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Lattice homomorphism — Korovkin type inequalities
for vector valued functions
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Abstract. Considered here is the space of continuous functions from a compact and
convex subset of a normed vector space into an abstract Banach lattice. Also considered
are lattice homomorphisms from the above space into itself or into the associated space of
vector valued bounded functions. The uniform convergence of such operators to the unit
operator with rates is mainly studied in this article. The produced quantitative results are
inequalities which engage the modulus of continuity of the involved continuous function
or of its higher order Fréchet derivative.
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1. Introduction

The study of the convergence of positive linear operators became more
intense and attracted a lot of attention when P. Korovkin (1953) proved his
famous theorem (see [8], p. 14).

Korovkin’s First Theorem Let [a,b] be a compact interval in R and
(Ln)nen be a sequence of positive linear operators L, mapping C([a,b]) into
itself. Suppose that (Ly f) converges uniformly to f for the three test func-
tions f = 1,z,2%. Then (Lnf) converges uniformly to f on la,b] for all
functions of f € C([a,]).

So a lot of authors since then are working on the theoretical aspects of
above convergence. But R.A. Mamedov (1959) (see [9]) was the first to put
Korovkin’s theorem in a quantitative form.

Mamedov’s Theorem Let {L,},cn be a sequence of positive linear op-
erators in the space C([a,b]), for which L,1 = 1, L,(t,z) = = + a,(z),
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L,(t?,z) = 2 + B;(x). Then

ILn(f,2) = f(2)lloo < Bwi(f, Vn),

where wy s the first modulus of continuity and dy, := ||Bn(z) — 2zan ()| 0o -
An improvement of the last theorem was the following

Shisha and Mond’s Theorem (1968, see [12]). Let [a,b] C R be a
compact interval. Let {Ln}nen be a sequence of positive linear operators
acting on C([a,b]). For n = 1,2,..., suppose L,(1) is bounded. Let f €
C(la,b]). Then forn =1,2,..., we have

HLnf - f“oo S ”f”oo ) ”Lnl - 1Hoo + HLn(l) + 1”00 : Wl(fa ,Un)a

where
pn = [[(La((t — 2)?))(2) | L.

Shisha-Mond inequality generated and inspired a lot of research done by
many authors worldwide on the rate of convergence of a sequence of positive
linear operators to the unit operator, always producing similar inequalities
however in many different directions, e.g., see the important work of H.
Gonska of 1983 in , etc.

In his 1993 research monograph, the author (see ), establishes in
many directions best upper bounds for |(L,f)(zo) — f(z0)|, zo € @ C R,
n > 1, compact and convex, which lead for the first time to sharp/attained
inequalities of Shisha-Mond type. The method of proving is probabilistic
from the theory of moments. His pointwise approach is closely related to the
study of the weak convergence with rates of a sequence of finite measures
to the unit measure at a specific point.

All of the above have inspired and motivated the work in this article.
Here is what we do: Let X be a normed vector space, ¥ be a Banach
lattice, M C X is a compact and convex subset. Consider the space of
continuous functions from M into Y, denoted by C(M,Y’), also consider
the space of bounded functions B(M,Y). Here we study the rate of the
uniform convergence of lattice homomorphisms T': C(M,Y) — C(M,Y) or
T:C(M,Y)— B(M,Y) to the unit operator I. For that see Theorems [0,
12 and Corollary 14. In the last two results we assume that X is a Banach

space. The produced inequalities (19}, and (25), respectively, are of
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Shisha-Mond type, i.e., Korovkin type.

In there we find upper bounds to |||Tf — f|||e, f € C(M,Y), and
|||/TP—Pl|||oo, P € C"(M,Y), n € N, (space of n-times continuously Fréchet
differentiable functions), where ||| - |||oo is the supremum norm in C(M,Y)
or B(M,Y). These inequalities involve the modulus of continuity of f or
pm),

The rest of the material of this article makes sure that the right-hand
sides of the main inequalities [19), and (25) are finite. At the end we
give several examples. To the best of our knowledge this is the first treatise
for Korovkin type inequalities for lattice homomorphisms over vector valued
functions. Since C(M,Y) is a Banach lattice, the lattice homomorphism T°
as described above, is also a positive operator and thus a continuous linear
operator.

2. Background

Let (X, | -11), (Y,]-]l) be real normed vector spaces, and let M C X be
a set. Assume that (Y, || - ||, <) is a Banach lattice, see [1], p. 197. Denote
by C(M,Y) the vector space of continuous functions from M into Y.

Lemma 1 C(M,Y) is a vector lattice.

Proof. Let f,g € C(M,Y) and z,, * € M, such that z,, — z, then
f(zn) — f(z), and g(z,) — g(z), as n — +oo. Le., ||f(zn) — f(2)]| < €,
lg(zn) — g(x)|| < € for € > 0 arbitrarily small, iff |f(z,) — f(z)] < € - 1,
l9(zn) — g(x)| < €-1, i € YT, positive cone of Y, such that [|i]] = 1.
Here |f| := f V (—f), where V, A stand for the supremum and infimum,
respectively. Denote by o either of Vv, A.

We introduce the order f < g iff f(x) < g(x), all z € M. It holds that

(fVvg)z) = f(z)Vg(z),
(fAg)z) = flx) Ag(x), (1)
|fl(z) = |f(z)|, all z€ M.

