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The deficiencies of algebroid functions
of order less than one

Hin-Ming LI
(Received February 21, 1990)

Abstract. T. Sato [4] generalized Theorem A to algebroid function under
some additional condition. In this paper, we give an extension of Theo-
rem A without any additional condition which improves Sato’s results and
we also generalized Theorem B.

(I) Introduction

We assume that the reader is familiar with the fundamental concepts
of Nevanlinna’s theory of meromorphic functions and in particular with
the most usual of its symbols :

log*®; m(r, w); n(r, w); N(», w); T(r, w).

We shall use, whenever this is possible without ambiguity, the
simplified notations (7, @); n(7, a); N(7,a); T(r) in place of m(z, 1/
(w-a)); n(r, 1/(w-a)); N, 1/(w-a)); T(7, w).

The letters p and x denotes the order and lower order of w(z), respec-
tively :
_w—logT(r,w) .. logT (7, w)
p=lm logr ﬂ_lrl% logr
The Nevanlinna deficiency 6(a, w) of the value a for the function w(z)
is, by definition,
+—N(7, a)

3a, w)=1—£152T(7) w)

The Valiron deficiency A(q, w) of a is,

V(7 a)
ale ) =1l oy

A value a for which A(e, w)>0 is said to be deficient in the sense of
Valiron; if (e, w)>0, then the value a is deficient in Nevanlinna’s sense.
Edrei and Fuchs proved [1; Theorem 1, P. 233].

THEOREM A.  Let w(z) be a meromorphic function of order p satis-
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fing 0<p<l. Put u=1—06(0, w) and v=1—056(0, w), then u and v sat-
isfy
u®+ v®2—2uv cos mp =sin’zmp (1)
and if u<cos mp, then v=1; if v<cos mo, then u=1.
D. F. Shea proved [5; Theorem 1, P. 203].

THEOREM B.  Let w(z) be a meromorbhic function of ovder o satis-
fying 0<p<1. The zeros and poles of w(z) lie on negative real axis and
positive real axis rvespectively. Put X=1—A0, w) and Y =1—A(0, w),
then necessarily

X2+ Y?2-2XY cos np<sin’mp (2)

when 1/2<p<1. When 0<1/2, the above inequality still holds provided X
=>cos mp and Y =cos mp.

T.Sato [4] generalized Theorem A to algebroid function under some
additional condition and obtained Theorem B for algebroid function. In
this paper, we give an extension of Theorem A without any additional

condition which improves Sato’s results and we also generalized Theorem
B.

(IT) Preliminaries

Let w(z) be a v-valued algebroid function defined by an irreducible
equation

V(z, w)=A.z)w’+ A, (2w 1+...... + An(2)=0 (3)
where A;(z) (=0,1,...... ,v) are holomorphic functions without any
common zeros.

Let a;(z) (=1,...... ,v) be distinct polynomials and a,+1=%, and
then set

9{(2)=¥(z, ai(z)) (j=1,2, ...,v); g1(2)=Au.(2)

u(z)=Max{|A;(2)|} and v(z)= Max {|g;(2)|}

0<j<v 1<<v+1
2r
”<7’A):2—71w,£ log u(re®) dﬁ*%logu(O) and
wlr, G)= ——l-—/znlog v(re®®) d@—ilog v(0)
’ 2my Jo Y )

LEMMA A [6; P.114] and [3; P.81]. We have
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(1) wlr, A)=pu(r, G)+0(log7)

A, A

i T( 7,45 ) -0 <vulr, A)< 8 T(r, 45 +0() )
i) T(r, ﬁ)—oﬂ)g i, G)< 3} T<r, g—ygil—)+o(1) 5)
(iv) T(r, gfil )—O(log r)<vT(7, w)sgl T(r, ggil >+0(log 7). (6)

PROOF: By definition,

{gj(Z)EAu(Z)(aj(Z))“rAu-l(Z)(aj(Z))”“+...+Ao(Z) ; 7=0, 1,
(*)..., v
o+1(2)=A.(2).

