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Abstract. In this paper we introduce three types of inequalities related to the

Lorentz spaces on a measure space (M, m).

Key words: rearrangement of function, Lorentz space, Besov space, interpolation in-

equality.

1. Introduction

In this paper we introduce some inequalities related to rearrangements
for measurable functions on a measure space. In Section 2, we improve
multilinear integral inequalities for products of functions and their rear-
rangements (Theorems 2 and 5). The proof is reduced to the associated
discretized inequalities (Lemmas 3 and 8). In Section 3, we introduce an
interpolation inequality in the Lorentz space (Theorem 11). Although the
result of this type may be proved by an abstract interpolation theorem,
we give a direct proof which makes the dependence of constant term on
integrability exponents much more precise. In Section 4, we introduce an
interpolation inequality in the Besov space built over the Lorentz space on
Rn (Theorem 13). This result may be regarded as the Lorentz type refine-
ment of the interpolation inequality in [10], see also [3], [4], [5], [6], [9], [11],
[12], [13]. For general information on function spaces, we refer the reader to
[1], [2], [8], [14], [16].

2. Definition for the rearrangement of functions

We consider measurable functions f on a measure space (M, m). To
define the Lorentz space later, we introduce the rearrangement f∗ for f .

Definition 1 For any measurable function f on a measure space (M, m),
the distribution function λf : (0,∞) → [0,∞], the rearrangement f∗ :
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(0,∞) → (0,∞), and its average function f∗∗ : (0,∞) → (0,∞) are de-
fined respectively by

λf (s) = m({x ∈ M : |f(x)| > s}), s > 0,

f∗(t) = inf{s > 0 : λf (s) ≤ t}, t > 0,

f∗∗(t) =
1
t

∫ t

0

f∗(s)ds, t > 0.

We give our first result.

Theorem 2 For any measurable subset E ⊂ M with m(E) < ∞, the
following inequalities hold

∫ m(E)

0

f∗(t)g∗(m(E)− t)dt

≤
∫

E

|f(x)g(x)|dm(x) ≤
∫ m(E)

0

f∗(t)g∗(t)dt (2.1)

for any f, g ∈ L2(E).

We remark that the last inequality is well known and holds even in the
case m(E) = ∞, see for instance [8] or Theorem 5 below.

For the proof of Theorem 2 we introduce the following lemma.

Lemma 3 Let a1 ≤ a2 ≤ · · · ≤ an and b1 ≤ b2 ≤ · · · ≤ bn. Then

n∑

j=1

ajbn+1−j ≤
n∑

j=1

ajbσ(j) ≤
n∑

j=1

ajbj (2.2)

for any bijection σ : {1, 2, . . . , n} → {1, 2, . . . , n}.
Proof. We prove the lemma by induction on n. For that purpose we use
the following inequality: If a ≤ a′ and b ≤ b′, then ab′+a′b ≤ ab+a′b′. The
case n = 2 follows by setting a = a1, a′ = a2, b = b1, b′ = b2. Let n ≥ 3
and assume that for any nondecreasing sequences {aj ; 1 ≤ j ≤ n − 1} and
{bj ; 1 ≤ j ≤ n− 1} and any bijection σ : {1, . . . , n− 1} → {1, . . . , n− 1} the
inequalities
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n−1∑

j=1

ajbn−j ≤
n−1∑

j=1

ajbσ(j) ≤
n−1∑

j=1

ajbj

hold. We prove that for any nondecreasing sequences {aj : 1 ≤ j ≤ n}
and {bj : 1 ≤ j ≤ n} and any bijection σ : {1, . . . , n} → {1, . . . , n} the
inequalities

n∑

j=1

ajbn+1−j ≤
n∑

j=1

ajbσ(j) ≤
n∑

j=1

ajbj (2.3)

hold. If σ(1) = n, then a1bσ(j) = a1bn and the induction assumption implies
the first inequality in (2.3). If σ(1) ≤ n − 1, then there exists a unique
k ∈ {2, . . . , n} such that σ(k) = n. We have

a1bσ(1) + akbσ(k) ≥ a1bn + akbσ(1) (2.4)

since a1 ≤ ak and bσ(1) ≤ bn = bσ(k). We define σ̃(j) = σ(j+1) for j 6= k−1
and σ̃(k− 1) = σ(1). Then σ̃ : {1, . . . , n− 1} → {1, . . . , n− 1} is a bijection.
By (2.4) and the induction assumption, we have

n∑

j=1

ajbσ(j) =
∑

j 6=1,k

ajbσ(j) + a1bσ(1) + akbσ(k)

≥
∑

j 6=1,k

ajbσ(j) + a1bn + akbσ(1)

=
n∑

j=2

ajbσ̃(j−1) + a1bn

≥
n∑

j=2

ajbn−(j−1) + a1bn =
n∑

j=1

ajbn+1−j ,

which is precisely the first inequality in (2.3).
If σ(n) = n, then anbσ(n) = anbn and the induction assumption implies

the last inequality in (2.3). If σ(n) ≤ n − 1, then there exists a unique
k ∈ {1, . . . , n− 1} such that σ(k) = n. We have
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akbσ(k) + anbσ(n) ≤ akbσ(n) + anbσ(k) (2.5)

since ak ≤ an and bσ(n) ≤ bn = bσ(k). We define σ̃(j) = σ(j) for j 6= k and
σ̃(k) = σ(n). Then σ̃ : {1, . . . , n − 1} → {1, . . . , n − 1} is a bijection. By
(2.5) and the induction assumption, we have

n∑

j=1

ajbσ(j) =
∑

j 6=k,n

ajbσ(j) + akbσ(k) + anbσ(n)

