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Decay of solutions to the Cauchy problem
for the Klein-Gordon equation with
a localized nonlinear dissipation
(Dedicated to Professor Rentaro Agemi on his Sixtieth birthday)
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(Received December 2, 1996; Revised April 18, 1997)

Abstract. We derive a precise decay estimate of the solutions to the Cauchy problem
for the Klein-Gordon equation with a nonlinear dissipation:

utt — Au+u+ p(z,t,us) =0 in RN x [0, 00),

u(z,0) = uo(x) and wui(z,0) = ui(x),
where p(z,t,v) is a function like p = a(z)(1 +t)?|v|"v, —1 < 7, with a(z) > 0 supported
on Qp = {r € RV | || > R} for some R > 0.
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1. Introduction

In this paper we are concerned with a decay property of the solutions
to the Cauchy problem for the Klein-Gordon equation with a dissipative
term:

ug — Au+u+ p(z,t,u;) =0 in RN x [0,00), (1.1)
u(z,0) = up(x) and wu(z,0) = ui(z), (1.2)

where p(z, t,v) is a function like p = a(z)(1+t)°|v|"v, —1 < r, witha(z) > 0
supported on Qx = {z € RV| |z| > R} for some R > 0.
To explain our problem, let us consider a typical case p = a(z)|v|"v.
When a(z) > ¢p > 0 on R, we have proved in [7] that the solution
u(t) € C(]0,00); L*(RY)) N C([0,00); Hi(RN)) with suppug U suppu; C
Bp ={z € RY | |z| < L}, L > 0, satisfies the decay estimate

E(t) = %{HUt(t)H2 +|IVu(®)[* + [lu(t)]*}
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- { CL(E(0))(1 +¢)~C=Nn/r if 0<r<2/N 13)
| CL(E(0))(log(2+1))~2/" if r=2/N.
Needless to say, if 7 = 0 we have the usual exponential decay
E(t) <CE(0)e ™, X>0, (1.4)

without the support condition on (ug, u1).

The estimate (1.3) seems to be sharp, because T. Motai proved
that if » > 2/N small amplitude solutions do not decay to 0 as t — oo.
More precisely, it is proved in [3] that if we assume r > N/2, (ug,u1) €
HonWhstl s HinWhsn L2+ with s > N/2 and |[|uo|| [y s+t + || |ut | [y
is sufficiently small (but not 0), then E(¢) does not converge to 0 as t — oo.
For a generalization or closely related result see also K. Mochizuki and T.
Motai . Here, we note that the critical exponent 2/N appears only for
the case of whole space or exterior domains. Indeed, for the case of bounded
domains we know, under the homogeneous Dirichlet boundary condition,

E@t)<CEO)(1+t)7" if 0<r<4/(N-2)*
and further,
E(t) < Clluolla, lur |y ) (1 + )77 if 4/(N = 2)T <r <8/(N —4)*,

where we use a notation o = max{a,0}. (See [5, 8].) For generalizations
in various directions of these results see and the references cited there.
The restriction 0 < r < 2/N in the case of whole space comes from the
reason that we must estimate ||us(t)|| by [p~v p(2,us)usdz and for this we
must use an inequality like

lue ()] < CL(L+ON20+D uy (1) s, (1.5)

which is shown by the use of the property supp u¢(t) C Br.s. We note that
the decay property depends in a delicate way on such a time-dependent
inequality.

Now, quite recently, Zuazua has treated the linear case p(z,v) =
a(x)v with a(z) vanishing on a neighbourhood of the origine 0 and proved
the exponential decay of E(t). That is, under the assumption a(x) > g5 > 0
on 2p, R > 0, he has proved the estimate for the solutions u(t). In
fact, a semilinear equation having a term f(u) is treated in [16].
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The object of this paper is to combine the ideas in and to
derive precise decay estimates for the solutions of the problem (1.1)—(1.2)
with p(z,t,u;) like p = a(z)(1 + t)%|us|"uy, —1 < r < 2/N, where a(z) is
supported on (g, R > 0, as in .

The decay properties of the solutions to the initial-boundary value prob-
lem of the wave equation in a bounded domain with a localized dissipation
have been investigated by E. Zuazua and the present author [12, 13, 14]
in various situations. Our argument is necessarily related to those papers
and also to J. Lions , where the boundary control problem for the wave
equation is proposed and investigated in detail.

2. Statement of the result

We use only familiar function spaces and omit the definition of them.

Treatment of the nonlinear localized dissipation is delicate and we must
consider the so called Hs-solutions rather than usual energy finite solutions.
For this we assume:

Hyp. A.  (ug,u1) € Hy x Hy and

supp ug Usuppu; C {z € RY | |z| < L}

for some L > 0.

We want to consider a class of p(z,t,v) including a(z)(1 + |z|)? (1 +
)%2|v|"v, a(z)(1 + |z| + t)°|v|"v etc. with —1 < 7, and make the following
assumptions on p.

Hyp. B p(z,t,v) is continuous on RN x R* x R, differentiable in (¢, v),
v # 0, and satisfies the conditions:

koa(e)(1 + )P o] 2 < p(e,t,v)v < kya(a)(1 +1)]u] 2 (1)

forx € Bpyy={x € RN ||z| < L+t}andtec R"if|v| <1,
and

koa(z) (1 + t)°|v|P*? < p(z,t, v)v < kia(z)(1 + t)%]v|P+? (2)

for x € Brys and t € R if |v| > 1, where kg, k1 are positive constants
possibly depending on L, the exponents r and p satisfy

—1<7r and —-1<p<2/(N-2)7,
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respectively, and a(z) is a nonnegative bounded function such that
a(z) >e0>0 on Qp={zeR"||z|> R}

for some R > 0.
Further, p satisfies

1p¢|*> < kapypv for € Bpy, t€ RT and v#0 (3)

for some positive constant ks which may depend on L.

