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Approximation by Riemann sums in modular spaces

Carlo BARDARO, Julian MUSIELAK and Gianluca VINTI
(Received October 15, 1999)

Abstract. Here we give an estimation of the modular convergence of translated equidis-
tant Riemann sums to the integral of a function belonging to a modular space. Thus we
extend some previous results by Fominykh and Kaminska-Musielak.
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1. Introduction

The aim of this paper is to give a modular estimation for the error of
approximation of the integral of a function f belonging to a modular space,
by means of the sequence of translated equidistant Riemann sums of f, in
terms of its modular modulus of continuity (see , [3]). As a consequence
we obtain a modular approximation theorem for the integral of f.

This problem was studied by M.Yu. Fominykh in [8] in LP[0,1], 1 < p <
oo and, in [10], for multivariate functions defined on the hypercube [0, 1]™,
by A. Kaminska and J. Musielak, in Musielak-Orlicz spaces.

For a sake of simplicity our extension to modular spaces is given for
functions of one variable, but the extension to multivariate case gives no
further problems. Moreover here we take the interval Q = [0,1] as a basic
interval but the results remain valid also for a general bounded interval
[a, b].

In Section 4 we give various examples of modular spaces for which
the theory here developed is applicable. We will also discuss examples of
modulars which haven’t an integral representation, thus proving that the
extension we give is meaningful.

We wish to recall here that related results for integrals of LP functions
defined on the entire real line, were given by P.L. Butzer and R.L. Stens in

, and by Butzer and A. Gessingher in [7].
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2. Notations and definitions

Let Q = [0,1] and let us denote by L°(Q) the space of all (Lebesgue)
measurable functions f : ) — R. When it is necessary, we extend functions
over @ to the real line by 1-periodicity.

Let p : L%°(Q) — [0,+o00] be a modular, i.e., a functional with the
following assumptions:

1. p(f)=0<«= f=0,ae. inQ.

2. p(=f) = p(f), for every f € L%(Q).

3. plaf + Bg) < p(f) + p(g), for every f,g € L%(Q) and o, 8 € Rf with
a+0=1.

If in place of 3. we have:

p(zaifz) < MZaiP(Mfi)a
i=1 i=1

for every n € N, o; > 0 with a1 + -+ + o, = 1, and f; € L°(Q), for every
¢t = 1,...,n and for an absolute constant M > 1, we will say that the
modular is discretely quasi convex. If moreover M = 1 we will say that
the modular is (discretely) convex.

If p is a modular on L%(Q), we will denote by LP(Q) the corresponding
modular space generated by p, i.e.

L(@Q) = {f € L°Q): lim p(Af) = 0}.

It is well-known that L°(Q) is a vector subspace of L°(Q) and it is possible
to define on it the concept of “modular convergence” by the following way:
we say that a sequence of functions f, € LP(Q) is modular convergent (or
p-convergent) to a function f € LP(Q), if there is a A > 0 such that

lim p(A(fn — f)) =0.

n—-+00

This notion of convergence is weaker than the “norm-convergence” induced
by the Luxemburg norm generated by the modular (see [12]). This is equiv-
alent to say that the above limit relation is satisfied for any A > 0. These
two notions of convergence are equivalent in the special case when the mod-
ular p has the Ay property (see [12]). For a general theory of the modular

spaces we refer to [12].
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We will also need of the following definitions, concerning modular func-

tionals.

a..

b.

We say that a modular p is monotone if p(f) < p(g) whenever |f| <
gl-
Let (2,3, 1) be a measure space and let L%(Q) be the space of all

measurable functions, finite y-a.e. on Q. A modular p on LO(Q) will
be called quasi-convex, if there exists a constant M > 1 such that

p ( /Q p(t)h(t,-)du(t)> <M /Q p(t)p(Mh(t,-))du(t)

for p € LY(Q), p(t) > 0, Jop(t)du(t) = 1 and for h(-,u) € L°(R) and
u > 0. Arguing as in [5], it is easily shown that if p is atomless and
p 1s quasi-convex, then the modular p is discretely quasi-convex, with
the same constant M > 1.

The modular p is finite if the characteristic function y 4 of a measur-
able set A of finite Lebesgue measure, belongs to the modular space
LP(Q).

The modular p is absolutely finite if it is finite and moreover, for

every € > 0 and every Mg > 0 there is a § > 0 for which, for every
measurable subset A C Q with [A] < 6, we have p(Agx4) < €.

The modular p is absolutely continuous if there is an a > 0 such

that for every f € L%(Q) with p(f) < +oo the following condition
holds:

- For every € > 0, there exists a § > 0 such that p(afxp) < ¢ for
all measurable sets B C Q with |B| < §.

The modular p is 7-bounded if there are a constant C > 1 and a
measurable nonnegative essentially bounded function A : R — R such
that:

p(f(- = 1)) < p(Cf) + h(t),
for a.e. t € R and for every f € LP(Q).

