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On the theory of KM,0O-Langevin equations for
stationary flows (3): extension theorem
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Abstract. In this paper, we prove an extension theorem for a given stationary flow
from the pointview of the fluctuation-dissipation theorem and apply it to an extension
problem for a given positive definite matrix function with Toeplitz condition defined on
a finite set.
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1. Introduction

From a practical and theoretical motivation to get a method that stands
the test of analysis for time series in complex system, we have in the previous
two papers (, ) studied the pair of flows in a metric vector space. We
have in |2| characterized a notion of stationarity for the pair of flows in terms
of the fluctuation-dissipation theorem ((DDT) and (FDT)) that hold among
the KMsO-Langevin matrix associated with the pair of flows. Moreover, we
have obtained a formula ((PAC)) which builds a bridge between the KMO-
Langevin matrix and the covariance matrix function of the stationary pair
of flows.

In [3], for any positive definite matrix function R defined on a finite
set {0,1,..., N} with Toeplitz condition, we have constructed a KMsO-
Langevin matrix LM(R) associated with R, by using (DDT), (FDT) and
(PAC) as an algorithm that holds among LM(R). Further, we have con-
structed a stationary pair of flows with the matrix function R its covariance
matrix function, by solving the KMsO-Langevin equation describing the
time evolution for the pair of flows.
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The purpose of this paper is to prove an extension theorem of a given
stationary flow X = (X (n);0 < n < N) from the pointview of the fluctua-
tion-fluctuation theorem ((FFT)) and to apply it to an extension prob-
lem for a given positive definite matrix function defined on a finite set
{0,1,..., N} with Toeplitz condition.

2. An extension problem for stationary flow

Let X = (X(n); N1 < n < N3) be any d-dimensional flow in a met-
ric vector space W with an inner product (x,*) over real field R. We
shall say that the flow X has a linearly independent property if and only
if {X;(n);1 <j <d, N; <n < Ny} is linearly independent in the vector
space W. On the other hand, we shall say that the flow X has a stationary
property if and only if there exists a matrix function R : {N; — Ny, N; —
Ny +1,...,Ng — N; — 1, Ny — N1} - M(d; R) such that

(X(m),'X(n)) = R(m —n) (N1 <m, n < Ny). (2.1)

Then we call the function R the covariance matrix function of the stationary
flow X. When it needs to manifest the time domain of the flow X and the
function R, we shall write X and R into X(M:N2) gnd R(V2—N 1) respectively.

Throughout the remainder of this section, it will be assumed, un-
less stated otherwise, that the flow X = (X(n);0 < n < N) is a d-
dimensional stationary flow in the space W with the covariance matrix
function R = (R(n);|n| < N). Moreover we assume that the flow X has a
linearly independent property. We denote by LM(R) the KMyO-Langevin
matrix associated with the matrix function R:

LM(R) = {y+(n,k),0+(n),Ve(£); 0<k<n<N,0<{< N}
(2.2)

In order to treat an extension problem for the stationary flow X, for any
d-dimensional vector n_ in W<, we define a d-dimensional vector X (—1) in
W< and two d x d-matrices R(+(N + 1)) by

N-1
=Y V(N K)X(N —k~1)+n_, (2.3)
k=0

R(N +1) = (X(N),tX(-1)), (2.4)

X(-1)
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R(-N —1) = 'R(N +1). (2.5)

We note that any d-dimensional vector can be represented into the righthand
side of with some d-dimensional vector 77_. Then we shall consider the
flow X(-LN) = {X(n); -1 < n < N} and the matrix function RIN*D =
{R(n);|n| < N +1}.