We could treat a little more general class of p. But, to make the essential
feature clear we restrict ourselves to the class of p as in Hyp. B.

For convenience to the readers we give some comments on the assump-
tions above. Roughly speaking, Hyp. B means that when z € By 44, p(z,t,v)
behaves like a(z)(1 + t)°|v|"v as |v] — 0 and like a(z)(1 + t)?|v|Pv as
|| — oo. Therefore, the restriction on r below, for example, r < 2/N
(in the case # = 0) is made on the behaviour of p near v = 0, while the
restriction on p is made on the growth order of p as |v| — oco. Compared
with the case of bounded domains, the condition p < 2/(N — 2)T might
be considered stronger, but this as well as the condition on the initial data
(uo,u1) € Hy x Hy is required for the estimation of the term

t+T
/ / (£, ) (x - V)| deds
t Bar
see (4.10), [(5.3) and (6.6)), which is not necessary if a(zx) is effective in
\\ / / A /

whole space. A further remark on the restriction on p will be given after
the proof of [Proposition 1| in the Section 4. When r < 0 we must require the
condition (ug, u1) € Ho X H; even for the case —1 < p < 0and a(z) > ¢ > 0
in RV,

Our result reads as follows.

Theorem 1 Under the hypotheses A and B, the problem (1.1)—(1.2) ad-
mits a unique solution u(t) in the class

W22([0,00); L) N W([0, 00); H1) N L*([0, 00); Ha),

with the finite propagation property suppu(t) C By, t > 0, satisfying the
decay estimate below.
(1) The case: 0 <r and 0 <p<2/(N —2)*.

1) If max{—1,Y=21 < ¢ < min{1, 2p+1) , then, except for the case
2 pN+2
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p=r=0,
E(t) < Ci(1+1t)~2 (2.1)

with

, {2—|—20—Nr 2(p+1)—(pN9++29)}
7 = min , .
2r (N —-2)tp

()2 If 6 =222 < min{1, 1—72]7\3[—125}, then

E(t) < Cy(log(2 + 1))~/ (2.2)

(1)s If M52 < 6= 22 <1, then

C1(log(2 + 1)) ~4+D/(N=2)Tp 0 and N >3
by < [Cio82 1) f >3
Ci(1+t) ™ if p=0 or N=2
for some a > 0.
1)y If 6= NTQ‘2 = pzﬁié, and p+r > 0, then
E(t) < Cy(log(2 +t)) 2" (2.4)
with
N_min{} 2(p+1) }
" r' (N—-2)*p/’
()s If p=r=0and |0 <1, then
Crexp{=X'101} 4f 18] <1
E(t) < { 1eXpy byl (2.5)
Ci(1+t)~@ if 10]=1
for some A > 0, a > 0.
(2) The case: —1 <r <0 and ogpg(—N_QW.
(2)1 If =1 <6 < Nr/2, then
E(t) < Ci(1+t)~2 (2.6)

with

_min{2r+Nr+2—20 2p—|—2—20}
= “or (N—2)p |
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(2)2  If max{—1,Nr/2} < < min{r + 1+ Nr/2, M , then
(pN+2)

E(t) < Cy(1+ 1) (2.7)

with

2r+ Nr+2— 26 4(p+1)—2(pN—|—2)0+pN2r}

= { —2r ’ 2(N —2)*p

(2)3 If §=r+1+ 80 < 40Dy,

2(pN+2)
E(t) < Cy(log(2 + t)) 2+ 1)/ (=m), (2.8)
2, .
(2)s If 6= < r 14+ N2 then
E(t) < Cy(log(2 + t)) ~4p+1/(N=-2)%p (2.9)

27“
(25 If 6=r+1+ 50 = ABLLPIE then

E(t) < C;(log(2 +t)) ™27 (2.10)

with

n=

R

(3) The case: >0 and —1 <p < 0.
(B If =2 <0 < 1, then

E(t) < Ci(14t)~2 (2.11)
with
, {2—Nr+29 ~2(1+9)}
= 1 .
7= or (N —2)%p
(3)2 If 0 =222 <1, then

E(t) < Cy(log(2 +t)) 72/, (2.12)

(4) The case: —1<r<0and—1<p<0.
(4)1 If—l<0<r+1—|— , then

E(t) <Ci(1+1t)~% (2.13)
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with

: {2T+N7‘+2—20 2(1+0) }
= min
7 “or (N —2)*p

(If 6 = —1, n should be replaced by some a > 0.)
(4)2 If —1<9=r+1+ﬂ2’—’, then

E(t) < Cy(log(2 + t))~2r+D/(=r), (2.14)

In the above C; denotes various constants depending on ||uo||m, + ||u1l|H,
and L.

Let us restate our result for the most typical case p(z,v) = a(z)|v| v,
—1 < r, as a corollary.

Corollary 1 When p(z,u) = a(x)|v|"v we have the estimate:
B < Ci(1+t)™2" if 0<r<2/N or —2/(N+2)<r<0
~ | Cilog(2 + )% if r=2/N or r=-2/(N +2)

where we take
2—Nr 2(r+1)
2r (N —2)*r

n:min{ } if 0<r<2/N,

_ (Nr+2(r+1) 2 |

= —2/(N 0
n mm{ 5 ’—(N—2)+r} if /(N+2)<r<O0,
. -1 2

=T Y=y

and
1
7= T_“;T if r=—1/(N+2).

