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1 Introduction

Let C, DEF," be binary self-dual codes of length #. In the preceding
paper, we studied the average of joint weight enumerators of C, D, par-
ticularly the average intersection number :

A(C. D): =%2 icnD7, o))

and then we show that they can be presented by the weight enumerators
of C, D.

After observing the values of average intersection numbers of some

typical binary self-dual codes, I stated the following conjecture :
Conjecture I: A(C,D)=4 if C, D is of type I but not type IL
Conjecture II1: A(C,D)=6 if C, D is of type II.
Here, a binary code is called to be type I if it is self-dual, and is called to
be type II if it is of type I and the weight of any code word is divisible by
4. For example, let Hs, Gz, Cr2 be the extended Hamming code of length
8, the binary Golay code of length 24, an extremal type II code of length
72 which has not yet discovered. Then we have that

A(Hs, Hs):48:24/5,
A(Gas, G24)=6.02048---=28+579/13+17-19,
A(Hs®, G24)=5.91378+--=28+97/13+17-19,

*Partially supported by SFB 7° at Fakultst fiir Mathematik, Universitét Bielefeld, FRG,
Oct., 1989-Sep., 1990.
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ACr2, G24%)=6.00000 63564 39159 4056

=28 56038 75129 26208/4 76005 95426 49555,
A(Crz, Cr2)=6.00000 01969 26532 39457 --

=2810 91045 33825 53600/468 45060 18756 92031.

In this paper, we give a counter-example for Conjecture I. There is
no hope that conjecture II is valid, but the author has no counter-example.

However, the above conjectures are valid if we take the average on
all self-dual codes of type I or II. This idea is very classical and familiar
in the theory of error-correcting codes since Shannon. For a binary code
C of length n, define

A(C): = II'Zlcle 2
Au(C): |IL1|D§I,,|CHD| (3

where I(resp. II.) denotes the set of self-dual codes of length # of type I
(resp.ID). Then the following holds :

THEOREM. Let C be a binary self -dual code of length n. Then

A(C) =4  if Cis of tye ],
Au(C) =6 if Cis of type L.

The roof will be given in Section 4. In Section 5, we give the second
moments of intersection numbers of codes of type I or II. In Section 6,
we study the average of the dimensions of intersections :

ASm(C) - :ﬁf Sdim(CND), )

where /=1, or II,.

Acknowledgement. The author would like to appreciate to Professor
N.J. A. Sloane for his helpful comment for the “six” conjecture in the
preceding paper.

2 The average of intersection numbers

2.1 We use the standard notation in the theory of error-correcting
codes ([MS 77], [P182]). Let F; be a g-element field. For a natural num-
ber n, FJ be a row vector space of dimension % over Fy:

Fo:={(v1,, va) | v.EFy}.

The weight and the inner product of vectors in FZ are defined as follows :
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wt(v) : =#{7 | v:+0}, (D
(u, v): =i2:lu,-vz-. (2)

A code C is a subspace of Fi. In particular, a code over a 2-element
field F; is called a binary code. When k=dim C, such a code C is called
a [n, k]-code, where #n is the length of C and k is the dimension. The
dual code C* of C is defiened by

Ct: ={weF!| (u, v)=0 for all u€C}. 3

A code C is called self-dual if C=C*. Then dim C*=#»—dim C, and so
in particular, the dimension of a self-dual code C is equal to n/2 and the
length # is even.

2.2 A binary self-dual code C is called to be of fype I. It is easily
proved that for a code C of type I,

h:=Q1,--,)EC. (4

A binary self-dual code C is called to be of #ype II provided all ele-
ments of C have weights divisible by 4. It is well-known that the dimen-
sion of a self-dual code of type II is divisible by 8 (cf. [MS 77], [MST 72,
Corollary 4.7).

2.3 Let S» be a symmetric group of degree . Then S» acts linearly
on the vector space F{ by the permutation of coordinates:

(V™)=Y (5)
The automorphism group Aut(C) is defined by
Aut(C): ={r€S.| C*=C}. (6)

(We do not consider monomial automorphisms.)