The first aim is to obtain a necessary and sufficient condition for the
flow X(=1.N) to satisfy the following conditions:

XN is a stationary flow with its covariance matrix RN+
(2.6)
X{=1LN) has a linearly independent property. (2.7)

For convenience, we shall define a d-dimensional flow Y = (Y (£); - N <
¢ <0) by

YO =X(N+£-1) (-N<£<0). (2.8)
We note that equation can be rewritten into
N-1
Y(=N)= =) v-(N,k)Y(=k) +n-_. (2.9)
k=0

Then it can be seen that

Lemma 2.1 Condition (2.6) holds if and only if the pair [X,Y] of flows
has a stationary property.

Moreover, we shall show

Lemma 2.2 The pair [X,Y] of flows has a stationary property if and
only if the vector n— satisfies the following properties:

{(X(n),tn—) =0 (0<n<N-1),
(n-,'n-) = V_(N).

Proof. ~ We assume that the pair (X, Y] of flows has a stationary property.
Then we can see from and (2.9) that n— = v_(Y)(—N), where
v_(Y) is the backward KM30-Langevin fluctuation flow associated with the
flow Y. Therefore, the necessary part follows from [Theorem 2.2 in . The
sufficient part follows from the characterization theorem for the sationarity
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(Theorem 4.2 in [2]). 0

Concerning (2.7), we can show

Lemma 2.3 Condition (2.7) holds if and only if the subset {X;(n),n, ;1 <
J, k <d,0 <n < N} s linearly independent in W, where 1 is the kth
component of the vector n— (1 < k < d).

By combining Lemmas 2.1, 2.2 and 2.3, we have

Theorem 2.1 The necessary and sufficient condition for the flow X(~1:N)
to have both the stationarity and the linearly independence is that the vector
n— satisfies the following conditions:

(X(n),'n-)=0 (0<n<N-1),
(n-,'n-) = V_(N),
{Xj(n),n;1 <34,k <d,0<n< N} is independent in W.

The results we have obtained so far for the stationary flow X = (X (n);
0 < n < N) can be generalized for any d-dimensional stationary flow
XNN2) — (X (n); Ny < n < Ny) satisfying the linearly independent prop-
erty. We denote by R(N2~N) = (R(n); |n| < Ny — Ny) and LM(R) =
{7£(n,k),0+(n),Ve(£); 0 <k <n < Na— Np,0< £ < Ny~ N;} the co-
variance matrix function and the KMO-Langevin matrix associated with
the stationary flow X(V:N2) Similarly as in and [2.4), for any d-
dimensional vector n_ in W¢, we define a d-dimensional vector X (N; — 1)
in W? and two d x d-matrices R(+(Na — Ni + 1)) by

X(N;—1)=-— Z Y- (Ng — N1, k)X (Na —k — 1) +n_, (2.10)
R(Ny — Ny + 1) = (X(N2), ' X (Ny — 1)), (2.11)
R(—Ns — Ny — 1) =*R(N +1). (2.12)

Then we consider the flow X(M1—1LN2) = (X (n);N; —1 < n < Ny} and
the matrix function R(N2=N+1) = {R(p); |n| < Ny — Ny + 1}. By applying
[(Theorem 2.1 to the new flow (X (N} +n);0 < n < Ny — Nj), we can obtain

Theorem 2.2 The necessary and sufficient condition for the flow
X (NM1=1LN2) 44 have both the stationarity and the linearly independence with
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RW2=Ni+1) ss covariance matriz function is that the vector n— satisfies the
following conditions:

(X(n),tﬂ—) =0 (Nl <n< Ny — 1)a

(n-,'n-) = V_(N2 — N1),
{X;(n),n;1 <4,k <d, N1 <n < Ny} ois independent in W.

By making a repeated use of [Theorem 2.2, we have one of the main
theorems in this paper.

Theorem 2.3 If the dimension of the vector space W is not less than
2Nd, then any stationary flow X = (X(n);0 < n < N) in the space W
satisfying the linearly independence can be extended to a stationary flow in
W with the linearly independence whose time domain is the set {—N,—N +

., N—1,N}. Thatis, there exist d-dimensional vectors X(—j) (1< j <
N) in W? such that X(=V:N) = (X(n);|n| < N) has both the stationarity
and the linearly independence.