≤
∑

j 6=k,n

ajbσ(j) + akbσ(n) + anbσ(k)

=
n−1∑

j=1

ajbσ̃(j) + anbn

≤
n−1∑

j=1

ajbj + anbn =
n∑

j=1

ajbj ,

as required. ¤

Proof for Theorem 2. We may assume f and g are positive functions, see
Remark 4 below. First we prove (2.1) for f and g as simple functions of the
form

f =
N∑

j=1

cjχEj
, g =

L∑

i=1

diχFi
, (2.6)

where c1 > · · · > cN > 0, d1 > · · · > dL > 0,

Ej ∩ Ek = ∅, Fj ∩ Fk = ∅ if j 6= k,
N⋃

j=1

Ej =
L⋃

i=1

Fj = E,

and χF is the characteristic function of a measurable set F . Then fg is also
a simple function and its integral is calculated as

∫

E

f(x)g(x)dm(x) =
N∑

j=1

M∑

i=1

cjdi m(Ej ∩ Fi).
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On the other hand, we have

f∗(t) =





c1, 0 < t < m(E1),

cj ,
∑j−1

k=1 m(Ek) ≤ t <
∑j

k=1 m(Ek), j = 2, . . . , N,

0, t ≥ ∑N
k=1 m(Ek),

g∗(t) =





d1, 0 < t < m(F1),

dj ,
∑j−1

k=1 m(Fk) ≤ t <
∑j

k=1 m(Fk), j = 2, . . . , L,

0, t ≥ ∑L
k=1 m(Fk),

and then

∫ m(E)

0

f∗(t)g∗(t)dt =
∑

i,j

cjdi|Iij |,

∫ m(E)

0

f∗(t)g∗(m(E)− t)dt =
∑

i,j

cjdi|Jij |,

where | · | is the Lebesgue measure on R and

Iij =
{

t :
j−1∑

k=1

m(Ek) ≤ t <

j∑

k=1

m(Ek),
i−1∑

k=1

m(Fk) ≤ t <

i∑

k=1

m(Fk)
}

,

Jij =
{

t :
j−1∑

k=1

m(Ek) ≤ t <

j∑

k=1

m(Ek),
i−1∑

k=1

m(Fk) ≤ m(E)− t <

i∑

k=1

m(Fk)
}

.

We may assume each m(Ej ∩ Fi) is a rational number, j = 1, . . . , N , i =
1, . . . , L and so |Iij |, |Jij | are also rational. Then the estimate (2.1) for (2.6)
is just a consequence of Lemma 3.

Next we treat general functions 0 ≤ f, g ∈ L2(E). We can provide the
sequence of simple functions which satisfy the above argument and pointwise
relations

fn(x) ≤ fn+1(x) ≤ · · · → f(x), gn(x) ≤ gn+1(x) ≤ · · · → g(x).

We have already shown
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∫ m(E)

0

f∗n(t)g∗n(m(E)− t)dt

≤
∫

E

fn(x)gn(x)dm(x) ≤
∫ m(E)

0

f∗n(t)g∗n(t)dt (2.7)

for any n. We observe that the middle term of (2.7) converges to the middle
term of (2.1) as n →∞ by the dominated convergence theorem. We estimate

∫ m(E)

0

|f∗(t)− f∗n(t)|2dt

=
∫ m(E)

0

(|f∗(t)|2 + |f∗n(t)|2)dt− 2
∫ m(E)

0

f∗(t)f∗n(t)dt

≤
∫

E

(|f(x)|2 + |fn(x)|2)dm(x)− 2
∫ m(E)

0

|f∗n(t)|2dt

=
∫

E

(|f(x)|2 − |fn(x)|2)dm(x) → 0,

where we have used the equality
∫ m(E)

0
|u∗(t)|2dt =

∫
E
|u(x)|2dm(x) for

general u. We also have g∗n → g∗ in L2(0,m(E)). Therefore we observe that
the left and right terms of (2.7) converge to the left and right terms of (2.1),
respectively, as n →∞. ¤

Remark 4 The motivation for the assumption of f and g being positive
is as follows. Let E′ be the support of the product function fg, f0

def= fχE′ ,

and f0
def= fχE′ . Using these notations, the formula (2.1) becomes

∫ m(E′)

0

f∗0 (t)g∗0(m(E′)−t)dt ≤
∫

E′
|f0(x)g0(x)|dm(x) ≤

∫ m(E′)

0

f∗0 (t)g∗0(t)dt.

We generalize the upper bound estimate.

Theorem 5 Let E be a measurable subset in M . Let n be a positive
integer. Then

∫

E

|f1(x)f2(x) · · · fn(x)|dm(x) ≤
∫ m(E)

0

f∗1 (t)f∗2 (t) · · · f∗n(t)dt (2.8)
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for any f1, f2, . . . , fn ∈ Ln(E).