The proof follows immediately from the cases (1)1, (1)2, (4)1 and (4)2
in the Theorem by taking § =0 and p =r.

We note that when —1 < 7 < 0, our result is new even for the case
a(xz) > €9 > 0 on RN. For corresponding reslults to the initial-boundary
value problem with p = |v|"v, —1 < r < 0, see [9, 10], where we get the
estimate with n = min{—(r + 1)/r,—2/(N — 2)*r}.
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3. Some lemmas
The following is well known and very useful in treating nonlinear terms.

Lemma 1 (Gagliardo-Nirenberg) Let 1 <r <p < oo, 1< g < p and
k < m, integers. Then, we have the inequality

lullwes < Cllul[fym.olfullz ™ for wew™?

with some C > 0 and
(L (i
N r p/\N r g
provided that 0 <v <1 (0 <v <1 if p= o0 and mq = integer).
To derive precise decay rates we use:
Lemma 2 Let ¢(t) be a nonnegative continuous monincreasing function

on [0,00) satisfying the inequality

o(t+T) < 1+41t)° —¢(t+T)) for t>0

||Mw

with some T' > 0, C > 0,0 < & <1 and 0; < ¢;. Then, ¢(t) has the
following decay property:
(1) If 0<e; <1 withey +e3<1andb; <e;,1=1,2, then

o(t) < Co(1+1t)77
with

'%{(62* —0;)/(1 —e)},

1
1=1,

where we consider as 51’_59’ =00 if ¢; = 1.

(2) If=e1 <1 and 6, < ey <1, then
$(t) < Co(log(2 + 1)) /11721,

(3) Ifer =61 <1 and g2 =65 <1, then
$(t) < Co(log(2 + 1))

with
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(4) If ey =e9 =1, then
o(t) < { Co exp{—i\tl—e} zf <1
Co(l+1t)~« if =1

for some A > 0, a > 0, where we set § = min{6;,02}. In the above Cy
denotes constants depending on ¢(0) and other known constants.

For the proof of Lemma 2 see [14]. When €7 = €3 and 6; = 62, more
detailed results are proved in [5] and [6]. Lemma 2 is easily generalized to
the difference inequality of the form

O(t+1) SCY (1+8)"(o(t) - o(t +1))7.
i=1
For example, if 0 < ¢; < 1 and 0; < ; we obtain from this inequality that
o(t) < Co(1 +1t)7"

with n = mini<;<m{(e;—0;)/(1—¢;)}. We will also use such a generalization.

For the proof of Theorem we employ multiplyer methods. Here, we
list up the identities derived by several multiplyer techniques. We call, for
convenience, a solution in Theorem 1 an Hs-solution.

Lemma 3 Let u(t) be an Hy-solution of the problem (1.1)—(1.2). Then,
we have the identities:

t+T
/t /RN p(x, s, us(s))us(s)dzds = E(t) — E(t +T) = D(t)" 2.
(3.1)

t+T
/ / go{\Vu\Q + |u|2}d33ds
t Ry

t+T 1 5 5
:/ / <—Acp|u| + o|uy] )d:z:ds
t RN \2

t+T
— (ue(), pu(t)) :"'T - /t ' /RN p(x, s, ut)pudzds.  (3.2)

fOT all p e LOO([Oa OO), HQ,loc)-

1 t+T
—/ / div(g){[uw|? - |Vul? — [u[2}dads
2 Jt B,
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t+T ou O
+/ / {%_u__u —{—p(:c,s,ut)q-Vu}da:ds
¢ B, \O0z; Ox; Oxy

s s 1 2 2 2
= [ wa-vude) o+ [ [ el 190 )
B, t t Sr 2r

Ou

or

+—(q- vu)}drds (3.3)

for all C1 vector field ¢ = (qu, ..., qn), where we set
B, ={xc R ||z| <r} and S, =0B,, r>0,

and we denote by dI' the surface element of S, and by % the outward
normal derivative at a point on S, respectively.

(3.1), (3.2) and are derived by multiplying the equation (1.1) by
ut, @u and q - Vu, respectively, and integrating by parts. For details see
Zuazua or Lions [1]. (These papers consider these identities with ¢t = 0.)

4. Existence

In this section we shall derive some standard a priori estimates for an
(assumed) Ha-solution. The existence and uniqueness part in our Theorem
follows from these estimates by a rather standard argument (cf. Lions and

Strauss [2], Nakao [7].)

Proposition 1 Let u(t) be a (local in time) Hy-solution of the problem
(1.1)—(1.2). Then, under the Hypothes A, B, we have

B() = Sl +1Vu)| + (]}
< B(0) = o {llull* + [ Vuoll? + [luol P} < oo, (4.1)
luee (]2 + [V (1) < Cy < oo (4.2)
and
1Au@)|? < Ci(1+ )27, >0 (4.3)

where Cy denotes constants depending on L and ||uo||g, + ||u1]|g, and we
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set

~ Nr\t
61 = max {0+, (9 — ~2—T> }

Proof. 4.1) is an immediate consequence of the identit
) Y

t
E(t) +/ / p(z, s, u)ugdzds = E(0). (4.4)
0o JRN
To prove we use the differentiated equation
Ugpr — Auy + uy + po(z, 8, up)u + pe(z, t, uy) = 0. (4.5)

(More rigorously we must approximate p by a smooth p° appropriately
(cf. [8]) and take the limit after establishing the estimates for approximate
solutions.)