Hence, we obtain

|g.(2)|£{§0|Ak(2)llaj(2)|k  1<j<y
|Au(2) ; J=v+L

Let
U+1 v
a(Z)=§1 2 las(2)* +1.
By the definition of #(z), we have
|g:(z)| <Max {IAk(2)|}< > Iaj(Z)I"H)Sa(Z) u(z).
0<k<y k=0

The right hand side of the above inequality is independent of j, there-
fore we have

0(2)=11S\§I3V§1 {los(} < alz) u(z).

Thus,

2n .
w(7, G):ﬁﬁ log v(re®®) d@—%log v(0)

1 2n 8 6 __l__
<5 h logla(re®)u(re™)| do Ulogv(O)

< v+l v 1 2r + . L
< u(r, A)—i—;1 Z‘,Z—m— A log™|a;(ve®)|* d§— Vlogv(0)+

k=0
%log u(0)
<u(r, A)+0(log 7).

Conversely, we can consider (*) as a system of linear equations in
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Ao(2). ..., Ava(2). Because {a;(2)} are distinct polynomials, therefore
coefficient of this system is the Vondermonde determinant whose elements
are those polynomials. And because this determinant is not identically

equal to zero, therefore this implies that A;(z) can be solved and denoted
by

A{(2)=bsu41(2) gui1(2)+ bu(2) gu(2) + ...+ b:1(2) 91(2)

where coefficient {b,x(2)} is a rational function of {(as(z))*} and hence is a
rational function.
With the same fashion, we can prove that |A;(2)|<b(z) v(2); where

b(2)= 2 3 ba(2)l+1

Hence, we can obtain x(r, A)<u(r, G)+0(log#»). So, (i) is proved.
Next, we prove (). For every point 2z in the complex plane C, let

u;(2)=Max {|A,(2)], |A(2)]} < M%ﬂAk(Z)I} = u(2).

It is easy to verify that

+ AJ’(Z)
4

logu;,(z)=

In fact, if there is a point 2 such that |A;(z)|=]A.(2)|, then we know
that |A;(20)|/]Au(2)|=1. Therefore, we have

Az A,(z0)

log 'A (a )I lA G )|—10g|A (20)] —log| A (20).
Hence,
log* (20)|=log| Ai(z0)l.

By the definition

uin(20) =Max{|A;(2)], | Ax(2)} = |AL(2)].
And hence,

log|us(20)|=1log| A,(20)!.

By Jensen’s formula

2n
vu(r, A)Zfl-;l log u(7e®) df —log u(0)
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> 27{/ log u;.(re*) df—log u(0)

+ Aj(rez.o)
(re®)

= / log | A.(7¢™)| d6 —log u(0)

do+

_ 1 log
27 Jo

:m( ﬁy )—I—N( /}U )—f—loglAy(O)l—log u©(0)
A

Zm( i)+N( Aj>+0(1):T<r, ﬁj)+0(1).

Thus, we can obtain the left-hand side inequality of (4).
By the same reasoning, we can prove that

AL 4 10g1a,(2).

logu(z) < glog+

Again, by Jensen’s formula, we can obtain
2r
vu(r, A):L/ log u(7e*)—1log u(0)
A; 1
p (s L)+ N (. )+ ow

A1) B ) () ow

Because Au(Z) cannot have any common zeros with A,(z)(j=0
1), therefore we have

1 rand Aj
”(“E)SE)”(’“ A, >

Hence

N4 )< SN 4)

Thus, we obtain

Il

"M'_ J';M'

v, A)Sg T<r, ﬁ:’ >+ O(1).

So, (ii) is proved.

Similarly, we can prove (iii).

Finally, we prove (iv).

Because Valiron [3; P.81] had proved

T(r, w)=pu(r, A)+0Q).

y oo
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And by (1),
w(r, G)=T(r, w)+ O(log r).

Combining (5), we obtain (6).
This completes the proof of A.