Corollary 6 For the Lebesgue measure space (Rn, dx), for any points
a1, . . . , ak ∈ Rn and any orthogonal transformations Aj : Rn → Rn, j =
1, 2, . . . , k, the following inequality holds

∫

Rn

∣∣f1(a1 −A1x)f2(a2 −A2x) · · · fk(ak −Akx)
∣∣dx

≤
∫ ∞

0

f∗1 (t)f∗2 (t) · · · f∗k (t)dt (2.9)

for any f1, f2, . . . , fk ∈ Lk(E).

Remark 7 In [7] Guliyev and Nazirova claimed the following inequality:
For any a ∈ Rn and any nonzero real numbers θ1, θ2 . . . , θk,

∫

Rn

∣∣f1(a− θ1x)f2(a− θ2x) · · · fk(a− θkx)
∣∣dx

≤ Cθ

∫ ∞

0

f∗1 (t)f∗2 (t) · · · f∗k (t)dt, (2.10)

where Cθ = |θ1 · · · θk|−n. However this claim seems to need further assump-
tions on θ1, θ2 . . . , θk. In fact, by setting n = 1, k = 2 and

f1(x) =

{
1, 0 < x < 1,

0, otherwise,
f2(x) =

{
1, 0 < x < 2,

0, otherwise,

we have f∗1 (t) = f1(t), f∗2 (t) = f2(t) for t > 0 and
∫∞
0

f∗1 (t)f∗2 (t)dt = 1. For
a = 0, θ1 = −1 we have

∫

R
f1(x)f2(−θ2x)dx = 1

for any −2 ≤ θ2 < 0, which implies Cθ = |θ2|−1 and (2.10) fails for −2 ≤
θ2 < −1.

Proof for Corollary 6 from Theorem 5. By changing the variable x =
−A−1

j (y − aj), we have
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λfj(aj−Ajx)(s) = m({x ∈ Rn : |fj(aj −Ajx)| > s})

=
∫

{x∈Rn:|fj(aj−Ajx)|>s}
1dx =

∫

{y∈Rn:|fj(y)|>s}
1|A−1

j |dy

= m({y ∈ Rn : |fj(y)| > s}) = λfj
(s),

and so (fj(aj −Ajx))∗(t) = (fj(x))∗(t). Therefore (2.9) follows from (2.8).
¤

For the proof of Theorem 5, by using the discretization as in the above
proof, it is sufficient to show the following lemma.

Lemma 8 Let 0 ≤ ai
1 ≤ ai

2 ≤ · · · ≤ ai
n, i = 1, 2, . . .m. Then

n∑

j=1

a1
ja

2
σ2(j)

· · · am
σm(j) ≤

n∑

j=1

a1
ja

2
j · · · am

j (2.11)

for any bijections σk : {1, 2, . . . , n} → {1, 2, . . . , n}, k = 2, . . . , m.

We will give two kinds of proof for Lemma 8.

Proof of Lemma 8. The case m = 2 is the same as the latter half of Lemma
3. We prove the case m = 3 by induction on n. For that purpose we use the
following inequality again: If a ≤ a′ and b ≤ b′, then ab′ + a′b ≤ ab + a′b′.
In the case n = 2, the inequality takes the form:

a1
1a

2
σ2(1)

a3
σ3(1)

+ a2
1a

2
σ2(2)

a3
σ3(2)

≤ a1
1a

2
1a

3
1 + a1

2a
2
2a

3
2. (2.12)

If σ2(j) = σ3(j) = j, then (2.12) holds as an identity. If σ2(j) = j and
σ3(j) 6= j, then (2.12) is written as

a1
1a

2
1a

3
2 + a1

2a
2
2a

3
1 ≤ a1

1a
2
1a

3
1 + a1

2a
2
2a

3
2,

which follows from a1
1a

2
1 ≤ a1

2a
2
2 and a3

1 ≤ a3
2. If σ2(j) 6= j and σ3(j) = j,

then (2.12) is written as

a1
1a

2
2a

3
1 + a1

2a
2
1a

3
2 ≤ a1

1a
2
1a

3
1 + a1

2a
2
2a

3
2,

which follows from a1
1a

3
1 ≤ a1

2a
3
2 and a2

1 ≤ a2
2. If σ1(j) = σ2(j) 6= j, then
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(2.12) is written as

a1
1a

2
2a

3
2 + a1

2a
2
1a

3
1 ≤ a1

1a
2
1a

3
1 + a1

2a
2
2a

3
2,

which follows from a2
1a

3
1 ≤ a2

2a
3
2 and a1

1 ≤ a1
2.