Obviously here |f(z)| < |g(z)| iff
IF@)I < llg@)ll, all ze M.
We observe that (cf. Theorem 24.1, p. 194, [1])

|f(xn) 0 g(xn) — f(x) 0 g(z)|

T
i
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< |f(2n) © 9(xa) — £(2) 0 glwn)| + |(z) 0 g(an) — f(2) 0 g(a)]
< |f(@n) = F(@)] + lg(@a) — g(a)] < 25 - .

Therefore
|[f(zn) 0 g(zn) — f(z) 0 g(2)] < 2¢ -4,
iff
1f (zn) © g(zn) — f(2) 0 g(z)]| < 2.
That is,

I(f 0 g)(zn) = (f 0 g)(@)|| < 2,

for any € > 0 small.

Hence (fog)(z,) — (fog)(z), i.e., fVg, fAg are continuous functions.
Thus C(M,Y) is a vector lattice. []

From now on we assume that M is compact. Define for f € C(M,Y)

11 #llloo := sup{|lf(z)|| : = € M}. (2)

One can easily see that ||| - |||cc defines a norm on C(M,Y). For f, g €
C(M,Y) we have that, |f| < |g| iff [f|(z) < |g|(z) iff |f(2)| < |g()| iff
If (@)l < llg(z)[l, all z € M. The last implies |||f|lloc < [[lgllloo- Le., if

I < gl == llf oo < 1llgll]oc-

Hence ||| - |||« is a lattice norm, and C(M,Y) is a normed vector lattice,
where M is a compact subset of X.

Proposition 2 C(M,Y) is a Banach lattice.

Proof.  Let {fn}nen be a Cauchy sequence in C(M,Y). Then given € > 0
there exists ng € N such that |||fn — fiu||leo < €, all n,m > ng. Therefore
for any x € M we have

[fn(@) = (@) < (Il fn = fmllloo <,

which implies that {f,(z)},en is a Cauchy sequence in the Banach lattice
Y. Thus, by completeness of Y, {f,(x)} converges in Y for every z € M;
let f(z) := limy, 400 fn(x), all z € M. Since ||fn(z) — fin(z)]| < &, all
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n, m > ng, for a fixed n > ng we get that

”fn(x) - fm(ff)” <eg, all m>nyg.

By continuity of | - || and taking the limit in the last inequality as m — +oo
we obtain || f,(z) — f(x)|| < e, true for all n > ng and all z € M. That is,

| fn — fllloo <&, all n > ny,

e, limpyoo fn=fin ||| |||oo-
Let zny, £ € M be such that zy — z, then f,(zy) — fau(x), by
fn € C(M,Y). Next see that

1F(zn) = F@)| < [f(@n) = falen)ll + [ falen) = fal2)]
Ftlfalz) = f@)] < et+e+te,

by fn — f and fp-continuity. Le., ||f(zn) — f(z)| < 3, € > 0 small.
Hence f(zn) — f(z), as N — 400, ie., f € C(M,Y). That is, C(M,Y) is
complete, proving that it is a Banach lattice. L]

Definition 3 Let T : C(M,Y) — C(M,Y) be a linear operator. T is
called a lattice homomorphism iff it fulfills one of the following equivalent
statements:

i) T(fVvg)=T(f)VT(g),al f,geC(M,Y),
(i) T(fAg)=T(f)AT(g),all f,g € C(M,Y),
(ili) T(f) AT(g) =0 holds whenever f A g =0,
(iv) |T(f)l=T(|fl), all f € C(M,Y), see [1], p. 202.

Obviously a lattice homomorphism is a positive one, i.e., whenever f > g
we get that T(f) > T(g), f,g € C(M,Y). Since C(M,Y) is a Banach
lattice, then a positive operator T from C(M,Y) into itself is a continuous

one, see [1], p. 200.
In this paper, we will be dealing mainly with lattice homomorphisms

T:C(M,Y)— C(M,Y). We need the following auxiliary results.
Proposition 4 Let f € C(M,Y) and T : C(M,Y) — C(M,Y) be a

continuous linear operator. Then (T'(f(zo)))(zo) is a continuous function

of zop € M.

Proof.  Let zn, zo € M be such that z, — z¢, then p,(z) := f(zn) —
f(zo0) =: p(z), all z € M, i.e., p, — p uniformly. By continuity of T we get
that T'(pn) — T(p) uniformly, i.e., T(f(z,)) — T(f(2o)) uniformly. (Here
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T(f(@a)), T(F(@0)) € C(M,Y).) That is, T(f(za)) — T(f(z0)) ~ 0, ic.,
given € > 0 there exists ng € N such that |||T(f(zy)) — T(f(20))][|ec < e,

all n > ny.
Hence given € > 0 there exists ng € N such that

I(T(f(2n)))(@n) = (T(f (20))) ()|

< T (f(zn)) = T(f(z0))lllo <,

all n > ng. Notice that (as z,, — zg)
)

I(T(f (2n)))(@n) = (T(f (20))) (o)l
< (T (f(@n)))(@n) = (T(f(0)))(@n)ll
T (f (o)) (@n) = (T(f(x0))) (o) < 2e.

The last establishes the claim of the proposition.