2.4 For two code C, D, the average intersection number is defined by
A(C, D): =7 B lcnDrl @

Then the following basic result has been proved in the preceding paper
[Yo 89, Corollary 11].

2.5 PROPOSITION. Let C, D be code of length n over Fq. Then
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A(C, D)= 20 arb, (8

)

ar: =#H{ucsC|wtlu)=r},
br: =#H{veD | wt(v)=7r}.

where

PROOF. There is an easy direct proof for this proposition. Let Cr,
D; be the sets of all elements of C, D of weight ». Then we have that

n!A(C,D):”§|CﬂD”|
=#{(u, v, )ECXD XS, | u=07)
=3 3 2 HrES.| u=0v7)

r=0 ueCr veDr

:éoarbrrl(n“‘ 7")Y

L]

2.6 EXAMPLE. Let Hs, G2« and C7; be the extended Hamming code
of length 8 and the binary Golay code of length 24, the supposed extremal
code of type II of length 72. Then the weight enumerators of Hs and Gas
are given by ar=as=1, ax=14 for Hs and av=au=1, as=a16=759, ai2=
2576 for Gas. Futhermore, the one of Cr is given in [CP 82]. Using these
values, we have that

A(He, Hs) =4, 8—24/5,
A(Gas, G24)=6.02048:--=2%+5+7+79/13+17-19.
A(Crz, C72)=6.000000 01969 26532 39457+
=2810 91045 33825 53600/468 45060 18756 92031.

See also Introduction.
3 A counter-example for Conjecture I

3.1 Counterexample: In this section, we give a counter-example for
conjecture I. Let C.={00, 11} be a trivial binary self-dual code of length
2. Then the direct sum C3* of m copies of C. is a type I code of length 2

m=mn and the number of elements of C' of weight 27 equals <7:L> Thus

by [Proposition 2.5, we have that
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(7)
G, N
) G

m

[\

A(CE, CP)=

iMsx

In order to find this summation, we consider the following power series :
> (2
> ("\accx corm
m=0\ M
_ i m (27) (2m—27> gm

Thus we have that
A(CE, CT)=4 /( m)

Using Stirling’s formula »z!=#n"e™"J2nxr, we conclude that
A(CE, CH=Vmnr—co (m— o).

Hence the codes C7', m=1 do not satisfy Conjecture I.

3.2 Let Hs be the extended Hamming code of length 8. Then it fol-
lows from [Proposition 2.5 that

n n am arz
A(HS, HS)_TEO(SWI)’
47
where a,, » 20 ére defined as coefficient of the following polynomial :
2m
(1+14¢t+ tz)’"———goart’.

It seems to be still true that A(H{, H{)=~6.
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4 Main theorem

In this section, we state the main theorem of this paper and prove it.
4.1 Let J=I or II and let J» be the set of binary self-dual codes of
length » of type /. We put

1 if =
5(1)'_{2 if J=II.

4.2 Let E be a subspace of FJ with h=(1, -, 1)€E<E* and dim E
=k. When J=II, we further assume that

wt(e)=0 (mod4) for all e€E.

Put
M. =2"2
For J=I or II and integer £>1, we define an integer Ni . by
Ni.:=#{C<s]J.| ESC}, D
so that [MST 72] yields that
F-kil-€()
Nix= z'=2I—Ie(]) (2°+1). @

The right hand side does not depend on E. In particular, applying this
formula to £#=1, we have that

_RED
al=_JL (@'+1). 3
(Remember that h& C for any binary self-dual code C.)Thus
; _k—-2 1
Nn,k/l]n‘_il__-_];) M.z—i—e(l)+1 . <4>
In particular, when £=1, 2,3, we have that
Nnj,l/l.]nlzly ®)
N\l =g ®
1
7 —
Nn,3/|]ﬂ|_(M.Z—e(l)+1).(M,2—s(1)—1+1)- <7)

4.3 THEOREM (MAIN THEOREM). Let C be a binary self-dual code
of length n. Then the following hold :
(1) If C is of type 1, then
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4
PEaES e

(2) If C is of type ll, then

__6
2n/2—2 _+_ 1

AII(C):G‘“ X6.