Let n ≥ 3 and assume that for any nondecreasing nonnegative sequences
{ai

j ; 1 ≤ j ≤ n − 1}, 1 ≤ j ≤ 3 and any bijections σi : {1, . . . , n − 1} →
{1, . . . , n− 1}, 2 ≤ i ≤ 3, the inequality

n−1∑

j=1

a1
ja

2
σ2(j)

a3
σ3(j)

≤
n−1∑

j=1

a1
ja

2
ja

3
j

holds. We prove that for any nondecreasing nonnegative sequences {ai
j ; 1 ≤

j ≤ n}, 1 ≤ j ≤ 3 and any bijections σi : {1, . . . , n} → {1, . . . , n}, 2 ≤ i ≤ 3,
the inequality

n∑

j=1

a1
ja

2
σ2(j)

a3
σ3(j)

≤
n∑

j=1

a1
ja

2
ja

3
j (2.13)

holds. If σ2(1) = σ3(1) = 1, we have from the induction assumption

n∑

j=1

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
1a

3
1 +

n∑

j=2

a1
ja

2
σ2(j)

a3
σ3(j)

≤
n∑

j=1

a1
ja

2
ja

3
j .

If σ2(1) = 1, σ3(1) 6= 1, we set j1 as σ3(j1) = 1 and estimate

n∑

j=1

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
1a

3
σ3(1)

+ a1
j1a

2
σ2(j1)

a3
σ3(j1)

+
∑

j 6=1,j1

a1
ja

2
σ2(j)

a3
σ3(j)

≤ a1
1a

2
1a

3
1 + a1

j1a
2
σ2(j1)

a3
σ3(1)

+
∑

j 6=1,j1

a1
ja

2
σ2(j)

a3
σ3(j)

≤ a1
1a

2
1a

3
1 +

n∑

j=2

a1
ja

2
ja

3
j =

n∑

j=1

a1
ja

2
ja

3
j ,

where the first inequality follows from a1
1a

2
1 ≤ a1

j1
a2

σ2(j1)
and a3

1 ≤ a3
σ3(1)
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and the second inequality follows form the induction assumption. The case
σ2(1) 6= 1, σ3(1) = 1 follows similarly. Next we consider the case σ2(1) 6= 1,
σ3(1) 6= 1. We set j1 as σ3(j1) = 1 and j2 as σ2(j2) = 1. If j1 = j2,
we define σ̃i(j) = σi(j) for j 6= ji and σ̃i(j2) = σi(1), i = 2, 3. Then
σ̃i : {2, . . . , n} → {2, . . . , n}, i = 2, 3, are bijections. We estimate

n∑

j=1

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
σ2(1)

a3
σ3(1)

+ a1
j1a

2
1a

3
1 +

∑

j 6=1,j1

a1
ja

2
σ2(j)

a3
σ3(j)

≤ a1
1a

2
1a

3
1 + a1

j1a
2
σ2(1)

a3
σ3(1)

+
∑

j 6=1,j1

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
1a

3
1 +

∑

j=2

a1
ja

2
σ̃2(j)

a3
σ̃3(j)

≤ a1
1a

2
1a

3
1 +

n∑

j=2

a1
ja

2
ja

3
j =

n∑

j=1

a1
ja

2
ja

3
j ,

where the first inequality follows from a2
1a

3
1 ≤ a2

σ2(1)
a3

σ3(1)
and a1

1 ≤ a1
j1

,
the last inequality follows from the induction assumption. If j1 6= j2 and
a1

j2
a2
1a

3
σ3(j2)

≤ a1
j1

a2
σ2(j1)

a3
1 then a1

j2
a2
1 ≤ a1

j1
a2

σ2(j1)
since a3

1 ≤ a3
σ3(j2)

. We
define σ̃2(j) = σ2(j) for j 6= j2, σ̃2(j2) = σ2(1), σ̃3(j) = σ3(j) for j 6= j1, j2,
σ̃3(j1) = σ3(j2), σ̃3(j2) = σ3(1). Then σ̃i : {2, . . . , n} → {2, . . . , n}, i = 2, 3,
are bijections. We estimate

n∑

j=1

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
σ2(1)

a3
σ3(1)

+ a1
j1a

2
σ2(j1)

a3
1 + a1

j2a
2
1a

3
σ3(j2)

+
∑

j 6=1,j1,j2

a1
ja

2
σ2(j)

a3
σ3(j)

≤ a1
1a

2
σ2(1)

a3
σ3(1)

+ a1
j2a

2
1a

3
1 + a1

j1a
2
σ2(j1)

a3
σ3(j2)

+
∑

j 6=1,j1,j2

a1
ja

2
σ2(j)

a3
σ3(j)

≤ a1
1a

2
1a

3
1 + a1

j2a
2
σ2(1)

a3
σ3(1)

+ a1
j1a

2
σ2(j1)

a3
σ3(j2)

+
∑

j 6=1,j1,j2

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
1a

3
1 +

n∑

j=2

a1
ja

2
σ̃2(j)

a3
σ̃3(j)
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≤ a1
1a

2
1a

3
1 +

n∑

j=2

a1
ja

2
ja

3
j =

n∑

j=1

a1
ja

2
ja

3
j ,

where the first inequality follows from a1
j2

a2
1 ≤ a1

j1
a2

σ2(j1)
and a1

1 ≤ a3
σ3(j2)

,
the second inequality follows from a2

1a
3
1 ≤ a2

σ2(1)
a3

σ3(1)
and a1

1 ≤ a1
j2

, and
the last inequality follows from the induction assumption. If j1 6= j2 and
a1

j1
a2

σ2(j1)
a3
1 ≤ a1

j2
a2
1a

3
σ3(j2)