The following algorithm gives the proof of [Theorem 2.3.

Algorithm 2.1
(step 0) Since dimW > 2Nd, we can choose a system = = {§ni1 <
j <d,—N < n < -1} of vectors in the vector space W such that

( (fj_m’flzn) = jk5mn (1 <jk<d,—N <m,n< _1),
] (Xj(m),&,) =0 (1<jk<d0<m<N-1,-N<n<-1),
{Xj(m),gk_n;lSj,kﬁd,OSmSN,_NSInS_1}

L is linearly independent in W,

and construct d-dimensional vectors {_(n) = *(£7,,, &5, - - - €5,) (N <n <
-1).

(step 1-1) Calculate LM([X,X]) = LM(R) = {y+(n,k),d+(n),
Vi(m);0 <k <n < N,0 <m < N}, where X = (X(£);—N < £ <0) is
defined by X(¢) = X(N +¢) (-N < £<0).

(step 1-2) Choose W_(N) € M(d;R) such that V_(N) =
W_(N)!W_(N).

(step 1-3) Define a d-dimensional vector n_(—1) = W_(N)é_(-1).

(step 1-4) Define a d-dimensional vector X (—1) = - kzol v— (N, k)
X(N—-k—-1)4+n_(-1).
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It is easy to see that n_(—1) satisfies

((X(n),'n-(-1))=0 (0<n<N-1),
(n-(=1),'n-(-1)) = V_(N),
{Xj(n),n; (-1);1< 5,k <d,0<n < N}

L is linearly independent in W,

N

where 7, (—1) denotes the kth component of the vector 7_(—1). Hence the
extended flow X(=1V) = (X (n); =1 < n < N) is a stationary flow satisfying
the linearly independence with N; = —1 and Ny = N.

Let p be any integer such that 1 < p < N — 1. We assume that the flow
X(=PN) = (X(n); —p < n < N) obtained through (step 0) ~ (step p - 4)
is a stationary flow satisfying the linearly independence with N; = —p and
Ny = N. We now construct a d-dimensional vector X (—p — 1) as follows:

(step (p+ 1)-1) Calculate R(—N — p), 6+(N + p), 7+=(N + p, k),
Vi(N + p) by using (DDT), (FDT) and (PAC):

R(~N —p) = (X(-p), ‘X (N)), (2.13)
6-(N +p) = ~{R(-N - p) (2.14)
N+p-2

+ Z _(N+p—1,k)R(- k—l)}V+(N+p~1)_1,

§+(N+p)=Vi(N+p-1)8_(N+pV-(N+p-1)"", (2.15)

Y+ (N +p, k) =v(N+p—-1,k-1) (2.16)
+0+(N+p)yxs(N+p—1L,N+p—k—1),

Vi(N+p) =T -6+(N+p)ix(N +p)Ve(N+p-1). (217

(step (p+1)-2) Choose W_(N+p) € M(d;R) such that V_(N+p) =

W_(N + p)'W_(N + p).

(step (p+1)-3) Define a d-dimensional vector n_(—p—1) = W_(N+
p)¢-(-p—1).

(step (p+1)-4) Define a d-dimensional vector X (—p — 1) by

N+p-1
X(-p-1)=- Y v (N+pk)X(N-k—-1)+n_(-p—1).
= (2.18)
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It is easily verified that n_(—p — 1) defined in (step p-3) satisfies

(X()n(p—l)) 0 p<n<N—1),

(n-(-p—1),"n—(-p— 1)) V_(N +p),
{Xjn),mg (—p—1);1<j,k<d,—p<n< N}

is linearly independent in W,

where 7, (—p—1) denotes the kth component of the vector n_(—p—1). Hence
from Theorem 2.9, the extended flow X(=P~1N) = (X (n); —p—1 < n < N)
has both the stationarity and the linealry independence with Ny = —p — 1
and No = N.

