3m matrix over GF(p), we define the corresponding
subspace of z by

“y=xM"={(x, xM): xEF"}.

Thus, if M is nonsingular, “y=xM ” is a GF(p)-subspace of order ¢*
(and rank 3m). A routine computation allows one to determine the image of
“y=xM ” under any gE¥ .
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1. LEMMA.  Suppose g:[(cl ZJ is any element of < : thus a, b, ¢, d
are block-matvices in g, with ad—bc+0. Then
g: “y=xM"—"y=x(a+Mc) (b+Md)”
whenever a+ Mc is a nonsingular matrix.

The following partial spread of ¢+1 components will be contained in the
generalized Desarguesian spreads that we shall define shortly.

2. NOTATION. o,={“y=xf": f€5}U{ODF;"}.

In passing, we note that ¢ is actually a Desarguesian partial spread (it
lies in T',, defined in the Introduction). To extend J - to a non-Desarguesian
spread we require the following concept.

3. DEFINITION. If T€GL(3m, p), we call (T, .#) an irreducible pair
on V =F}" (which is chosen to be a column space, for convenience) if

(i) TENoenn(F)—Ceramp(F): and

(ii) T does not fix any nonzero proper .7 -subspace of V, with 7 and
# acting on V from the left.

It is easily seen (cf. [5]) that an irreducible pair exists on the column
3m-tuples V =F3™ iff the Desarguesian plane PG(2,p™) admits a fixed-
point-free collineation & € PTL(3, q)— PGL(3, ¢q) : however, we shall not use
this connection—we only mention it to indicate that large numbers of irreduc-
ible pairs exist (in fact, whenever g=p™>p, cf. [5, section 6]).

We now define the generalized Desarguesian spreads on z via the follow-
ing result.

4. RESULT. (Jha and Johnson [5]). Let (T, ) be an irreducible
pair on the column space V=F;", p"=q. Then

wr, »=0,UOrbs(“ y=xT ")

is a “-invariant (strictly non-Desarguesian) spread on the “row ” space
r=F"DF;".

Any spread isomorphic to a mr,.) will be called a generalized
Desarguesian spread.

2. Proof of Theorem A.

To prove Theorem A, we assume I' to be any spread on = whose
components are left invariant by the action of ¢ on z. So our objective is
to show that either "=, ), where (T, ) is an irreducible pair, or T is
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Desarguesian.
1. LEMMA. 6, is a & -orbit and T D4 ,.

PROOF. It is a routine matter (based mostly on Lemma 1.1) to verify
that ¢, is a ¢ -orbit. To show that D¢, let {P.: 1<i<g+1} denote the
set of Sylow p-subgroups of ¢ and write F;=Fix(P). If P is the upper-
triangular Sylow p-subgroup in ¢, then Fi=0@Ff"<¢,. Hence by the
transitivity of ¢ on ¢, we find that ¢, ={F;: 1<i<q+1}, and each |Fi|=
q°. In particular, Sylow p-subgroups of ¢ are either all elation groups of
order g or are all Baer groups of same order. In the latter event, ¢ is a
square and so, since now ¢=4, {P;:1</<g+1} generates the nonsolvable
group SL(2, g). We now have enough conditions to force I' to be either a
Hall spread, or have order 16, using [3, Theorem 1. 2] and [4, Theorem
B]; but in either case we have a contradiction, since 16 is not a cube, and a
Hall plane of order ¢* cannot admit GL(2, g). Thus each member of ¢ .- is an
elation axis of a nontrivial elation group in Aut I'.  Hence & , consists of ¢+
1 components of I" and the lemma is proved.

If we write / = F3™ then the lemma above implies that
X=]®0, Y=0®] and I={(x x): xE]}

are all in T'. Hence, we have the well-known fact (cf. Foulser [2]) that
every component of I'-{Y} can be written uniquely in the form “y=xS”,
where SE GL(3m, p) U{Osn}, and the set of all such matrices .# is the spread-
set associated with I' ; thus

F={SEGLBm, p): “y=xS"ET}U{Osm).

Any spread-set satisfies an appropriate generalization of the following
easily-checked conditions.