, then a1
j1

a3
1 ≤ a1

j2
a3

σ3(j2)
since a2

1 ≤ a2
σ2(j1)

. We
define σ̃2(j) = σ2(j) for j 6= j1, j2, σ̃2(j1) = σ2(1), σ̃2(j2) = σ2(j1), σ̃3(j) =
σ3(j) for j 6= j1, σ̃3(j1) = σ3(1). Then σ̃i : {2, . . . , n} → {2, . . . , n}, i = 2, 3,
are bijections. We estimate

n∑

j=1

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
σ2(1)

a3
σ3(1)

+ a1
j1a

2
σ2(j1)

a3
1 + a1

j2a
2
1a

3
σ3(j2)

+
∑

j 6=1,j1,j2

a1
ja

2
σ2(j)

a3
σ3(j)

≤ a1
1a

2
σ2(1)

a3
σ3(1)

+ a1
j1a

2
1a

3
1 + a1

j2a
2
σ2(j1)

a3
σ3(j2)

+
∑

j 6=1,j1,j2

a1
ja

2
σ2(j)

a3
σ3(j)

≤ a1
1a

2
1a

3
1 + a1

j1a
2
σ2(1)

a3
σ3(1)

+ a1
j2a

2
σ2(j1)

a3
σ3(j2)

+
∑

j 6=1,j1,j2

a1
ja

2
σ2(j)

a3
σ3(j)

= a1
1a

2
1a

3
1 +

n∑

j=2

a1
ja

2
σ̃2(j)

a3
σ̃3(j)

≤ a1
1a

2
1a

3
1 +

n∑

j=2

a1
ja

2
ja

3
j =

n∑

j=1

a1
ja

2
ja

3
j ,

where the first inequality follows from a1
j1

a3
1 ≤ a1

j2
a3

σ3(j2)
and a2

1 ≤ a2
σ2(j1)

,
the second inequality follows from a2

1a
3
1 ≤ a2

σ2(1)
a3

σ3(1)
and a1

1 ≤ a1
σ1(j1)

, the
third inequality follows from the induction assumption. This proves the case
m = 3.

We now prove the lemma for all m with m ≥ 4 by induction on m.
Let m ≥ 4. We assume that for any nondecreasing nonnegative sequences
{ai

j ; 1 ≤ j ≤ n}, 1 ≤ i ≤ m − 1, and any bijections σi : {1, . . . , n} →
{1, . . . , n}, 2 ≤ i ≤ m− 1, the inequality
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n∑

j=1

a1
ja

2
σ2(j)

· · · am
σm(j) ≤

n∑

j=1

a1
ja

2
j · · · am

j

holds. Now let {ai
j ; 1 ≤ j ≤ n} be any nondecreasing nonnegative sequences

with 1 ≤ i ≤ m and let σi : {1, . . . , n} → {1, . . . , n} be any bijections with
2 ≤ i ≤ m. We define bj = a1

ja
2
σ2(j)

, 1 ≤ j ≤ n. Then there exists a
bijection σ0 : {1, . . . , n} → {1, . . . , n} such that {bσ0(j); 1 ≤ j ≤ n} forms a
nondecreasing nonnegative sequence. We define cj = bσ0(j) to have

n∑

j=1

a1
ja

2
σ2(j)

· · · am
σm(j) =

n∑

j=1

bja
3
σ3(j)

· · · am
σm(j)

=
n∑

k=1

bσ0(k)a
3
σ3(σ0(k)) · · · am

σm(σ0(k))

=
n∑

k=1

cka3
(σ3◦σ0)(k) · · · am

(σm◦σ0)(k). (2.14)

Since {ck; 1 ≤ k ≤ n} is a nondecreasing nonnegative sequence and σi ◦ σ0

are bijections, 3 ≤ i ≤ m, we apply the induction assumption to (2.14) to
obtain

n∑

j=1

a1
ja

2
σ2(j)

· · · am
σm(j) ≤

n∑

k=1

cka3
k · · · am

k . (2.15)

Now let dj = a3
j · · · am

j . Then {dj ; 1 ≤ j ≤ n} is a nondecreasing nonnegative
sequence and

n∑

k=1

cka3
k · · · am

k =
n∑

j=1

dja
1
σ0(j)

a2
(σ2◦σ0)(j)

. (2.16)

Since we have proved the lemma with m = 3,

n∑

j=1

dja
1
σ0(j)

a2
(σ2◦σ0)(j)

≤
n∑

j=1

dja
1
ja

2
j =

n∑

j=1

a1
ja

2
j · · · am

j . (2.17)

By (2.15), (2.16) and (2.17), the proof is completed. ¤
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For the alternative proof of Lemma 8, we use the following Hardy’s
lemma:

Lemma 9 (Hardy) Let a pair of sequences {bj}, {cj} satisfy

n∑

j=1

bj ≤
n∑

j=1

cj (2.18)

for any n. Let {aj} be a positive nonincreasing sequence. Then

n∑

j=1

bjaj ≤
n∑

j=1

cjaj (2.19)

for any n.