Multiplying [4.5) by us and integrating (note that suppu(t) C Br.,
t > 0) we have

t t
El(t)+// pv\utt|2da:ds§// el Juge|deds + E1(0), (4.6)
0 JRN 0 JRN

where we set

Ey(t) = %{Huﬂ(t)ll2 + (Ve ()]1* + [Jue(t)]*}-

t
/ / (el gt | deds
0 JRN

¢ ot
= vlus|dzds
I/, il

t 2 1/2 , pt 1/2
< (/ / Pt d:cds) (/ / pv|utt}2dxds>
0 JRN Py 0 JRN

1 t 9 k2 t
< —/ / Polus|“dxds + ——/ / |put|dzds (4.7)
2Jo JrN 2 Jo JRN

where we have used the assumption Hyp. B,(3). It follows from (4.6),
and that

Ei(t) < By (0) + ko E(0). (4.8)

Here,
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Further,we note that since |p(x,0,v)] < C(1 + |v[PT1), p < (T—%F’

Ey(0) = %{Hutt(O)HQ + 1V || + [l |7}

< C(I[Vurl? + [lua|* + [Juoll® + [|Auol* + [|p(=, 0, u1)||*)

< C(L, [Juol| a1y, [ur | a2, ) < oo
Finally, we see by the equation itself
[Au(t)]]* < C(llua @ + [fu®)]]* + llp(z,t, ue)|?)

< 01{1+(1+t)29/ |ug |2 e
RY (1)

+(1+t)29/

R ()

|ut|2(p+1)da:},

where we set

RY(t) = {x € RN | |w(z,t)] <1} and
RY () = {z € RY | ur(z,0)] > 1}.

We easily see that if r > 0,

/RN P g < /RN s 2de < E(0)
1

and if r <0,

-7 r+1
]ut|2(r+1)dac < 1ds |us|?d
N N
Ry (1) Br i+ Ry (1)

1

< CcL(1+t)NTE@)

Similarly, if 0 < p < 2/(N — 2)" we have, by Sobolev’s inequality,
/ ue 2Pt dz < C) < 00
RY ()
and if p < 0,

lug 2P dz < lus|2dz < E(0).
RY (1) RY (t)

2 2

(4.9)

(4.10)
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Hence, we have from that
Au(b)|? < 1+
[]
Remarks. (1) We note that 6t = 6% if » > 0 and 8% = (§ — Nr/2)* if
r <0.
(2) The condition p < 2/(N —2)* is made for the proof of (4.3). Once

(4.3) is established the arguments below are valid for —1 < p < 4/(N —2)*.
(3) If we assume, instead of Hyp. B,(3),

Vapl? < kapupu (3)’
we can prove without the condition on p the estimate
[V (8)]|° 4 ||Au(t)]]* < C) < . (4.3)'

Indeed, multiplying the equation by —Awu(t) and integrating by parts we
see
1d

5 7 V@I + 12w + 1Vu(t)] )

+/ VIqututd:c+f pv(Vut)2da::O
RN RN

and as in we obtain (4.3)". Consequently, it seems at a glance that
we could get better result than Theorem 1. However, if we consider p =
a(x)|v|"v, the condition (3)" means that

|Va(z)| < kya(x).

This is very natural if a(z) > ¢y > 0 on RY, while it is in fact too restrictive
when a(z) may vanish somewhere in RY, because in this case a(z) must be
infinitely differentiable in the neighbourhood of S = {z € RN | a(x) = 0}
and all the derivatives of a(x) must be vanish at the points of 9S. (Consider
the Taylor expansions near vanishing points of a(x).) Any way, under the
restrictive condition (3)’ the estimates in [Theorem 1l can be improved into
a little simpler form and also applied to —1 <p < 4/(N — 2)*.

5. Inequalities derived by multiplication method

We shall derive some inequalities for the solutions of (1.1)—(1.2) from the
identities in Cemma 3. The derivations are essentially included in Zuazua
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116], and we sketch them briefly.

Proposition 2 Let T' > 0 and u(t) be an Hs-solution of the problem
(1.1)—(1.2). Then,

t+T
/ / (|Vul? + [u]2}dods
t Qor

< C{E(t)—l—E(H—T) +/tt+T/QR p(x, 5, us)| [uldzds

t+T t+T
+/ / \qudde/ / |ut|2d:1:ds}, (5.1)
t BQR/BR t Qr

where C' s a positive constant independent of u and L.

Proof.  Take a function ¢ € L*([0,00); H3) such that 0 < ¢ <1 on RV,
¢ = 0 on Br and ¢ = 1 on Qyr. Then, the identity (3.2) implies (5.1)
immediately. []

Proposition 3 For an Hy-solution u(t) we have

t+T
[ [ A+ 1Vul + fuf?aes
t Bar

< c{ /tt+T/B4R|p'({U| 4 !Vu|)dxds+/tt+T /]84R/BR(\ut|2)d:z:ds
+/:+T/B |u|2d:cds+E(t)+E(t—|-T)}, (5.2)

where C s a constant independent of L and u.