[]

Remark 5 From [Proposition 4 we get that (T'(f — f(20)))(zo) is a con-
tinuous function of g € M with values in Y. Also let i € Y be such that

lill = 1, then T(i) € C(M,Y).

Proposition 6 Let T : C(M,Y) — C(M,Y) be a continuous linear op-
erator and v > 0. Then (T(||z — zo||" - 9))(z0) s a continuous function of

zo € M with values in Y, where i € Y is such that ||i|| = 1.

Proof.  Let x,, x9g € M be such that =, — xg, as n — +00. Observe that

I(T(lz = zalI" - 1)) (2n) = (T(ll2 = zo||" - ) (z0)]]
< IT(lz = zall™ - ) (@n) = (T2 — 2o||” - 7)) (2n)|

(T (e = zol|" - 9))(zn) = (Tl — zo||" - ) (o)l =: (¥).

Notice that ||z —zo||" -4 is a continuous function of z ans so is (T(||z — zo||"-

i))(x). That is,
(T(llz = zoll" - ©))(zn) = (T (|l — @o|" - 1)) (o),

l.e.,

1T (lz = zol|™ - 1)) (@n) = (T(llz = zo||" - ) (z0) || < &1,

where €1 > 0 is small.
Therefore

() <[IT(lz = znll" - 2) = T(llz = zo" - 9)|lloo + €1 =1 (¥
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Notice that

sup |||z — zn| — |z — zoll| < |20 — 20| — 0,

TzeM
thus

||z = zn|| = |z — zolllcc,e = 05 (|| - [loo,e SUPremum in z)
ie.,

|z — z,|| - ||z — x|, uniformly.

Here ||z — y|| < A — the diameter of M, all z,y € M, ie., ||z — z,],
Iz = zol| < A.

We have proved in [3], pp. 20-21 that ||z—z,||” — ||z—2||", uniformly,
i.e., for € > 0 there exists ng € N such that

Iz = zn|" — ||z — xOHTHOO,:c <g,

for all n > ny.
Observe that

IHlz = 2all" - i = llz — 2ol - illloo

= sup |||z — zn|" i — |lz — zol|" - 4|
TeEM

= sup ||z — zn||" = [lz — zo||"] - [|4]]
zeM
= |l[lz = zal|" = [z — 2o||" ||,z < &
That is,
[z = znl" i = [lo — zol|" - il{|lc <&, all n>mn,

le.,

lid — za||" - i — |lid — zo]|" -1,

uniformly (id is the identity map).
By the continuity of operator T' we get that
T(|z — z,||" - i) == T(]|x — zo||"-), uniformly.
Le.,

Tz = zal" - 3) = T(llz = zol|” - i)l < 1,
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where £; > 0 is small as above. Consequently
(%) < 2e7.
We have established that
(T(llz = 2zall" - ©))(zn) = (T(lz = zo|" - ©))(20),

as Tp, — xo and n — 4o0o. That is we have proved the claim of the
proposition. [

From now on we assume that M is a compact and convex subset of X.

Definition 7 Let f € C(M,Y), its (first) modulus of continuity is defined
by

wi(f,h) = sap{||f(z) — f(y)l :
all z,y € M such that ||z — y|| < h}, (3)

h > 0. Here Y can be just a normed vector space.

Lemma 8 (From Lemma 7.11, p. 208, [4]). Let f € C(M,Y), h > 0 and
fized xg € M. Then

Hﬂ@-f@@”éwﬂﬁm.pﬁiﬂﬂl

|z — o]

Swl(fah)(l_*_ A

), al ze M. (4)

Here [-] stands for the ceiling of the number. Here Y can be just a normed
vector space. Obuviously one can have that

wl(f,h)-<1+ﬂx—h—xou>-i , (5)

where i € Yt such that ||i|| = 1. Thus, for f € C(M,Y) and h > 0 we get
that

Hﬂ@—f@@”s’

117 = Feolll < llnrim) - (14 220 iy )

xo € M be fixed.

From now on in this section we would assume that X is a Banach
space and that P maps X into the Banach lattice Y. Here M C X still
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is a compact and convex subset. Furthermore we would assume that P
is n-times continuously Fréchet differentiable on M, i.e., P|pr € C™(M,Y).
Obviously P|ar € C(M,Y) which is a Banach lattice. That is, here (P|37)*)
is a continuous map from M into the space of all k-linear bounded operators
from X into Y, all k = 1,...,n. It is clear that all (P|3;)*), k=0,1,...,n
are norm bounded by continuity, and thus they are integrable. Here for
any xo, r1 € M we form x(6) := 6z1 + (1 —0)zg € M, 0< 6 < 1, and we
identify P(8) = P(x(0)). That is, P*)(0) = P®)(x(8))(z1 — z0)¥, where
(z1 — x0)* = (21 — z0,...,21 — x0) is a k-tuple, k = 1,...,n. We are
following , pp. 87-127, Chapter 3.

In particular from [10], p. 124, Theorem 20.2 (Taylor’s Theorem) for
any o, r1 € M we get that

P(z1) = P(zo) + i % - P®) (z) (21 — 20)* + R (20, 71), (7)
k=1""

where

Rn(zo, 1) := /Ol(P(")(Hxl + (1 = 0)xo)(x1 — 20)"

n—1
_ pi) gy A
P o)1 — 20)") - o - (8)
is a vector valued abstract Riemann integral. Call
=1 k
A(xl, :Eo) = P(:Cl) - P(CIZ()) — EP (aco)(a:l — ZL’Q) . (9)
k=1"

Notice that

A(z1,x0) = Rp(zo,21). (10)
It is clear that

A(e,z0) = Rp(zg,0) € C(M,Y).