Proof of Lemma 9. We prove the conclusion of the lemma by the induction
on n. The case n = 1 is obvious. We assume the case n− 1 with n ≥ 2, and
then

n∑

j=1

cjaj −
n∑

j=1

bjaj =
n−1∑

j=1

(cj − bj)aj + (cn − bn)an

=
n−1∑

j=1

(cj − bj)(aj − an) +
n∑

j=1

(cj − bj)an.

The second term on the right hand side of the last equality is positive since
(2.18) and an ≥ 0. If we set ãj = aj − an, then the sequence {ãj} is
positive and nonincreasing. So the first term is also positive by the induction
hypothesis. ¤

Alternative proof of Lemma 8. We argue by induction on m. The case
m = 1 is obvious. We assume the case m− 1 with m ≥ 2, that is, for any n,

n∑

j=1

a1
σ1(j)

a2
σ2(j)

· · · am−1
σm−1(j)

≤
n∑

j=1

a1
ja

2
j · · · am−1

j =
n∑

j=1

a1
n+1−ja

2
n+1−j · · · am−1

n+1−j
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for any bijections σl : {1, 2, . . . , n} → {1, 2, . . . , n}, l = 1, . . . , m− 1. Then,
since the sequence {am

n+1−j}n
j=1 is positive and nonincreasing, we use Lemma

9 to obtain the case m. ¤

3. Definition and interpolation inequality for the Lorentz space

We define the Lorentz space by giving norms.

Definition 10 The Lorentz space L(p, q) is the collection of all f such
that ‖f‖∗p,q < ∞, where

‖f‖∗p,q =

{(
q
p

∫∞
0

[t1/pf∗(t)]q dt
t

)1/q
, 0 < p < ∞, 0 < q < ∞,

supt>0 t1/pf∗(t), 0 < p ≤ ∞, q = ∞.

Now we give an interpolation inequality in the Lorentz space.

Theorem 11 Let 0 < p1 < p < p2 ≤ ∞ and 0 < q ≤ q1, q2 ≤ ∞. Let
0 < θ < 1 satisfy

1
p

=
θ

p1
+

1− θ

p2
. (3.1)

Then L(p1, q1) ∩ L(p2, q2) ↪→ L(p, q) and for any f ∈ L(p1, q1) ∩ L(p2, q2)

‖f‖∗p,q ≤ C(‖f‖∗p1,q1
)θ(‖f‖∗p2,q2

)1−θ (3.2)

where

C =
(

q

p

)1/q
[(

p1

q1

)1/q1
(

1
q − 1

q1

1
p1
− 1

p

)1/q−1/q1

+
(

p2

q2

)1/q2
(

1
q − 1

q2

1
p − 1

p2

)1/q−1/q2
]
.

This result can be found in [1] without specific dependence of indices
on C and the proof depends on a general interpolation argument. Here
we give a direct proof of (3.2) with specific dependence of C on exponents
p1, p2, p, q1, q2, q.

Proof. For any R > 0 we have
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‖f‖∗p,q =
(

q

p

∫ ∞

0

|t1/pf∗(t)|q dt

t

)1/q

≤
(

q

p

)1/q[(∫ ∞

R

|t1/p−1/p1 |r1
dt

t

)1/r1
( ∫ ∞

R

|t1/p1f∗(t)|q1
dt

t

)1/q1

+
( ∫ R

0

|t1/p−1/p2 |r2
dt

t

)1/r2
( ∫ R

0

|t1/p2f∗(t)|q2
dt

t

)1/q2
]

≤
(

q

p

)1/q
[

R1/p−1/p1

(
r1
p1
− r1

p

)1/r1

(
p1

q1

)1/q1

‖f‖∗p1,q1

+
R1/p−1/p2

(
r2
p − r2

p2

)1/r2

(
p2

q2

)1/q2

‖f‖∗p2,q2

]

=
(

q

p

)1/q




(‖f‖∗p1,q1
‖f‖∗p2,q2

)θ−1

(
r1
p1
− r1

p

)1/r1

(
p1

q1

)1/q1

‖f‖∗p1,q1

+

(‖f‖∗p1,q1
‖f‖∗p2,q2

)θ

(
r2
p − r2

p2

)1/r2

(
p2

q2

)1/q2

‖f‖∗p2,q2




≤
(

q

p

)1/q
[ (

p1
q1

)1/q1

(
r1
p − r1

p1

)1/r1
+

(
p2
q2

)1/q2

(
r2
p2
− r2

p

)1/r2

]
(‖f‖∗p1,q1

)θ(‖f‖∗p2,q2
)1−θ,

where we choose R so that

R1/p1−1/p2 =
‖f‖∗p1,q1

‖f‖∗p2,q2

,
1
p

=
θ

p1
+

1− θ

p2
, p1 < p < p2,

with

1
q

=
1
r1

+
1
q1

=
1
r2

+
1
q2

,

which means q1, q2 ≥ q. We remove r1 and r2 as follows
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1
(

r1
p1
− r1

p

)1/r1
=

(
1
r1

)1/r1 1
(

1
p1
− 1

p

)1/r1

=
(

1
q
− 1

q1

)1/q−1/q1 1
(

1
p1
− 1

p

)1/q−1/q1
,

1
(

r2
p − r2

p2

)1/r2
=

(
1
r2

)1/r2 1
(

1
p − 1

p2

)1/r2

=
(

1
q
− 1

q2

)1/q−1/q2 1
(

1
p − 1

p2

)1/q−1/q2
.