2. LEMMA. ¥ is a set of q°® matrices such that
(i) Osm and LS ; and
(i) X, Yey=X—-Y is nonsingular or zero.

We now list properties of the spread-set & that take into account the
¢ -invariance of I'.  These properties will sometimes be used without explicit
citation.

3. LEMMA. (a) D&

(b) Mes*=(y—{0)=—M'co*.

(¢) Mey—s5=—=a+BMycs*V a B, yE
c

F*,
(d) Mey— s=—=(5sPM7)U(5BPs M)S.¥.
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(N. B.: In part (d), and the vest of the section, we minimize brackets
by assuming 7 Px 7 (vesp., 7 D5 x) denotes 5 ®(x.5) . a similar con-
vention holds even when the sum is not dirvect.)

PROOF. (a) is the spread-set version of Lemma 1. By Lemma 1.1,
we get the image of “y=xM ” tobe “y=xM='" if we apply the transforma-

tion : [2 (1)] Thus (b) holds. Part (c¢) is similarly obtained by

computing the images of “ y=xM ” under the upper-triangular group in ¢ .
Part (d) is a special case of (¢) if we note that ¥+ 7 M=5DFM,
since otherwise M & 7.

DEFINITION. % is the set of all % -spaces of type ¥ @.% M where M
cy— 7.

4. LEMMA. |#|=q+]1.

PROOF. The collection {( ¥ P .5 M)\.9: M & .\ .} partitions the
q¢*— q elements of % — % into classes of size ¢°*—q.

We now verify that . * induces a permutation group on.%#, under right
multiplication by & *.

5. LEMMA. If x€.9°*, then

X% 74
THRITM— 5D 5 Mx

is a bijection on %. Hence

f* )y*

I—x
is a group homowmorphism from F* into symm(#).
PROOF. By lemma 3, Me¥— 99— ¥ Mx&E v— % . Hence
FTOITMEP—5DF MxE 2.
Further, the image of # @ . M under x is unambiguous because

FTERIFM=5DFN
== N=a+pM 3 a5, pes*
== 7P F Nx=5 D5 Mx.

Now x—— X is easily seen to be a group homomorphism from . * into
Symm(.%).
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We now wish to show that .7 * fixes an element of .%.

6. LEMMA. Let u be an odd prime divisor of |.F *|=q—1, and U the
Sylow u-subgroup of ¥ *. Then I ME¥— . such that 5 D5 My=5@P
FMN yeU.

PROOF. By lemma 4, (|U|,|#|)=1. Hence, by lemma 5, U fixes a
member of #, and this is the required conclusion.
We can now strengthen lemma 6.

7. LEMMA. 3d T€9—% such that T ¥ < 5P 7T
PROOF. If Me v— 9 we write
Ly={xe5: @5 M 5D5 M).

Since Ly is additively and multiplicatively closed, and contains 0 and 1,
it must be a subfield of . If . is a prime field then Ly=_9", and we are
done. Hence we assume ¢g=p™>p, and now by Zsygmondy’s theorem we
need to consider the following cases:

(i) ¢g—1 has a primitive divisor « ;

(ii) gq=64;

(iii) g=p* and p+1=2">2.

In case (i), let U be the Sylow u-subgroup of . *. Hence by the last
lemma,

d Te¥ — . such that the field L2 U.

But as U cannot lie in a proper subfield of . *, we have Lr=.% as required.
Case (ii) is proved in the same way if we choose U to be the cyclic group
of order 9 in GF(2°)*. To treat case (iii), let V be the Sylow 2-subgroup of
#*. Since 2|¢+1, lemmas 4 and 5 imply that an index 2-subgroup of V, say
R, must fix some ¥ @ . T in.#: thatis, ¥ ¥ TRS.¥ D #T Butsince
|R|=2""'/2=p+1, R cannot lie in a subfield of .. Hence we again have
L:=.9, since Lr2R. Thus the lemma is proved.

8. LEMMA.  Suppose ME ¥ — % is chosen so that M .5< 9@ .5 M.
Then

Wes®@sM\s—W2e&esP 7M.