Thus we can extend the stationary flow X = (X(n);0 <n < N) to a
stationary flow X(=N:N) = (X (n); |n| < N).

[Theorem 2.2 gives the solution of the backward extension problem for
the stationary flows. Similar results can be obtained for the forward exten-
sion problem. Let X(N1:V2) — (X(n); N1 <n < Nj) be any d-dimensional
stationary flow satisfying the linearly independence in the space W. Let
R(N2=N1) = (R(n); |n| < Ny — N}) be the covariance matrix function of the
stationary flow X and LM(R) = {v+(n,k),0+(n),Va(l);0 < k < n <
Ny — N1, 0 <1 < Ny — N;} be the KM20-Langevin matrix associated
with the matrix function R(V2=N1). Then we define a d-dimensional vector
X(N2+1) by

Na—N;—1
X(N+1)== > 44 (N2 = Ny, k)X (N +k+1) +ny,
k=0
(2.19)

where 7, is some vector in W¢.

Then the same techniques as those developed in the course of proving
[Theorem 2.2 are applicable to the forward extension problem and thereby
we have the following theorem.

Theorem 2.4 (i) The flow X(Nt:N2+1) = (X (n); Ny < n < Ny +1) has
a stationary property if and only if n+ satisfies the following properties:
{ (X(n),'n+) =0 (N1+1<n< Ny,
(4, 'n4) = V(N2 — N1).
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(i1) The flow X (N1,N2+1) satisfies the linearly independent property if
and only if n4 satisfies the following property

{Xj(m),n ;1 <4,k <d, Ny <m < Ny}

15 linearly independent in W,
where n,': denotes the kth component of the vector n,..
One conclusion from Theorems 2.2 and 2.4 is the following.

Theorem 2.5 Let M; and My be two integers such that M; < N; and
Ny < Ms. If the dimension of the vector space W is not less than (My —
M)d, then any stationary flow X(N1:N2) — (X(n); N1 < n < Ny) in the
space W satisfying the linearly independent property can be extended to a

stationary flow the linearly independent property whose time domain is the
set {Ml,Ml +1,...,My — 1, Ms}.

3. The fluctuation-fluctuation theorem

Let X = (X (n);|n| < N) be any d-dimensional stationary flow in the
metric vector space W and R = (R(n);|n| < 2N) the covariance matrix
function of the flow X. We define two flows X = (X4 (n);0 <n < N) and
X=(X({);—N<£<0)by

{X+(n) = X(n) (0<n<N),

X=X (-N<I<o). 3.1)

~

Then the pair [X;, X] of flows has a stationary property. Moreover the
pair [X, X] of flows satisfies

{X4m=imx

~ (3.2)
(X+(n),!X(—m)) = R(n+m) (0<n,m < N).

In [1], we have used the above relation (3.2) to derive the so-called
fluctuation-fluctuation theorem ((FFT)) which gives a relation between the
forward KM2O-Langevin fluctuation flow associated with X and the back-
ward KM,0-Langevin fluctuation flow associated with X, that is, a relation
among the d x d matrces I(m,n) defined by

I(m,n) = (vy(m), 'v_(-n)) (1 <m,n < N). (3.3)
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In §2, we have used (3.2) to get and (2.15) in Algorithm 2.1
which gives the structure of extension of the stationary flow X, (Theo-
rem 2.3). We shall show that the latter derives (FFT). Let LM([X4,X]) =
{7£(n,k),9+(n),Vie(1);0 < k < n < N,0 <l < N} be the KMyO-
Langevin matrix associated with the pair [X,,X] of flows. By replac-

ing p by p — 1 in (2.18) and noting the stationary property of the flow
XPN) = (X (n); —p < n < N), we have

R(-N - P) = (X(-p), 'X(N))
N+p-2

= — Y - (N+p-1,kR(—k-1)
k=0

+ (n-(=p), "X (N)).
Hence and (2.15) in (step (p + 1)-1) are reduced to
5. (N+p) = ~(1(~p), X(N)V4 (N +p— 1), (3.4
04+(N +p) = —(X(N),'n-(=p))V-(N +p—-1)"". (3.5)

From and [3.5), we have

Fluctuation-Fluctuation Theorem-1

(i) 1(0,0) = V4(0),

(i) I(n,0)=I(0,n)=0 (1<n<N),

(iii) I(n,1)=I(l,n)=-64(n+1)V_(n) (1<n<N-1).