We then have the desired inequality (3.2). ¤

In the case q = 1, q1 = q2 = ∞, (3.2) reduces to

‖f‖∗p,1 ≤
1
p

[
1

1
p1
− 1

p

+
1

1
p − 1

p2

]
(‖f‖∗p1,∞)θ(‖f‖∗p2,∞)1−θ.

By the relation ‖f‖∗p,α ≤ ‖f‖∗p,β , (α ≥ β), we have for any 1 ≤ q, q1, q2 ≤ ∞

‖f‖∗p,q ≤
1
p

[
1

1
p1
− 1

p

+
1

1
p − 1

p2

]
(‖f‖∗p1,q1

)θ(‖f‖∗p2,q2
)1−θ.

Therefore we have the following two corresponding bounds on constants for
the inequality:

(
q

p

)1/q(
p1

q1

)1/q1
(

1
q − 1

q1

1
p1
− 1

p

)1/q−1/q1

,
1
p

(
1

1
p1
− 1

p

)
.

It depends on the cases which is larger than another.

4. Besov space on Rn

In this section we consider the Lebesgue measure on Rn: (M, m) =
(Rn, dx). We define the Lorentz-Besov spaces which are the Besov spaces
built over the Lorentz spaces.
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Definition 12 Let 0 < p, q, r ≤ ∞ and s ∈ R. The Lorentz-Besov space
Ḃs,r

p,q is the collection of all f modulo polynomials such that ‖f‖Ḃs,r
p,q

< ∞,
where

‖f‖Ḃs,r
p,q

=

{( ∑
j∈Z(2

sj‖ϕj ∗ f‖∗p,q)
r
)1/r

, r < ∞,

supj∈Z 2sj‖ϕj ∗ f‖∗p,q, r = ∞,

where ∗ denotes the convolution in Rn and the Fourier transformed functions
{ϕ̂j} ⊂ C∞0 satisfy

∑
j∈Z ϕ̂j(ξ) = 1 for all ξ ∈ Rn\{0}, 0 ≤ ϕ̂j ≤ 1,

supp ϕ̂j ⊂ {ξ; 2j−1 ≤ |ξ| ≤ 2j+1}, ϕ̂j(ξ) = ϕ̂0(2−jξ).

This space has been discussed in [15] for example. The Lorentz-Besov
space Ḃs,r

p,q is the interpolation of (usual) Lebesgue-Besov spaces Ḃ
sj ,rj
pj , j =

0, 1. We refer to [1], [2], [16] for general information on the homogeneous
Lebesgue-Besov and the Triebel–Lizorkin spaces.

Our interpolation result is following:

Theorem 13 Let λ, µ, p, q ∈ R satisfy 1 < p, q < ∞ and n
p − λ < n

q − µ.
Then for any r with n

p −λ < n
r < n

q −µ, the embedding Ḃλ,∞
p,∞ ∩Ḃµ,∞

q,∞ ↪→ Ḃ0,1
r,1

holds and there exists a constant C independent of r, p, q, λ, µ such that

‖f‖Ḃ0,1
r,1
≤ C31/rr1−1/r

(
Cp,r‖f‖Ḃλ,∞

p,∞

)θ(
Cq,r‖f‖Ḃµ,∞

q,∞

)1−θ (4.1)

for all f ∈ Ḃλ,∞
p,∞ ∩ Ḃµ,∞

q,∞ , where

Cp,r =
(

1 +
1
r
− 1

p

)−1(1
p
− 1

r

)−1
p

p− 1
‖ϕ0‖∗(1+1/r−1/p)−1,1,

Cq,r =
(

1 +
1
r
− 1

q

)−1(1
q
− 1

r

)−1
q

q − 1
‖ϕ0‖∗(1+1/r−1/q)−1,1,

with ϕ0 is the same as in Definition 12, and θ is the unique number satisfying
0 < θ < 1 and

θ

(
λ− n

p
+

n

r

)
+ (1− θ)

(
µ− n

q
+

n

r

)
= 0.

Proof. By using the inequality (f + g)∗(s + t) ≤ f∗(s) + g∗(t), s, t > 0 in
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[8], we have (f + g + h)∗(t) ≤ f∗(t/3) + g∗(t/3) + h∗(t/3) and the triangle
inequality for Lorentz norm,

‖f + g + h‖∗p,q =
(

q

p

∫ ∞

0

[t1/p(f + g + h)∗(t)]q
dt

t

)1/q

≤
(

q

p

∫ ∞

0

[t1/p(f∗(t/3) + g∗(t/3) + h∗(t/3))]q
dt

t

)1/q

≤
(

q

p

∫ ∞

0

[t1/pf∗(t/3)]q
dt

t

)1/q

+
(

q

p

∫ ∞

0

[t1/pg∗(t/3)]q
dt

t

)1/q

+
(

q

p

∫ ∞

0

[t1/ph∗(t/3)]q
dt

t

)1/q

= 31/p
(‖f‖∗p,q + ‖g‖∗p,q + ‖h‖∗p,q

)
,

‖f + g + h‖∗p,∞ = sup
t>0

t1/p(f + g + h)∗(t)

≤ sup
t>0

t1/pf∗(t/3) + sup
t>0

t1/pg∗(t/3) + sup
t>0

t1/ph∗(t/3)

= 31/p
(‖f‖∗p,∞ + ‖g‖∗p,∞ + ‖h‖∗p,∞

)
.