Proof.  First, take ¢ = = and 7 = 2R in 3.3). Then,

N t+71 t+T
~/ / (g2 = |Vuf? - \u|2}dzcds+/ / Vul2dads
2 t Bogp t Bar

t+T t+T
=— / / px - Vudrds — / usx - Vudzx
¢ Bar Bzr t
t+T
+R/ / {oue]? = [Vuf? — |u|?}dTds
t Sap
t+T 2
+2R / / 9ul” irds. (5.3)
t Sor or

Next, take ¢ = 1 in a similar identity to (3.2) with RY replaced by
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Bsgr. Then,
t+T
/ /{|vu|2+;u;2}dxds
t Bsg

t+T t+T
:/ / |ut|2d:rds—/ / pudzds
Bar t B2R

t+T t+T
/ —udFds —/ urudz (5.4)
SQR Bar t
It follows from (5.3) and {(5.4) that
t+T
[ ] Al 1Vul? + jufydwds
t Bsogr
t+T
< C{E(t) +E(+T) +/ /B 1P|V ul + Jul)dzds
t 2R
t+T
+/ / \u\QdazdS}
t Bagr
t+71T
+ C’R/ / {fug]? = [Vuf? — |u|?}dTds
t+T t+T ou
+2R / / “ldrds +C 9 dTds|  (5.5)
Sar Sar or

for some C > 0.

To estimate the boundary integrals in (5.5) we take a function ¢(x)
such that

0<¢<1 in Byp,p=0 in B3grp and ¢ =1 on Syp,

and set g¢(z) = ¢(z)z in to get
N rt+T
—/ / o w2 — |Vul? — |u?Ydads
2 t Bsgr
t+T t+T
+ / / o|Vu|*drds + / (Ve - Vu)(z - Vu)dzds
t Bar t Bor

t+T
+/ / (- Vo) {Ju? = [Vul? — [u2}deds
t Bagr

T t+T
_/ / pp(x - Vu)dxds — / u(s)p(z - Vu)de
t BQR B2R

t
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ou |?

t+T t+T
+R/ | / {Jugl? = [Vuf? — \u\z}—l—QR/ / dT'ds
t Sor t Sar 8T

(5.6)

Also, by a similar identity to (3.2) (see [5.4)),
t+T
[ elvul? + fuftydads
2R
t+T t+T
/ / {elul® —uve- Vu}da:ds+/ / —udFds
Sor

t+T t+T
— / purudr — / / ppudzds. (5.7)
Bar t t Bar

We have from (5.6) and that

t+T t+T 8u2
yR/ / {|ut12—|w2~|u12}+2R/ /
Sar t Sor or

—| dlI'ds
t+T
—udFds
SzR
t+T t+T
< c{/ / (qu\2—|—|u|2)d:cds+/ / s |*dcds
B2R/B t BQR/BR
t+T
/ / (il + [Vesdods + B )+E(t+T)},

R =3R/2. (5.8)

Finally, to treat the first integral of the righthand side of we take a

function ¢ such that 0 < ¢ < 1 on Bygr, ¢ = 1 on Byg/Bp, suppp C
Byr/Br and |Vo|* /¢ € L.

Then, by the identity with 2R replaced by 4R and with ¢ defined

just above, we see

t+T
[ [ eUval + uP)dzds
t Basr

t+T
<[ [ elul+ 1961/ V@ ul- VI Vuldads
Supp ¢

t+T
T / / plluldads + E(t) + E(t +T)
t Bar/Br
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and hence,
t+T
/ / (1Vuf? + |uf?)deds
t BQR/BR
t+T
<[ [ e(Tul+ ) dads
t Bsgr

<of [T ol uf  pludads + E@) + B+ 7))

(5.9)
From (5.5), and (5.9) we obtain [[5.2). L]

Proposition 4 There exists Ty > 0 such that if T > Ty, we have

t+T t+T
E(t) < C(T){D(t)r+2+/ / |ut\2da:ds+/ / lu[2dads
t Qr t Bur

t+T
+/ /N oz, 5,u)|(Ju] + \ut|)dxds}, £>0  (5.10)
t R
for a Hy-solution u(t), where C(T') is a constant independent of L and u.
Proof. By Propositions 2 through to 4 and the identity (3.1) we have

TE(t+T)
1 t+T 9 9 9
<[] Qi+ Vuf + juf}dods
2 Jt RN

t+T
< C{D(t)""+2+E(t+T)+/ /N p|(Ju| + | V) dzds
t R

t+T t+T
+/ / |ut\2d:{:ds—|—/ / lu!zdxds} (5.11)
t Qr t Bsr

Therefore, for T > Ty = C, we see by (5.11) and (3.1) that
E(t) = E¢+T)+ D)
t+T
C(T){D(t)’“+2 + / / (s 2dads
t Qr

t+T t+T
w [ pdads+ [ [ oltul+ |Vu|>dwds}.
t Bir t RN

[]

IA
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6. Estimation of the nonlinear term

In what follows we fix T > T and we denote by C the positive constants
depending on T and L as well as other known constants and denote by
C positive constants depending continuously on L and ||uo||g, + ||u1]|#, -
Estimating the integral including p(z,t,u;) in (5.10) we have:

Proposition 5 For an Ha-solution u(t) the inequality
t+T
E(t) < Cl{Ai(t)2+/ / (s Pdds
t Qr

t+T
+/ / |u|2d:cds} t>0, (6.1)
t Bsr

holds, where A;i(t), i = 1,2,3,4, correspond to the cases (i) in Theorem 1
and are defined as follows: For the case (1) : 0 <rand 0 <p <2/(N-2)7,

Ai(t)> = D)2+ (1+)D(t)"
+ (1 + t)2(pN0++20)/(2p+Np+4)D(t)4(r—|—2)(p+1)/(2p+Np+4)