More generally, by taking the same procedure as in , we have

Fluctuation-Fluctuation Theorem-2

(i) Foranym,n (1<m<N-1,2<n<N),
n—2
Ilm,n) = Ilm+1,n—-1)+ {Zl(m+1,k)t5+(k+1)} t5_(n)
k=1

m—1
— 0 (m+1) {Z o_(k+ 1)I(k,n)} .

k=1
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(i) Foranym,m (2<m<N,1<n<N-1),

m—2
I(m,n) = Ilm—-1,n+1)+d+(m {25 (k+ 1)I(k, n—!—l)}
k=1

n—1
{Zlmkt(S k+1} _(n+1).

k=1

4. An extension problem for positive definite matrix function

For an M (d; R)-valued function R = (R(n);|n| < N) defined on the set
{-N,-N +1,...,N —1,N}, we say that R is a positive definite matrix
function if and only if the following Toeplitz conditions hold:

‘R(n) = R(-n) (0<n<N), (4.1)
(Te(n)€,6) >0  forany E€R™ (1<n<N+1), (4.24)
Ti(n) € GL(nd;R) (1 <n<N), (4.34)

where for each integer n (1 < n < N +1) two nd x nd block matrices T’y (n)
are defined by

R(0) R(+1) - R(£(n-1)
R(F1) R(0) o R(%(n—2))
Te(n) = . .
R(¥(n-1)) R(F(n-2)) -- R(0)
(4.44)

Let R™N) = (R(n);|n| < N) be any positive definite matrix function.
By a construction theorem in , we can construct the KM;O-Langevin
matrix associated with the matrix function R®Y) by

LM(R) (4.5)
= {12(R)(n, k), 0£(R)(n), Ve(R)(1); 0 <k <n < N,0< I < N}.

In order to extend the matrix function R™Y) on the set {-N-1,—-N,...,
N, N+1}, for any element @ of M (d; R), we define R(+(N+1))(€ M(d; R))
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by
N-1
RIN+1) = =) v (R)(N,k)R(k+1) +Q, (4.6)
k=0
R(—N —1) = 'R(N +1). (4.7)

It is to be noted from Burg’s relation that (4.6) and (4.7) can be rewrit-
ten into

N-1

R(-N-1)=- ) 7-(R)(N,k)R(—-k - 1) +1Q, (4.6")
k=0

R(N +1)=tR(-N —1). (4.7)

We now prove the following theorem.

Theorem 4.1 The function RN+Y) = (R(n);|n| < N + 1) is a positive
definite matriz functon if and only if there exist two d-dimensional vectors
¢ and n in some metric vector space W¢ such that

((¢,') =@,

(¢,%¢) = Vi (R)(N),

(n,*n) = V_(R)(N),

{GGy ks 1 < j, k < d} is linearly independent in W,

(4.8)

where (; denotes the jth component of the vector ( and n denotes the kth
component of the vector 7.