Consider also

_ s (=9
¢n(t) o ,/O lrﬁ“ : W . dS, n c N, t € R, (11)

which is a continuous function in t. From , p- 210 we see that

én (|21 — ol|)
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(12)

N o™t N |21 — zo™ N h-|ley — zof|"
“\ (n+1)-h 2-n! 8 (n—1)! '

Obviously, i - ¢, - (||x — zo||) € C(M,Y), where i € Y+ such that ||i|| = 1.
We observe the following

1
Rn(ao. )l = | [ (P21 + (1 - 0)a0)
_ mn-—1
1
< /0 I(P™) (621 + (1 — 6))
_ on—1
- PO e o1 — o) - 08
<[NP+ (1 - 0w
_ g\n—1
~ PO ag)| -y — ol - S < (o).

(n—1)!

Remember that P(™)(z), = € M, is an n-linear bounded operator from X
into Y.

We define (h > 0)

wi1(P™, k) := sup{|| P™(z) - P™(y)]| :
all x,y € M such that ||z — y|| < h}. (13)

By Lemma § we obtain

(x) < /01 wl(P("),h) ' {0 s = xOH} Nz = zo|™ - _(}_:M - df

h (n—1)!
11 ||zy — x 1—6)"!
_ wl(P(”)’h)-Ha:l—J;OHn./o [ | L 0“] . ((n_)l)! .d6

= wi(P™, R) - gn(||z1 — o).

L.e., we have proved that

IRn (20, 21)[| < w1(P™, k) - dn(llz1 = zo]l). (14)
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Now by we have
— w71 = ao]”
IR, < w (P h .{“561 o || 1~ Zo
[Rn(zo,z1)|| < wi( h) (n+1)!-h 2-n!
h-l|lz; — zo||* !
TR (n e 1')’! } < oo 15)

for all zg, ; € M. Here 0 < w;(P™ h) < +o0, by M being compact
and P(™ being continuous. Notice also that R.H.S. i1s continuous in
x1 € M. Thus

_ n+1 HCU _ 330“”

pio,py. =z
wi (P, h) (n+1)!-h 2-n!

h-llz— 330||”_1} :

. 16

TR mony Y (16)

all z € M, i € YT such that ||i|| = 1. Obviously the function within the

long || - || in the R.H.S. belongs to C(M,Y’). Hence

|A(z, o) < [

id — T ”n+1
. < () py. { lid = o
L T R e a7)
fid eal® b Jid -z
2. n! 8- (n—1)! illfoe < o0

Obviously C*(M,Y) C C(M,Y).
To remind, we are going to be dealing with lattice homomorphisms T
from C(M,Y) into itself. We need the following.

Proposition 9 Let T : C(M,Y) — C(M,Y) be a continuous linear op-
erator, P : X — Y and P|yy € C*(M,Y) (in the Fréchet sense). Then
(T(P™ (20)(x — 20)¥))(x0) is a continuous function for any xo € M, where
(z — 20)* := (z — z0,...,z — x0), k-tuple; 1 <k <n, z € M.

Proof.  Let z,, zg € M such that z,, — ¢ as n — +00. We need to prove
that

(T(PO(@n)(x = 20)*))(@n) = (TP (20)(z — 20)")) ().

For that we observe

ITP® (2n) (@ = 0)")) (2n) — (T(P® (o) (2 — 20)F)) (o)
< T PW (@) (z = 20)"))(@n) = (T(PF () (z — 20)")) ()|
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+ (T (P¥) (o) (z — 20)*))(@n) — (T(PW (z0)(z — 20)¥)) (o)
=: (x).

Here j(z) := (z — xo)* is continuous in £ € X and the continuous linear
operator P(*) (o) maps X* into Y, i.e., P®¥)(zo)(x —20)F € Y. Notice that

(P®)(z0) 0 §)(x) = P¥) () (z — z0)* is continuous in z € X.
Le., P®)(20)(z — 20)* := P®) (20)(z — x0)*|ar € C(M,Y), therefore
T(P™ (o) (x — 20)F) € C(M,Y).
Thus for arbitrarily small €; > 0 we get that
(T (PW (@0)(z — 20)*))(2n) — (T(P¥ (o) (x — 20)*)) (z0)|| < e1.
Hence
(6) < T (PP (zn)(z = 20)7))
— (TP (z0)(z — 20)"))lloo + €1 (18)
We observe that
11P¥ (2n)(z = 20)* = PV (0)(z — 20)"||[oo

< IP® (@n)(@ — 2)* = PY (@n) (2 = 20)"]][o0

+ [[1PE) (20) (2 — 20)* = P¥(20) (2 — 0)*|[] o0 =: A+ B.
By assumption P*) maps M into the space of k-linear bounded operators
from X* into Y and P®) is assumed to be continuous. ILe., P*) (xn) —
P®)(z0) as z, — xo, that is, |P®)(z,) — P¥)(zq)|| — 0. Also it holds
|z — zo|| < diameter(M) =: d(M) < +oo. Consequently we obtain that