(6.2)
For the case (2): —1<r<0and 0<p<2/(N-2)",

Ag(t)2 _ D(t)r—|—2+(1__I__t)(20—Nr)/(r+2)D(t)Q(r—H)

+(1+ t)2(pN5++29)/(2p+Np+4)D(t)4(r+2)(p+1)/(2p+Np+4)'

(6.3)
For the case (3): 0<r and —1<p<0,
Azt =Dt) 2+ (1 +t)D(t) 2. (6.4)
For the case (4): —1<r <0 and —1<p<0,
Ag()2 = D)2 4 (1 + t)@0-NN/0+2) p4)2(r+1)
+ (1 +t)?D@) T2 (6.5)

Proof. We set,

Q'(t) = {z € RY | juy(z,t)] < 1} N Bpyy and Q%(t) = RN /QL(¢).
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Then, by Hyp. B,
t+T
[ [ 1ol + [ ul)dods

t+T
<c/ / (1 + 5)%a(@)|ue| (] + [Vl dzds
Ql

t+T
+c/ / (1 + 5)%a(@)[w]?*(ju| + [Vu|)deds
QQ
=1 + Io. (6.6)

For the case (1) we see

t+T 1/2
L < C’(/ / (1 +3)20a($)|ut\2(r+l)dxds> E(t)
Ql(s)

t+T 1/2
< CO+t W(/ / (1+s)° )|ut\’"+2da:ds> E(t)
QL( s)

< C(A+t)2D@)"+2/2,  Et). (6.7)
And,

L < CO+ t)9/(p+2)

4T (p+1)/(p+2)
(/ / (1+ 8)Pa(z)|u[PH? dmds)
QZ
st 1(p+2)
y ( / / (JuP*? + \W\H?)dms) . (6.8)
t 02(s)

Here, by Gagliardo-Nirenberg inequality and [Proposition 1],

lullpr2 < C(llull + [[Vul]) < Cy/E(?),

and

[Vullprz < Cl|Vull"™lullyy, (v =pN/2(p+2))
< Cy(1 4 t)PNOT20+2) p(4)(2p+a=Np)/A(p+2) (6.9)

Thus, we see

I, < C(1+4 1)+ p(1)PH1(r+2)/(p+2) E(t)
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+ Oy (1 + t)PNOT+20)/2(p+2) D(t)P+D+2)/(p+2)
x E(t)2pH1-Np)/4p+2) (6.10)
Applying Young’s inequality to (6.7) and we obtain from (5.10) the
desired estimate, where we have used the inequality
(1 4 1)2/(P+2) p(4) 2P+ 1) (r+2)/(p+2)
< CUDE) T2+ (14 ) D(t)2). (6.11)

For the case (2) we have, instead of (6.7),

t+T (r+1)/(r+2)
/ / (1+ s)ea(:t)|ut\r+2dxds)
t Ql(s)
/ (Jul™+2 + |Vu|"2)dzds
Ql

) 1/(r+2)

< C(1+t)9/(r+2)D(t)r+l(1_|_t)—Nr/2(r+2)
t+T 1/2
X ( / (Ju® + |Vu\2)d:vds)
t Ql(s)
< C(1+ )N+ D)+, [E(t). (6.12)

I, is estimated as in with 6% replaced by 6+ = (§ — %)J“ Hence, we
obtain with As(t)? defined by (6.3).
For the case (3) we have, instead of {6.10),

t+T 1/2
I, < C(/ / (1+ 8)29a(sc)|ut\2(p+l)da:ds>
t Q2(s)

t+T 1/2
< (/ / (ul? + \Vu|2)d:cds>
t Q2(s)

0/2 t+T a(x) | |PT2dxds 2
<o [ [ o aheidds) /B
< C(1+t)?2D@) /2 E(1). (6.13)

Hence, we obtain with A3(t)? defined by (6.4).
The estimate for the case (4) follows immediately from the argument
above. []
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We proceed to the estimation of the last term in the inequality [6.1].
For this we utilize the ‘unique continuation property for the wave equation’.

Proposition 6 The inequality

t+T t+T
/ / lu|?dzds < Cl{ / / |ut\2dacds} (6.14)
Bsr

holds for some constant C7 >0, 1=1,2,3,4.

Proof. =~ We prove (6.14) by contradiction as in [13, 16]. If (6.14) were
false, there would exist a sequence {t,,} and a sequence of solutions {u,(t)}
such that

tnt+T tn+T
/ / |un |*dzds > n{ / / | Unt| d:cds}
tn Byr tn QR

(6.15)
Setting
tn+T
_ / / unPdeds  and v (t) = u(t + tn)/ An,
tn B4R
we see
T
/ / o (£)[2dzdt = 1 (6.16)
0 JB4r
and

T . 2
Q2 = / / |, (t)|2daxdt + (Az(tn)> — 0 as n—oo. (6.17)
0 QR >\n

Further, dividing the both sides of [6.1) in [Proposition 5 by A2 we know

1o ()12 + Vo (0|1 + [lvn(0)[]* < C1(Q7 +1) < C1 < o0
and hence (note that E(t) is decreasing for vy(t))

lone (D11 + [[Von ()] + [Jon(®)|]* < C1 < 00 for t € [0,T).
(6.18)