LEMMA B [2: P.101]. Suppose that ®(t) and ¥(t) arve continuous
positive functions of t for t=t, and that ¥(t) is non-decreasing, and fur-
ther

then there exists a sequences {ra} increasing to infinity such that simultane-
ously

#(t) _ P(ra)
() <D(rn) for b<t<r.n and 20 < V(ry) for ra<t<oo,
LEMMA C [5; P.208]. Let w(z) be a meromorphic function of lower
order y (<o), then for u<A<p, there exists Po’lya peaks of A-order {:
n=1,..,0): i. e, there exists {rn: n=1,..., ©} and corresponding
sequences {sn: =1, ..., )}, {Spm=1,...,00} and {en: n=1,...,9} such that

7/;1 Sn

Sn —> O, —s — 00, ———r — 00, and en—>0 as n— ©
n n
T(t w) ( t >*
<t< A L
and for sn<t<S, |, 0 w) <(1+en) )

(III) MAIN RESULTS

THEOREM 1. Let w(z) be a v-valued algebroid function of order p
(0<p<1) defined by (3) and aiz2)(j=1, ..., v) be distinct polynomials. Put
w;=1—06(a;(2), w); v=1—08(c0, w), then there at least exists a u;(1<j< V)
such that

u?+ v*—2u;v cos o Zﬁysinzmo (7)

and if u;<(cosmp)/v, then v=1/v; if v<(cosmp)/v, then u;=1/v.

THEOREM 2. Let w(z) be a v-valued algebroid function of order
0(0< p<1) defined by (3) and a;(z)(G=1, ..., v) be distict polynomials.
Put X;=1—A(a;(2), w) and Y =1—A(0, w) ; where A(a(z), w) is the
Valivon deficiency. If the zeros of w(z) — ai(z) and the poles of w(z) lie
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wholly on the megative veal axis and the positive axis respectively, then
when 1/2 <p<1,

X/ +Y?*=2X,Ycosmo<sin’mo (=1, ...,v). (8)

When 0<0<1/2, the above inequality still holds for some (X;, Y) pro-
vided X;=cos mp and Y =cos mp.

(IV) PROOF

PROOF OF THEOREM 1: Set

f{z)= ff(é)>

From (6), we have the order of fi(z), p;<p. By [1; P.239], for 0<8;<n,

T (7, f,)</ (t —) P(t,r Bj)dt+f N(t,f;) P(t,r,m— ;) dt

where P(¢,7, 6’)—— t2+rri12ntﬁcos 7 0<8<n).

s 0ol ) )

J

)

—daj;

N(r, ;)= N< ’A,, ><N( S )ZVN(r,w).

Therefore, by (6)

vT (7, w)ééT(r, ggj >+O(10g7’)
T(r 7;)+0(log )

%“N(t, 1 )P(z‘r/a’,-)dt

w—

J

IA

Il
M iMc n

<.
U
—

uMc

/N(t w) P(t,r,n—p;)dt+0(log »).

By the definition of deficiency, for >0, there exists 7, such that

N(r, wia- ><(uj+77) T(r,w), for r>7
N(r,w)<(v+79) T(r,w) , for » >

and then

T(r,w)< 3 [ (st 0) T(1,0) P(t,7,8,)
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[”N(t, ! )P(t,r,,b’j)dt

+Z (v+7})T(tw)P(tr7r B;) dt

J=1

+, N(t,w)P(t,r,ﬂ—Bj) dt +0(log 7). 9)

=10

+

< M

<

Suppose €>0 is small and set

¢(t)=lt(ptl—ew) . W)=t

then they satisfy the condition in B, therefore there exists a
sequence {r.: %=1, ..., o} increasing to infinite such that

T(t,w) T(va,w)
1o = e © ro<t<ry

(10)
T(¢, w) T(va,w) t=7n.

tﬂ+e < 7,7,;)+s

Substitute into (9), we get
T(rn,w)ég r:(uj+ n) T(t,w) P(t, 755 dt
+§1 :(uﬁ n) T(t,w) P(t,7,85) dt
+§ :(v+ n) T(t,w) P(t,rn,m-Bs) dt

+ 3 [0 0) T(t,w) P(t, 7,7 85)