We estimate

‖f‖Ḃ0,1
r,1

=
∑

j∈Z
‖ϕj ∗ f‖∗r,1 ≤ 31/r

∑

j∈Z

j+1∑

k=j−1

‖ϕk ∗ ϕj ∗ f‖∗r,1. (4.2)

We introduce the general Young inequality by O’Neil [14]. The following
norm is used in that paper:

‖f‖p,q =

{( ∫∞
0

[t1/pf∗∗(t)]q dt
t

)1/q
, 0 < p < ∞, 0 < q < ∞,

supt>0 t1/pf∗∗(t), 0 < p ≤ ∞, q = ∞.
(4.3)

For 1/p1 + 1/p2 − 1 = 1/r, 1/q1 + 1/q2 ≥ s and 1/p1 + 1/p2 > 1,

‖f ∗ g‖r,s ≤ Cr‖f‖p1,q1‖g‖p2,q2 ,
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where the constant C is independent of r, s, p1, q1, p2, q2. We have the fol-
lowing relations between two norms which are found in [8],

‖f‖∗p,q ≤
(

q

p

)1/q

‖f‖p,q ≤ p

p− 1
‖f‖∗p,q. (4.4)

We rewrite

‖f ∗ g‖∗r,s ≤ Cr

(
s

r

)1/r(
q1

p1

)−1/q1
(

q2

p2

)−1/q2 p1

p1 − 1
p2

p2 − 1
‖f‖∗p1,q1

‖g‖∗p2,q2
.

We apply this inequality with s = q1 = 1, q2 = ∞, p2 = γ to obtain

‖ϕk ∗ ϕj ∗ f‖∗r,1 ≤ Cr1−1/rp1
p1

p1 − 1
γ

γ − 1
‖ϕk‖∗p1,1‖ϕj ∗ f‖∗γ,∞, (4.5)

where 1/p1 + 1/γ − 1 = 1/r. We evaluate ‖ϕk‖∗p1,1. We denote rescaling
function ua(x) := u(ax) for a > 0. Since λua

(y) = a−nλu(y) and so u∗a(t) =
u∗(at), we have ‖ua‖∗p,q = a−n/p‖u‖∗p,q for 0 < p, q ≤ ∞. We obtain

‖ϕk‖∗p1,1 = 2nk‖ϕ0(2kx)‖∗p1,1 = 2nk(1−1/p1)‖ϕ0‖∗p1,1. (4.6)

From now on we set 1
p1

= 1 + 1
r − 1

p and 1
q1

= 1 + 1
r − 1

q . We take γ = p, q

in (4.5) and put these with (4.6) into (4.2) to obtain

‖f‖Ḃ0,1
r,1
≤ C31/rr1−1/r

(
Cp,r

∑

j≥l

2(n/p−n/r−λ)j · 2λj‖ϕj ∗ f‖∗p,∞

+ Cq,r

∑

j<l

2(n/q−n/r−µ)j · 2µj‖ϕj ∗ f‖∗q,∞

)

≤ C31/rr1−1/r

(
Cp,r

∑

j≥l

2(n/p−n/r−λ)j‖f‖Ḃλ,∞
p,∞

+ Cq,r

∑

j<l

2(n/q−n/r−µ)j‖f‖Ḃµ,∞
q,∞

)
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≤ C31/rr1−1/r
(
Cp,r2(n/p−n/r−λ)l‖f‖Bλ,∞

p,∞

+ Cq,r2(n/q−n/r−µ)l‖f‖Bµ,∞
q,∞

)

= C31/rr1−1/r
(
2(n/p−n/r−λ)la1−θ + 2(n/q−n/r−µ)la−θ

)

· Cθ
p,r‖f‖θ

Bλ,∞
p,∞

C1−θ
q,r ‖f‖1−θ

Bµ,∞
q,∞

,

where a = Cp,r‖f‖Bλ,∞
p,∞

(Cq,r‖f‖Bµ,∞
q,∞ )−1. Let σ = (λ − n/p + n/r) − (µ −

n/q + n/r) > 0 and let l be the largest integer that is less than or equal
to σ−1 log2 a. Then, 2l ≤ a1/σ ≤ 2 · 2l, θ = −(µ − n/q + n/r)/σ, 1 − θ =
(λ− n/p + n/r)/σ, and therefore

2(n/p−n/r−λ)la1−θ ≤ (a−1/σ)λ−n/p+n/ra1−θ = 1,

2(n/q−n/r−µ)la−θ ≤ a(n/q−n/r−µ)/σa−θ = 1.

This proves the theorem. ¤
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