Thus, we have by a standard compactness argument that
vn(t) — v(t) strongly in L?(Byg x [0,T)), (6.19)

vn(t) — v(t) weakly* in L>([0,T]; Hi(R"Y)), (6.20)
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and
U, () — v(t) weakly* in L*°([0, T]; L?(R™M)) (6.21)

along a subsequence of {v,(t)}.
The limit function v(t) belongs to

Whe((0,T]; LA(R™)) n L%([0,T); Hy(R"))

and satisfies, in particular,

// (t)]*dzdt =1, and // v (t)|Pdzdt = 0. (6.22)
B4R

Moreover, we can show

lim p(SC, t+ tna unt(t + tn))

n—oo An

=0 in L,.([0,T] x RY).  (6.23)

Indeed, we see, for any compact set K C RY,

tn+T
/ / |p(x, t, upe(t)|dadt

tnh+T
< C{/ / 1+ t)%a(z) Jun ()" dzdt
tn 31

tn+T
/ 1+ t)%a(z)|uns (t )IpHd:cdt}
B2
=1 + 12, (6.24)
where we set
B'=Q'(t)n K and B?=0Q%t)NK.

For the case (1),

. tn+T 1/2
i < C(K)(1+tn)9/2( /t /B 1(1+t)0a(:n))unt|2(r+1)da:dt>

< C(K)(1+ )2 D(t,) /2 < CAy(t,)  (see (6.2)),

A

(6.25)

and

tntT
I, <C (14 t)%a(2)|un: [P 2daxdt
tn B2
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< CD(t)"? < C(K)A(t,). (6.26)

The last inequality is valid for other cases i = 2,3,4 if we replace
Aq(tn), by Ai(tn), i = 2,3,4, respectively. We also note that (6.25) is valid
for i = 3 if A;(t,) replaced by As(t,). Further, for the cases (2) and (4) we
easily see

I, < C(K)(1+4t,)%0+2)

bt T (r+1)/(r+2)
x (/ / 1+ t)%a(2) |un(t )|T+2d:1:dt)
B].
< C(K)(1+t,)Y 0+ Dt )7qul
< C(K)Ai(tn), i=2,4, (6.27)

(see (6.3), (6.5)).

Thus, in any case we see

/t””/ ol gy < (i) Ailtn) g
tn K An N An

for each compact set K ¢ RN,
From the above argument v(x, t) becomes a solution of the linear Klein-
Gordon equation

vy —Av+v=0 in RN x [0,T). (6.28)

It is well known that v(t), a solution of (6.28), belongs in fact to C1([0, T);
L2(RN)) n C([0,T); H (RYN)), and the latter condition of (6.22) implies
v(x,t) =0 in Qg x [0,T]. Thus, by a standard unique continuation prop-
erty due to Holmgren’s theorem, we conclude that v(z,t) = 0in RN x [0, T},
which is a contradiction to the former condition of (6.22). []

7. Completion of the proof of Theorem 1

By Propositions 5 and 6 we have the estimate

E(t) < Cl{ /t+T/ ]utlzda:ds} (7.1)

To complete the proof of Theorem 1 we must estimate the last term of
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(7.1). Here, we see

t+T t+T t+T
/ / |ug|?dzds = / / |ut|2d:cds+/ / |ug|*dzds
t Qr t Q%L t Q%

= I, + Iy, (7.2)

where we set

Qf = {z € Qgpl|lu(z,t) <1} N Bry, and Q% = Qp/Qk.

For the case (1) we have

) t+T 2/(r+2)
I < C(1+1t)720/(r+2) (/ /Ql (1+ t)ga(:c)|ut\r+2da:ds>

t+T r/(r+2)
( / / ldxd.s)
Ql

C(1+t) (Nr—20)/(r+2) D(t)Q, (73)

A

and

) 4T

h<c / / a(@)|uwP2deds < C(1+0)~D@E)™2.  (7.4)
t Qg

For the case (2) we see, instead of (7.3,

X t+T

h<c / / a(z)|ue"+2dzds < C(1+ )°D)™2,  (7.5)
t Qg

and for the case (3) we have, instead of 7.4},

) T 2(1-0)/(p+2)
I <c / ( / |ut|p+2dm>
t Qr

(2v+p)/(p+2)
y (/ (Juel? + ’Vu|2)dx)
Q

R

ds

< Cy(1+ )" 20-1)/(p+2)

t+T 2(1-v)/(p+2)
</ / (1 + s)?a(x)|usPH? dmds)
Qr

< Cl( + t)—46/(2p—Np+4)D(t)4(r+2)/(2p—Np#4)'

(” =2 +_iv - Np) (7.6)
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Thus, we obtain for the case (1),
Et+T)
< E(1)
< Cr{A1(t)? + (1 + ) N2/ D)2 4 (14 ¢) =D ()%}
< Ci{(1+8)ID() 2 4 (1 + t) V=20 (+2) D (1)?2
+(1+ t)2(pN0++29)/(2P+Np+4)D(t)4(r+2)(p+1)/(2p+Np+4)}.

(7.7)

Recalling (3.1) and applying to (7.7) carefully, we can derive the
estimates from (1); through to (1)5 in [Theorem 1. Indeed,for the case (1),
we apply a generalization of the case (1) in with

Nr—20 . _ 2(pNO* +20)

61 =10 ’ o = ) )
1= 16| 2 r+ 2 2p+ Np+4
2 4 1
€1 :1, Eg = and g3 = (p+ )
T+ 2 2p+ Np+4
to get the desired estimate with
2 Nr—20 _4(p+l) _ 2(pN6*426)
. 1 . 1- |9| r42 r+2  2p+Np+4 2p+Np+4
n = 5 min +0 5 1 — 2 ) 1 4(p+1)
r+2 ~ 2p+Np+4

. |2+20—Nr 2(p+1)— (pNOT + 26)
= min : :
2r (N —=2)Tp

For the case (1)2, we apply a generalization of the case (2) in to
get the estimate [2.2). Other cases can be treated similarly.