[P (@) (2 — z0)* = PV (20) (2 — 0)"|

= [|(P®)(zn) — P®)(20))(z — z0)"|

< [[P®(zn) = PE(o)|| - [l — zo||*

< [P®)(2n) = PV (2o)]| - (d(M))* — 0.
That is for arbitrarily small € > 0 we have

B := |||P®) (zn)(z — 20)* = P¥(20)(z — 20)*|llc <&,

for all n > ng € N. By assumption we have that |[P*)(z)|| < v < 400, for
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all x € M. Therefore,

IP®) (@) (z — 24)* — P®)(2,)(z — 20)"|
= [|P®)(2,)((z — zn)* — (x — 20)F)|| = ||PP(20)(z0 — 24,)"|
<[ P® (@) - 2 — zol|* < v - |2 — zo|* — 0.

Finally, one can get that
A =[PP (zn)(@ — 20)* — PP (20)(z — 20)* |0 < ¢,
for all n > ny € N. And
[1P®) (@) (@ = 20)* — PP (o) (2 = 20)*||]oo < 2e,
for all n > max(ng, n1), i.e.,
PW(z,)(z — z0)" == P®)(20)(z — w0)F,
uniformly. Since T is continuous, we get that
T(P™ (@) (2 — z4)*) = T(PW (o) (x — 20)*),
uniformly. So for sufficiently large n we obtain
1T (P® (24)(z — 2n)*) = T(P®) (z0) (@ = 0)*)||oo < e1.
Consequently from we get (x) < 2¢;. Thus
T (P® (2n)(z = 20)*))(2a) — (T(PH)(z0) (@ = 20)*))(wo)l| — O,

as T, — xo. We have established the claim of the proposition. L]

3. Main Results
Next comes our first main result

Theorem 10 Let M be a compact and convex subset of (X,| -|) and

(Y|l - I, <) is a Banach lattice. Let T be a lattice homomorphism from
C(M,Y) into itself, and f € C(M,Y). Then

Tf = fllleo < T (f(z0))) = ) (0)llloo,zo
+wi (£ (T ([l = zoll - ) (z0)lloo,zo )
(LT (@)l]oo)s (19)
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where ||| - |||oo, ||| - Hloo,zo are the supremum norms taken over M and over
all xo € M, respectively, and i € Y is such that ||i|| = 1.

Remark 11 Notice that R.H.S. is finite. This comes from the defini-
tion of T', M being compact, f € C(M,Y), [Proposition 4 and [Proposition 6|

Proof of [Theorem 10. We observe that
(T'f)(zo) — f(xo)

= (T£) (o) = (T(f(20))(x0) + (T (f(z0)))(z0) — f(0)
= [(T(f = f(@0)))(wo)] + [(T'(f (x0)))(x0) — £(x0)]-

Thus

(T f) (o) — f (o)
< (T(f = F(zo))) (o)l + (T (f(x0))) (o) = (o).

Hence

ITf = fllleo < [II(T(F = f(20)))(0)llloo,zo
+ (T (£ (20))) (o) — £ (0)llloc,zo- (20)

From Remark 5 we have that (T'(f — f(zo)))(z0) is a continuous function
for any x¢p € M with values in Y, therefore its supremum norm is finite.
We notice also that (h > 0)

r((522) )
= (TO)(wo) + 3 - (T2~ zoll - ) (z0)

is a continuous function for any xg € M. By we get that

If(@) = f(zo)l| < wi(f,h)- (1 +

|z — o

h

), all z,xg € M.

ILe.,

1f(z) = f(zo)]l <

Y

w1 (f,h)- <1+ | _h%ll) y

iff

|f (@) = f(zo)| <

w1 (f,h) - (1+ |z —h:z:oll> Z‘
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iff

lid — o

¢f—f(xo)1(m)§w1(f,h)-(1+ - )-i\(x), all z € M.

Hence by the positivity of 7" and being a lattice homomorphism we obtain

g (11550

T|f = f(mo)| < T

and

(¢ = ftao))] < [ (w0 - (1 L2200 3
ift
7(f ~ f(ao)l(x)
T (wl(f,h) - (1 + “"d;hwo”) z>| (), all €M

Furthermore we have

(T'(f = f(20)))(=)]

< ’(T (wl(f, h) - (1+ []id;xoll) 1)) (z)

Since is true for any zo € M, we get that
[(T(f — f(20))) (o)

< ‘(T (Wl(fah) : (1+ “id;%”) z)) (z0)|,

true for any xg € M. Ans since Y is a normed vector lattice, the last
inequality implies

I(T(f = £(0)))(x0) d
ot (- 528) )
which in turn implies

T (f = £(0))) (o)l so,zo

<) I (7 ((1+ 2220 1)) ol

, all xe M.

?
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= w1 (£,h) - I(TE)) (o) + 5 - (T(id = o - i) (@)l 1o,z
1

<wi(f,h)- (lllT(i)IHoo + o [II(T(llid = wol| - i))(ﬂfO)\Hoo,xo> :
Picking

h = [[[(T(|lid — zol| - ©))(z0)|l|00,z0 (21)

we find that

(T (f = F(20)))(@0)ll| 00 o
< wi(£ (T (ll7d = zoll - 2))(20)llloozo) - (1 + [IT(D)]leo)-  (22)

It is clear now that inequalities and (22) imply inequality [19). The
theorem is now proved. L]

In the following we give our second main result.