PROOF. It is obvious that ¥ @5 M =9@ 5 W, whenever WE 5P
S M\.#. Since by hypothesis M . <. @ .5 M, we have

FTWFscsyDsWw. (i)
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If the lemma is false, we further have
WicesPsW 3 Wesd®sM\5.

Now we claim . @ . W is multiplicatively closed. For if x, y, v, vEF
then

(x+yW)u+oW)=yWu+yWoW mod ¥ D .5 W. (ii)
But by (i), yWuse 5@ 5 W, and

Wo=u+v.W 3 n, 5.
Thus (ii) yields

(x+yW)u+oW)=y(n+o. W)W mod(¥ .5 W),
and now, since W2 9@ .9 W, we have

x+yW)ut+oW)esPsWw.

Thus . @ . W is multiplicatively, as well as additively closed. Since
the nonzero elements of %@ . W are nonsingular (being in the spread set
%, because of lemma 3) we therefore conclude that

M=F5DFW=GF(g.

This means that the spread I', “ coordinatized ” by the spread-set .&, con-
tains the rational Desarguesian partial spread

S.~{“y=aM”: M 7}U{ODF:™}.

Thus the translation plane of order ¢ associated with T, contains
(Desarguesian) subplanes of order ¢* (whose lines include all the members of
d.), and we contradict the Baer condition. The lemma follows.

We shall call an additive subgroup 2S GL((NN, p)U{Ox} an additive
spread-set if |2}|=p". Thus, an additive spread-set is a spread-set >} which
happens to be an additive group of matrices. It is generally realized that all
additive spread sets arise as matrix representations of the additive group of
slope maps (cf. Foulser [2]) of some semifield (but we shall avoid using this
fact).

9. LEMMA. 3 T€v— 7 and c€Aut( 7, +, *) such that
(1) fT=Tf°V fes; and
(i) A=9D s TPDFT?is an additive spread-set.

PROOF. By lemma 7 we may choose an M & ¥— & such that
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Msy<S D5 M.

Assign to each f € . the map

fi 5O M— DI M
a+BM—(a+p8M)f.

Then %* is a group of . -linear maps of the left vector space A= 5D .5 M,
and this group leaves invariant the subspace % . Hence .#* also fixes a
Maschke complement of % in A. Thus

3 Tesy@PsFM—% andamap 7 : ¥F— . F
such that
If=f"TV fes.

It is obvious now that .97 is an additive and multiplicative bijection of the
field ¥, and hence (i) follows if we choose ¢=.9"'. To prove (ii) itis
sufficient to establish that

(%) x+yT +2zT? is nonsingular V x, y, z& . unless x=y=2z=0

Since ¥ @¥% TC.¥ (lemma 3), we may further assume that z=0.
Right-multiplying (*) by 77!, it is now sufficient to verify that

(+%) xT'+y+2zT is nonsingular if z+0.

But by lemma 3, —x7 ' and y+z7 are bothin. %, and this forces their
difference x7'+y+2zT to be either nonsingular or zero. Butif x7 '+y+
2T =0 then —zT?*=x+yT, forcing T’ @+ T, contrary to lemma 8.
Hence (**) holds, and the required result follows.

In the following corollary, T and ¢ are as in the lemma above.

10. COROLLARY. Let V =F3" be the column-space of 3m-tuples over
GF(p). Define

Then B _
(i) TUW)=r°T(x) VxEV, fE5F, and
(ii) T does not fix any 7 -subspaces of V, other than O and V.
PROOF.  The semilinearity condition is lemma 9Ci). To verify that

T does not fix any proper nonzero subspace, assume, in order to get a
contradiction, that for some nonzero x& V the .# -subspace W generated by
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{x, Tx} is T-invariant. Since the % -rank of W <2, and T’x€W, we
obtain

T*x=ax+pTx 3 a, BESF.

Hence T?—p8T —a is a singular matrix, contradicting lemma 9(ii). The
lemma follows.