Proof. We assume that RVt = (R(n); |n| < N+1) is a positive definite
matrix function. By the construction theorem obtained in [3], there exist
a d-dimensional stationary flow X = (X(n);0 < n < N + 1) satisfying
the linearly independent property in some metric vector space W such that
(X(n),!X(m)) = R(n—m) (0 < n,m < N+1). We define a flow X'(-1:N) =
(X'(n);-1 <n < N)by X'(n) = X(n+1) (-1 <n < N). Then we see
that (X'(n),’X’(m)) = R(n —m) (=1 < n,m < N). Hence it follows from
Theorem 2.1 that X’(—1) can be written into

N—
X'(=1) = =S A_(R)(N, k) X' (N — k — 1) +1_, (4.9)
k=0

i
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where 7_ is a d-dimensinal vector in W¢ such that

(X'(n),'n_) =0 (0<n<N-1), (4.10)
(n—,‘n-) = V_(R)(N), (4.11)
{X;(n),ng ;1 <j,k<d,0<n < N} is linearly independent in W.

(4.12)

Thus, we find from that

R(-N -1) = (X'(-1),"X'(N))

N-1
= =Y Y- (R)(N,k)R(—k — 1) + (n—,' X'(N)).
£=0 (4.13)

On the other hand, X'(N) = — "N ' v, (R)(NV, k) X' (k) + v4 (X)) (),
where v, (X') is the forward KM5O-Langevin fluctuation flow associated
with the flow X’. It follows from that (n_,'X'(N)) = (n_,tvy
(X")(N)), which derives with (4.13) that

R(~-N —1)
N-1

= - > (RN, K)R(—k = 1) + (n-, vy (X)(N)).  (4.14)
k=0

Here we note that v, (X')(IV) satisfies

(v (X)(N), v (X)(N)) = Vi (R)(N), (4.15)
{X;(n),ve(X)(N);1<j,k<d,0<n<N-1}
is linearly independent in W.  (4.16)

Thus from [4.11), (4.12), (4.14), and (4.16), we find that condition
(4.8) holds with ( = v (X')(N) and n = 7_.

We now prove the converse. That is, under condition (4.8), we derive
the positive definite property of the matrix function RN+t = (R(n);|n| <
N +1). From the construction theorem and the arguments in the course of
proving it, we know that there exists a stationary flow X = (X(n);0 <n <
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N) in the metric vector space W appearing in (4.8) such that

(X(n),tX(m)) R(n—m) (0<n,m<N),
(X(n),'n) =0 (0<n<N-1), (4.17)
v (X)(N) =

{X;(n),me; 1 S J,k <d,0 <n < N} is linearly independent in W.

From [I'heorem 2.1, we can extend the stationary flow by defining

N-—

,_n

v X(N—-k-=1)+n.
k=0

By noting that X(N) = — SV~ o 74+ (R)(N, k)X (k) + ¢, we have

N-1
(X(-1),'X(N)) = = ) Y- (R)(N,k)R(—k — 1) + (n,"X(N))

N

= — ) Y- (R)(N,k)R(—k—1) + (n,%¢)
N

= - > 7 (R)(N,k)R(-k-1)+'Q
k=0

= R(_N_ 1)7

which shows that the matrix function RNt = (R(n);|n| < N +1) is
covariance matrix function of the stationary flow X(~LN) = (X (n); -1
n < N). Thus R+ is a positive definite matrix function.

EH/\QD

Given an M/(d; R)-valued positive definite matrix function RW) =
(R(n);|n| < N), we can always choose two d-dimensional vectors ¢ and
n in some metric vector space W¢ such that

(¢,%¢) = Vi (R)(N),
(n,'n) = V_(R)(N),
{¢jymk; 1 < j,k < d} is linearly independent in W.
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Then [I'heorem 4.1 tells us that by defining

N-1

RN +1)= =Y v (R)(N,k)R(k+1)+ (¢,'n),
k=0

R(-N -1)='R(N +1),

we obtain an extended positive definite matrix function RV+1) = (R(n);

|n| < N + 1). Repeating this process, we can conclude that the following
statement holds.

Theorem 4.2 Let M be any integer such that M > N. Then the posi-
tive definite matriz function RN) = (R(n); |n| < N) can be extended to a
positive definite matriz function RM™) = (R(n);|n| < M) defined on the set
{(-M,-M +1,...,M —1,M).
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