+>31 O"’N(t YP(t,7n.B;) dit

w—a;
+ 33 [ N(tw) P(t, 77— B) dt +0(10g 7)
by (10),we have

[ T(t, w)P(t, ra, Bi) dt < T (¥n, w)f <

< T (7n, w)f (

)p_EP(t, Yay By) dt

)p_eP(t, ¥ ,B5)dt

and

[T w) PG, 7, BY < T ) (S PG 70, )
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Similarly, we have

/;rnT(t, w) P(t, ra, 1— B;) dt < T (2, w)ﬁr’( rt )p_sP(t, ¥n, T— 3;) dt

and

le(t,w)P(t,rn,ﬂ—,Bj) dt < T(rn,w)’/‘oo

Tn

£ o\e+e
<Tn> P(t,rn,ﬁ'—ﬂj) dt.

Thus, we have

T(7n, w)< Z(uﬁv T (7, W){f

&
F )P o )
(&=

+E(v+77 T (7, w){f
+ w( Tt ),, P(t, rn,n—b’j)dz‘}

Tn n

+2[°N<t, L >P(t,7’n,,3j)dlf
n

)p—SP(t, ¥a, B5) dt

),, sP(zf, ¥n, T— f3;) dt

w—a;

[N, w) Pt 7, 7= B))dt +0(10g 7).

Set t =srn, similar to the proof in [4], we get

4 u;sin(8;0) + vsin(z— B;)p
1<2) Max { sin(o) }

By means of the Schwarz’s Inequality [1; P.241-P. 242] and similar to
the proof in [4; P.103-P. 104], we can complete the proof of [Theorem J.

PROOF OF THEOREM 2: Firstly, we know that from (6), of;<p, and
we have [5; P.215]

T(r, £)= [ N(t,4) P, 7, B)di+
[cN(t, [Pt v, n—B;)dt—clogr  (0<B;<m) (D

where ¢ is a constant.

By the hypothesis, the zeros of g;(z) (=1, 2, ..., v) lie on negative real
axis, but the zeros of g.+1(2)=A.(Z) lie on positive real axis, that is
{9/(2)} and A.(z) haven’t any common zeros, then
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O O R G R O

N(t, f)= N< ) UN(t, ).

By (6) and (11), we have
vT (v, w)=T(r, £;)+0(1)
>y ["N(t, A ) PGt 7, B a

+V/OwN(t, w)P(¢t, v, 1— B;) dt —0(log 7).

By the definition of deficiency, for »>0, there exists # such that

L )>(G=n) T(t,w) and N(t,)>(Y=7) T(t, w)

"0
for t=>t.

According to the existence of Po’lya spread and by C,
there exists three sequences {7»}, {s»} and {S.} satisfy

7 S
Sp—>00, -——s" —00, 7” —00, as N—>CO such that
n n

T, w)>(1+0(1))< >T(rn,w) (52<t<S)

therefore, we have

T(rn, w) 2 (X~ 7) T(ra, w1+ o) [ (5
H(Y =) T(rm, w)1+0(0) [ (-

)pP(t, 7n, B;) dt

0
- > P(t, rn, m— B;) dt

—o{ T (7a, w)}.
Similar to the proof in [5; P.216-P. 217], for any B;(0<8;<m), we get
sin o= X;sin pB;+ Ysin(r—B;)p (G=1,2,..., v). (12)

Since the right hand side of the above inequality is a continuous func-
tion of B;, thus the above inequality still holds for 0<3;,<7. Taking

_1 _1< X,— Y cosnp >
Bi= - tan Vsin o (13)

and tan™ (0)=0. It is easy to verify that 0<83;<x ; but for 0<1/2, we
need X;=>cos o and Y =cosmp. Therefore, becomes
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_ X;— Y cos mp .
tan B;0= Ysinzo ie.
(Y sinmp)(sin B;0) —(X;— Y cos mo)(cos B;0) =0. (14)

From (12) and (14), we can deduce (8) which proves for
order less than 1.

[1]
[2]
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