Theorem 12 Let X be a Banach space, Y be a Banach lattice, M be a
compact and convex subset of X, h > 0, and T 1is a lattice homomorphism
from C(M,Y) into itself. Consider a function P from X into Y such that
Ply € C™(M,Y), n € N. Then

IITP = Pllloo
< (T (P(0)))(z0) = P(zo)lllc0zo

s % AT (P®) () (x = 20)%)) () lloo,z0
k=1"

+wi (P, h) - {W%T—h ATl = zol"*4)) (z0) Il oo.o

1 n .
+ 5 - (T (lz = 2oll™ - ) (@0)]oo,z0

h L
+m°ll\(T(llx—on 8))(20)[loozo |- (23)

Here i € Y is such that ||i|| = 1, and ||| - ||lcos ||| |[lcozo are the supremum
norms taken over M and over all xy € M, respectively.

Remark 13 Observe that R.H.S. is finite. This comes from the defi-
nition of T', M being compact, P|ys € C™(M,Y’), Proposition 4], [Proposition]
6 and [Proposition 9




Lattice homomorphism inequalities 353

Corollary 14 (Same setting and assumptions as in [Theorem 12.) Choose

he= o= s max{ T = 2ol ) o)
Ul = 2ol ) @)l
Il = 20l - ) (o) oo - 24)
Then
TP = Pl

< I(T (P (20)))(wo0) — P(zo)llloo,a0

+§:%.m@uﬂ%%xx—mﬁ»@wmwm
k=1"

+w (P™ 1) {1+<";1).h*+w8il_).h*2 . (25)

Proof.  Notice that

w:(ninWUWx—%W““mwwmmmShﬂ

ie., % < 1. Also we see that

1 Il = zoll™ - ) o) llery < ZF2 e
and
8.(%1_)! ATl = ol - 4)) (o) ] o0,0
g(ﬁy‘”4n+w~
Therefore

Remainder < wy (P(n) , h")

-P+(n;1)iﬁ+ﬁi%iB~Wﬂ2.
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Proof of Theorem 12. From (7) we get on M that

P(e) = P(zq) + i % - P®)(z0) (0 — z0)F + R (0, o), (26)
k=1""
where x¢g € M. Thus
(T(P))(z0) — (T(P(x0)))(z0) — ) % A(T(P®) (o) (id — 20)¥)) (o)
k=1 "
= (T(Rn(zo,")))(z0) € C(M,Y), (27)

by [Proposition 4, 9. Also we find that

(T'P)(z0) — P(z0)
= (TP)(z0) = (T(P(20)))(x0) + (T (P(x0)))(w0) — P(zo)
= [(T(P = P(z0)))(w0)] + [(T(P(x0)))(0) — P(zo)].

Thus
|(TP) (o) — Plao)]| < (T(P — P(a)))(z0)|
+ [[(T'(P(x0)))(zo) — P(zo)|l; (28)
and so we find that |
TP — Plllec < [[[(T(P = P(20)))(z0)ll|oc,z0
+ [I(T(P(x0)))(x0) — P(z0)|llcozo- (29)
Notice that all functions involved in belong to C(M,Y), which is a

normed vector lattice.
Consequently,

[(T(P = P(x0)))(=)]

= (T (i % - PY) (z0) (id — z0)* + R (0, w))) (z)|,  (30)
k=1""
true for all x € M, for arbitrary x¢o € M. lL.e., we get that
[(T(P — P(x0)))(zo)]
_ L P (g0 (id — 20V
_ |(T<Z - PO (o) (id — o) +Rn(:co,x))>(wo) SNC)

k=1



Lattice homomorphism inequalities 355

is true for any x¢o € M. Since Y is a normed vector lattice the last implies
that

I(T(P = P(z0)))(xo)]

o b i senimaln]
And 1
TP = Pao))) @)l
Sl (T (kz - PO(ay) id — zo)" +Rn<wo,w>)) (@0} o
<Y P (20) i~ 20)")) 20
N Ratz0, ) e 33)
From we obtain
1Ru@0,0)] 1
< ||li - wr (P™ h) - { Il(f;;ffical!!:l sz_- i(!)Hn
e o K < +oc (34)

true for arbitrary xo € M. Since C(M,Y) is a Banach lattice by again
we have

Ratan,2) < {2 Ll
RO fol”;_l} wi(P™,h) i =i gl (35)
That is, by positivity of T' we have
T|Rn(zo,z)| < Tlel, (36)
ie.,
(T|Rn(zo, z)|)(2) < (Tlpl) (=), (37)

for all x € M, for any ¢ € M.
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Since T is a lattice homomorphism we get

T (R (2o, 2))|(z) < T (p)|(=), (38)
true for all z € M, for any zo € M. That is,

T (Rn(zo, 2))|(z0) < |T(¢)|(z0), (39)
for any o € M. And

(T (R (20, )))(zo)| < [(T())(o0)l, (40)

for any xo € M. Since C(M,Y) is a normed vector lattice, and both sides
of inequality in | ®|’s belong to C(M,Y) (for the last statement see
Propositions 4, 6, 9 and the definition of T') we obtain