For the case (2) we obtain from (7.1}, and
E(t) < Cl{(l + t)|9|D(t)r+2 + (1 + t)(ZB—Nr)/(r+2)D(t)Q(r+l)
1+ t)Q(pN§++20) /(2p+Np+4) D(t)4(7‘+2)(p+1) /(2p+Np+4)}'

(7.8)

Applying Lemma 2 to (7.8) we have the estimates for the cases from
(2)1 to (2)4 in [Theorem 1.

For the case (3) we obtain from (7.1}, and (7.6,
E(t) < Cl{D(t)r+2 + (1 + t)OD(t)H—Q + (1 + t)(Nr—29)/(r+2)D(t)2
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+(1+ t)—40/((2p—Np+4)D(t)4(T+2)/(2p—Np+4)}. (7.9)

Applying Lemma 2 to [7.9) we have the estimates (3); and (3); in
[Theorem 1.
Finally, for the case (4) we obtain
E(t) < Cl{(l _I_t)|0|D(t)r—|—2 + (1 _+_t)(QG—Nr)/(r+2)D(t)2(r+l)
+ (1 + t)—49/(2p—Np+4)D(t)4(r+2)/(2p—Np+4)}' (710)

Applying Lemma 2 to (7.10) we have the estimates (4); and (4)3 in
[Theorem 1. The proof of is now complete.

8. A remark on the equation in an exterior domain

Let Q be an exterior domain in RV with a compact boundary 99).
Zuazua also states a result on the exponential decay of the solutions for
the equation with a linear dissipation a(x)u; and a semilinear term f(u) in
an exterior domain under the additional condition

a(x) > €9 >0 on a neighbourhood of 9. (8.1)

Combining the results in [13, 14] with the argument in previous sections,
we can easily extend to the equation in an exterior domain.
We consider the problem

(P) u — Au+u+ p(z,t,u) =0 in [0,00) x
u(z,0) = up(z),us(x,0) = ui(z) and wulyg =0,

where Q is an exterior domain in RY with a compact C? class boundary

of.
We make the same hypothesis B on p(z,t,v) and (8.1). Then, we obtain

essentially the same result as in with Hy and H; replaced by
Ho(2) N HY(Q) and HY (), respectively.

References

[1] Lions J.L., Ezact controllability, stabilization and perturbations for distributed sys-
tems. SIAM Rev. 30 (1988), 1-68.

[2] Lions J.L. and Strauss W.A., Some nonlinear evolution equations. Bull. Soc. Math.
France 93 (1965), 43-96.

[3] Motai T., Asymptotic behavior of solutions to the Klein-Gordon equation with a
nonlinear dissipative term. Tsukuba J. Math. 15 (1991), 151-160.



Decay for the Klein-Gordon equation 271

Mochizuki K. and Motai T., On energy decay-nondecay problems for the wave equa-
tions with nonlinear dissipative term in RY . J. Math. Soc. Japan 47 (1995), 405-421.
Nakao M., Asymptotic stability of the bounded or almost periodic solution of the wave
equation with nonlinear dissipative term. J. Math. Anal. Appl. 56 (1977), 336-343.
Nakao M., A difference inequality and its applications to nonlinear evolution equa-
tions. J. Math. Soc. Japan 30 (1978), 747-762.

Nakao M., Energy decay of the wave equation with a nonlinear dissipative term.
Funk. Ekvacioj 26 (1983), 237-250.

Nakao M., On the decay of soutions of some nonlinear dissipative wave equation in
higher dimensions. Math. Z. 193 (1986), 227-234.

Nakao M., Periodic solutions and decay for some nonlinear wave equations with
sublinear dissipative terms. Nonlinear Analysis, T. M. A. 10 (1986), 587-602.
Nakao M., On solutions of the wave equation with a sublinear dissipative term. J.
Differential Equations 69 (1987), 204-215.

Nakao M., Energy decay for the wave equation with a weak dissipation. Diff. and
Integral Equs. 8 (1995), 681-688.

Nakao M., Decay of solutions of the wave equation with a local degenerate dissipation.
Israel J. Math. 95 (1996), 25-42.

Nakao M., Decay of solutions of the wave equation with a local nonlinear dissipation.
Math. Ann. 305 (1996), 403-417.

Nakao M., Decay of solutions of the wave equation with a local time-dependent non-
linear dissipation. Adv. Math. Sci. Appl. 7 (1997), 317-331.

Zuazua E., Fxponential decay for the semilinear wave equation with locally distributed
damping. Comm. P. D. E. 15 (1990), 205-235.

Zuazua E., Exponential decay for the semilinear wave equation with localized damping
in unbounded domains. J. Math. pures et appl. 70 (1992), 513-529.

Graduate School of Mathematics
Kyushu University

Ropponmatsu, Fukuoka 810-0044, Japan
E-mail: nakao@rc.kyushu-u.ac.jp



	1. Introduction
	2. Statement of the result
	Theorem 1 ...

	3. Some lemmas
	4. Existence
	5. Inequalities derived ...
	6. Estimation of the nonlinear ...
	7. Completion of the proof ...
	8. A remark on the equation ...
	References