PROOF. Let J=Ior Il and let C&J,. Then we have that
D;j |ICND|=#{(u, D)ECX],| usD}
=u§c#{D€]n | u€ D}.

We divide this summation into three parts, that is, #=0, #=h and «u€C
—{0, h}, so that

= |cnDl= (2+ >3 )#{DE]n|<h,u>§D}

a=0h usC—{0,h

=2X Np1+(|C|—2) X Npz.

Here, <u, h> is the subspace generated by # and h of F?'. Thus by
(5) and (6),

Nn,z
/]

n 1
=2+(2 /2—2)°W

. 1
:(2+2 U)) X (1 *W)

A(C)=2+(2"*—2)-

This complete the proof of the theorem. [}
5 The second moments
In this section, we calculate the second moments of intersection numbers.

5.1 THEOREM. Let C be a binary self -dual code of length n. Put
M : =|C|=2"2. Then the following hold :
(1) If C is of type 1, then

S |CNDP= 24 M? ~94
|1_,,F =i, (M+2)(M+4) '

(2) If C is of type ll, then

1 60M°
II,| pEftn (M+4)(M+8)

> |CNDP= ~60.
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PROOF. Let J=I, or I, and let e: =&(J). Then similarly as in the
proof of the theorem of the preceding section, we have that
D%lCﬂDIZZ#{(u, v, D)ECXCXJ|u, vED}
=H§EC#{DEJI<Z¢, v, h) S D}

dim<u,v,h>=1 dim{w,v,h>=2  dim<u,v,h>=3

=4N71+6(Cl—2)* No+(|Cl—2)+(IC|—4)* Nis.
Thus by (5), (6), (7) of the preceding section,
1 s, AM=2) (M—2)(M—4)
T CNPr =4t T T O D) -2 75 D)

_ MP27(25+1)(2°+2)
(M-2+1)-(M-2"+1)

The theorem follows immediately from this formula. []
6 The average of dimensions of intersection

In this section, we study the average of the dimensions of intersections.

6.1 The Gaussian binomial coefficient [Z]q is the number of A-dimen-

sional subspaces in Fg. Then we have that

n| _ (Q)n
[k]a_ (@) (@n-r’ Q)
where
(C])r : :l_ljl(qi—l). (2)

6.2 THEOREM. Let J=I1. or . and let C be a binary self-dual
code of length n. Let Ni. be the number given in (2) of Section 4.
Define Th, Tz, -+ by

Thv:=T:=1, Tr:=(—1*Q)s: (£=2).
Then

n/Z—I} = 1
k—1

1 . n/2 —
T dim(CND)=2, Tk.[ e
PROOF. For C&/J, we have that
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Ndim(CND)= X S3dim(U)
DEJ hEUSC DEJ
DNeC=U

= 3 dim(U)X#{DeJICND=U}.
heUsC

Define two functions f, g on subspaces of C=Fy"? by

f(U): =#{De]J| CND=U},
g(W):=#{De]| WcD)},

so that
g(W)= . f(0),

weuUc

and
g(W)=Niamw if REWESV.
Let ¢ be the Mobius function of the lattice of subspaces of C. Then it is

known that

e, W):{(—l)’2<§> if US W and dim(W/U)=7,
, 0 otherwise.

See, for example, Aigner’s book [Ai79], Proposition 4.20 (iii). It follows
from the Mobius inversion formula that for he US V,

AU)= =2 (U, W)g(W)

vwec
= 3 (~pemno 2A™) N .
Thus
-&L%dim(c ND)
- g - RIS e R
:ﬁg Tk.[n/z__ll]z'NhI/Z,k,
where

T =3 (-1 (k—r)als) [k ;1]2.

Clearly, Ti=T>=1. By the g-binomial theorem, we have that
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r=0L7 lq i=1
For ¢=2 and k=2,

-]
=k Fk—l(—l)-*'F;—l(—l)
= kak,l +(_ l)k:ijlz(zj— 1)

—(-D)* I @-1),

The theorem is proved. []
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