(T (Rn (o, ))) (zo)llo,z0 < (T () (0)]]loo,zo- (41)
Le.,
(T (Rn (20, z)))(z0)l] oo,z
|z —zo[|"*! [l — ol | h-lz — zo|" !
SH'<T({ (n+10)!-h M 8- (n—1)! }
w1 (P™, R) - 1)) (20) || 0,z0- (42)
That is,

(T (Rn (20, 7)) (20)! o 0

<wi(P™, ) l T (e = oll™™) - ) (o)l oo,e0

(n+1)!-h
" %n' Tl = zol™) - ©)) (o)l o0,z0
+ ﬁnhfﬁ AN (Nl = 2ol ™) - 1)) (0) | oo,o
=: A < +o0. (43)

The last quantity A is finite by Proposition 6.
Next, from (33) and (43), we find that

1I(T'(P = P(20)))(@0)llloo,zo

<Y TP =20 el +3 (18
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Finally, inequality follows from inequalities (29) and (44). The proof
of now has been completed. []

4. Further Discussion

Here the whole setting will be the same as introduced in §2. We would
like to consider further the vector space

B(M,Y):={F: M —Y |30p>0:

(45)
|F(z)]| < 6F, Yz € M},

which is the space of normed bounded functions on M. Obviously here
the associated norm ||| - ||| is again a lattice norm. The completeness of
B(M,Y) is established in a similar manner as in [Proposition 2. That is
B(M;Y) is a Banach lattice.

For the last we still need to prove that

Lemma 15 B(M,Y) is a vector lattice.

Proof.  Let f,g € B(M,Y), it is enough to prove that f Vg, fAg €
B(M,Y). There exists M* > 0 such that || f(z)|| < M*, ||g(z)|| < M*, for
all z € M. That is

f(z) < [f(z)] < M* -4,
+g(z) < lg(z)| < M™ -1,

where ¢ € Y such that ||i]| = 1. Here Yt is the positive cone of Y.
i) Hence

f(@)Vg(z) < M-

and

—(f(z) Vg(z)) = (—f(2)) A (—g(2)) < M* -4
Hence

(fvg)(z) <M*-i
and

—(fvg)(z) < M* -4,



358 G.A. Anastassiou

imply
[(fVg) ()| < M*-i.
And since Y is a Banach lattice we get that
I(fVg)z)|| < M*, all z€ M.
That is,
117V gllloo < M7,

e, fvge B(M,)Y).
ii) Obviously

f@)ng(x) < M™-i

and
—(f(@) Ag(z)) = (—f(2)) V (~g(z)) < M* -4
Hence
(fAg)z) <M*-i
and
—(fAg)(x) < M* -4,
imply that
((f Ag)(z)] < M* 4.
That is,
I(fFAg)@)| < M*, al zeM,
and so |[|f A gl||lec < M*. Le., f Age€ B(M,Y). ]

Here we would like to consider lattice homomorphisms T from C(M,Y)
into B(M,Y) and produce similar results as in §3. Obviously such a T is
a positive operator, and since C(M,Y) is a Banach lattice we get that T is
continuous.

To proceed we need the following auxiliary results.

Lemma 16 Let f € C(M,Y) and the lattice homomorphism T :
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C(M,Y)— B(M,Y). Then
(T'(f(z0)))(z0) € B(M,Y),
as a function of xo C M.

Proof.  Since f € C(M,Y) and M is a compact subset of X we get for
any g € M that

1F (zo)ll < 8 = 16 - il] < +o0,

where ¢ € YT such that ||i|| = 1.
Equivalently we have

|f (zo)| < |05 - 4.

Call o(z) := f(x0), p(x) :==0f -1, all z € M. Le., |p(z)| < |p(x)|, that is,
l(2) <lpl(z), all ze M,

iff
el < pl-

Since T' is a positive operator we get
T|p| < T|pl.

And because T is a lattice homomorphism, we have
T ()| < |T(p)l,

and
T(@)l(z) <|T(p)l(x), all xe M.

In particular, it holds

[(T(#))(@o)| < [(T(p))(x0)]-

Since Y is a Banach lattice we get that

(T () (o)l < I(T(p))(o)]l-
ILe.,

(T (f (z0)))(@o)|| < [[(T'(6 - ) (o)
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0 - 1(T'(2)) (o)
< O - IT(@)l|oo =2 Qpp < 400

That is,
I(T'(f (20))) (o) || < Q.1 < +o0,

for any arbitrary zo € M. We have established that (T'(f(-)))(-) € B(M,Y).
L]

Obviously (T(f — f(z0)))(z0) € B(M,Y).

Lemma 17 Let r > 0, ¢ € YT such that |i| = 1, T : C(M,Y) —
B(M,Y) a lattice homomorphism and zo € M be arbitrary. Then (T(||z —
zo||" - ) (zo) € B(M,Y) as a function of .