If o+ identity, then the corollary asserts that (7', %) of lemma 9 is an
irreducible pair (cf. definition 1.3). But if o=identity, then A of lemma 9
(i) centralizes the irreducible .# -linear map 7 ; so by Schur’s lemma, A
must coincide with the matrix field = GF(q¢®) centaralizing 7. Thus, using
lemma 9 and corollary 10 we have shown

11. LEMMA. & contains an element T such that (T, 97) is an irreduc-
ible paiv, on V =F3", except when :
T centralizes & and A =5 + 5 T+ 5 T*=GF(¢%.

Now consider ®, the ¢ -orbit of “y=xT ”. Since ¥ leaves invariant
the spread T, one of whose components is “y=xT ”, we have

®=O0rb.(“y=xT ”)<T.
Since ¢, is also a € -orbit (lemma 1) we obtain
r20Ud,.

The RHS is a disjoint union of two ¢ -orbits such that |6 ,|=¢+1 and
|®@|=¢®—¢q: to see the latter, compute the stabilizer of “y=xT " using
lemma 1.1 (for full details, see [5, section 4]). But now |T'|=¢*+1=|0|+
|6,|, and so

'=0rb. (“y=xT ")Ud>.
Thus we have the following refinement of lemma 11.

12. LEMMA. 3 T &€ — ¢ such that
(i) T=0rb(“y=xT") Uds: and
(ii) (T, &) is an irveducible pair except when

A=5+ 5T+ 5T’ =ZGF(J).
Let us now take a closer look at case (ii):
A=95+5T+ 5 T*=GF(J).
Now

Fa={“y=ax”: a€A}UODF;"}
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is a Desarguesian spread of order ¢* on = and
CaNT2{“y=xT "}U 6. (D

Now, by applying lemma 1.1, we can easily verify that any image of
“y=xT 7, under ¢, has ite generic form

“y=x(a+Tc)(b+Td)". 2)

But since A is a field, A* is closed under inversion and multiplication,
and so (2) yields

Orbe(“ y=xT ”)CT 4. (3)

But since the LHS of (3) is in I" as well, equations (1) and (3) show
that

C4aNT20rbe(“y=xT ")U 6,

and since the RHS is actually the spread I' (lemma 12(i)), we get I=T 4.
Thus lemma 12 refines to

13. PROPOSITION. 3 T &ED'— 7 such that either

(i) (T, %) is an irveducible pair, and T is the generalized
Desarguesian spread

7r,5=0rbe(“y=xT ")UGd»

(cf. 1.4); or
(ii) T is a Desarguesian spread.

In effect, proposition 13 is theorem A of the introduction.
References

[1] C. BARTOLONE and T. G. OSTROM, Translation planes of order g® which admit SL(2, q),
J. Algebra 99 (1986), 50-57.

[2] D. A. FOULSER, Subplanes of partial spreads in translation planes, Bull. London Math.
Soc. 4 (1972), 32-38.

[3] V. JHA and N. L. JOHNSON, The solution to Dempwolff’s nonsolvable B-group problem
Europ. J. Combinatorics 7 (1986), 227-235.

[4] V. JHAand N. L. JOHNSON, The odd order analogue of Dempwolff’s B-group problem, J.
Geometry 28 (1987), 1-6.

[5] V, JHA and N. L. JOHNSON, There are translation planes of arbitraily large dimensions
admitting nonsolvable groups, submitted.

[6] V, JHA and N. L. JOHNSON, A geometric characterization of generalized Desargue51an
planes, Atti. Sem. Mat. Fis. Univ. Modena 36 (1988), in press.

[7] W. M. KANTOR, Expanded, sliced and spread spreads, Finite Geometries, Eds. N L
Johnson andd M J Kallaher, Lecture Notes in Pure and Applied Math. 82 (1983),



A characterization of some spreads of ovder
that admit GL(2, q) as a collineation group 147

Dekker, 251-261.
[8] W. M. KANTOR, Translation planes of order q° admitting SL(2, g%, J. Comb. Theory,
Ser A 32 (1982), 299-302.
[9] H. LUNEBURG, Translation Planes, Springer-Verlag: Berlin, New York, Heidelberg,
1980.
Department of Mathematics
The University of Iowa
and
Department of Mathematics
Glasgow College of Technology



	Introbuction
	THEOREM A. ...

	1. The Generalized Desarguesian ...
	2. Proof of Theorem A.
	References