Proof.  For any z,x9 € M, by the compactness of M we get that
|z — zo|” < ¢, for some ¢ > 0.
Here ||z — z¢||" -t € C(M,Y), thus

[IHz = zo]l" - llcce <€,

and
|l — 2ol - 3| < |€-4].
Hence
Tlllz — aol” 3| < Tje - i
and
[(T([|lz — zol|" - )| < [(T'(£-1))].
Furthermore,

(T(llz — zol|” - 9))|(z) < [T(&)|(z), all z€ M.
In particular

(T ([l = 2ol - 2))|(wo) < [T (€i)[(x0),

for any arbitrary zo € M. That is,

(Tl = 2oll” - ))(x0)| < [(T'(£))(x0)l,
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for any xg € M. The last implies that

(T ([l = zoll" - 2))(zo)l| < I(T'(4)) (o)
=L [(T@) (o)l < £-NT@)lloo < b < +o00,

for some constant 6, 7 > 0. We have proved that
(T ([|z = zol|" - ©))(z0)]lloo,z < +00,
ie.
(T(|lz — zo||" - ©))(z0) € B(M,Y)
as a function of zg € M. ]
The last result we need here is

Lemma 18 Let X be a Banach space, Y a Banach lattice, P : X — Y
such that Py € C"(M,Y ), n € N, where M is a convex and compact subset

of X. Let T be a lattice homomorphism from C(M,Y’) into B(M,Y). Here
k=1,...,n. Then

(T(P®) (o) (x - 0)"))(z0) € B(M,Y)
as a function of xo € M.
Proof. ~ We have that

PH®(zg)(z —z0)f €Y, forall ze X,

and P®) (zq)(x — z0)* is continuous in z € X.
Since P*)(z9) is bounded k-linear operator and P|y € C™(M,Y) we
get that

IP®) (o) (z — wo)*[| < |P®)(20)]l - |l — mo]|* < +oo,
i.e., there exists Dp > 0 such that

1P (20)(z — 20)*|| < Dp < +o0,
for all x € M and any zo € M. That is,

1P¥) (z0)(x - z0)*|| < [|1Dp -]
where ¢ € YT such that ||i|| = 1. Equivalently

[P (o) (2 — 20)*| < |Dp - l.
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Since T' is a lattice homomorphism we get

TP (z0)(z — 20)*| < T|Dp - i,

(T1P¥)(20)(z — 20)*|)(2) < (T|Dp - il)(z), all z€ M.
Hence

IT(P®) (o) (z — 0)*)|(z) < |T(Dp - i)|(2),
and

(TP (20)(z — 20))) ()| < [(T(Dp - )) (=),

all x € M, and for any zqg € M.
In particular it holds

(T(PM(z0)(z — 20)"))(z0)| < |(T(Dp - 1)) (=0),
for any arbitrary g € M. Therefore,

(T (P (z0)(x — 20)*)) (o) | < II(T(Dp - )) (o),
for any x¢p € M. Consequently,

(T (P® (o) (@ — 20)*)) (0)ll|oo,z0
< ¢pr:=Dp-[[|IT(0)|l|ec < +o0.

We have established that (T'(P®*) (zo)(z — 20)*))(z0) € B(M,Y) as a func-

tionof xg € M, all k=1,...,n. []

Next one can prove again in exactly the same way inequalities [19),
and (25) of [Theorem 10, 12 and of Corollary 14, respectively, within
the same settings — ezcept that now T 1is a lattice homomorphism from

C(M,Y) into B(M,Y).
The valid inequalities [19), [23), (25), under the extended T as above,

have again finite right-hand sides. The last is justified by the use of Lemmas
16, 17, 08.

5. Examples

Next we prove that the set of lattice homomorphisms where our theory
can be applied is not an empty one.
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1) Let7:Y — Y be a lattice homomorphism and f € C(M,Y’), then
F:C(M,Y) — C(M,Y) defined by F(f) := 7o f is a lattice homomor-
phism.

2) Let ¢ : N — Ry — {0} be such that p(n) - 1 as n — 400 (e.g.,
@(n) =1+2). Let f € C(M,Y), then T,, : C(M,Y) — C(M,Y) defined by
(Tnf)(z) :=¢(n)- f(z), all z € M is a lattice homomorphism. Furthermore
T, — I-unit operator, as n — +o0.

3) Let~y,: M — R, —{0} be such that ||y,|lc < an, @y >0,Vn €N
and limy,_ oo Yo = 1, uniformly (e.g., v(z) := e~ I#l/7). Let f € C(M,Y),
define (Tp,f)(z) := yn(x) - f(z), all z € M. Then T,, determines a lattice
homomorphism from C(M,Y) into B(M,Y) such that T,, — I.

4) LetT,, n € N, be a positive linear operator from C(M,Y") into itself
such that T, — 0. Assume that T}, is an orthomorphism (see [2], p. 109).
Then (by Exercise 2, p. 124 of [2]) E,, := I + T, is a lattice homomorphism,
where I is the unit operator. Our theory (§3) when applied to F,, gives the
convergence of T;, — 0 with rates.

5) Let ap, > 0 be such that a,, — 1 asn — +o00. Let f € C(X,Y) and
define (T, f)(z) := f(anz), all x € X. Then T, is a lattice homomorphism
from C(X,Y) into itself such that T,,f — f pointwise, all f € C(X,Y).

6) Let 0 < ap, — 0 asn — +oo and j € X such that ||j]] = 1. Let
f e C(X,Y) and define

(Tnf)(z) :=flz+an-j) (= f(z)),

all z € X. Then T;, is a lattice homomorphism from C(X,Y) into itself
such that T,,f — f pointwise, all f € C(X,Y). E.T.C.
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