For the above concepts we refer to [13], [1], [2], [3]-

We remark that the concept of quasi convexity for modulars is related

to the notion of quasi convexity for functions (see [9], [11], [4]). We recall
that a function ¢ : Rf — R{ is quasi convex if there is a constant M >1
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such that, for every f € L'(Q), we have:

w( [Q lf(w)ldx) <M /Q o(M|f (2)))da.

An analogous definition is applied to functions ¢ depending on parameters.
In this case we will say that such a function is quasi convex with constant
M > 1, if it is so for all values of the parameters, and with the same
constant M.

Note that also for functions it is known a concept of discrete quasi
convexity, with a constant M > 1, and it is defined in an obvious way. In
what follows the following assumption is of importance:

we will say that a modular p satisfies condition (*) if there is a constant
C’ > 1, such that for every n € N, g € L?(Q), we have:

Sp[g(—%ﬁ)] < np(C'g) + en, (1)

k=0

where {€,} is a sequence of nonnegative real numbers.
We define the p-modulus of continuity of a function f € LP(Q) by the
following functional:

wp(f,6) = sup p[f(-+5) — F()];

|s|<6

for § > 0.
Finally we will need of the following notation: |
for every y € Q and f € L°(Q) we denote by R,(f,y) the translated
equidistant Riemann sums of f, i.e. we put:

n—1
Ra(f,y) = %Zf(#) yE€Q.
k=0

3. A modular estimation for approximation by Riemann sums

In order to state that R,(f,:) € LP(Q), for every f € L}(Q) N LA(Q),
we give the following proposition.

Proposition 1 Let p be a quasi convex modular on L°(Q) with a constant
M > 1 satisfying (x) and let A > 0 be so small that p(AC'M f) < +00. Then
p(AR.(f,)) < +oo for every n € N. Moreover if p is finite, then for every
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n € N it results R, (f,-) — fQ f(z)dz € LP(Q).

Proof. For the given A > 0, by quasi convexity of the modular p in its
discrete form, we have for n = 1,2, ...

pP(ARL(f,")) = p(% :g: f <—+n—k)>
<5 oo (wr(5))

Thus by applying condition (%) to the function g(t) = AM f(t) we obtain

pORa(f, ) < Mp(AC'Mf) + e,

Finally by finiteness of p, the second part of the proposition easily follows.
d

Now in order to state the main result of this paper we give the following;:

Proposition 2 For f € L(Q), we have:

Ba(f9) ~ | f(@a = %gg@j;’“)

for any y € Q, where g : Q — R is defined by

n—1
(t)=n () [ 1f(t) = f(=))dz,
g kZ:OXQ /Q k

for every t € Q, and Qr = [k/n,(k+1)/n), k =0,1,...,n =2, Qn_1 =
[(n—1)/n,1].

Proof. We have:

Rafo) - | f(x)da:=%n"1f(y+’“) - [ s
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_ %gfczkn[f@—:k-) —f(m)]d;v.

Now, for any 0 <y <1, we have k/n < (y + k)/n < (k+1)/n, and so

A(552) o, (52) s

Hence the assertion follows. U

Now we are ready to prove the main result of this paper:

Theorem 1 Under the assumptions of Proposition 1, if moreover p is
monotone, we have

p[)\(Rn( fo)— /Q f(:v)dx)] < M?w,[20C'M? f,2/n]+M%"—,

(2)
for any A > 0.

Proof. From [Proposition 2|, quasi convexity (in its discrete form) and prop-
erty (x), we have for A > 0,

M (Butr) - [ st@yie)

M
n

1
—

< 253 PAMg((-+ K)/m)] < MpAMC'g] + <,

0

Mp|MMC Y xo,) [ (10) = Sa))ae] + e,
k=0 n

Qk

>
I

Now, with the substitution x =t + s, we obtain:

| 150 - f@)ds = [ 1@ - s+ 9)ids
Qk Qr—t

1/n
< [ i) - flds

—1/n

and so by monotonicity of p, we have:
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p[A (Rn(f,» - /Q f(x)dw)}
n—1

- l/n -
< MM Y xou() [ 17 +5) = fO)lds| + ey
- k=0

-1/n 1 n

r 1/n n—1 7
~ M) /\C’Mn/l/ 48— FOlds Y xan ()] + e
s -1/n k—0 -

Now, since Zz;é xq.(t) = 1 for every t € @, we have, by quasi convexity

of p:
o A(Bat) - /Q fayis)]

1/n

< Mp[<n/2> / | DCMIS(+s) = fds| + ..

1/n
<M2wy2) [ pACMASC )~ £ s + e,

-1/n
M
< M2w,[20C'M?f,2/n] + —én,

and so the assertion follows. O

As a consequence of [Theorem 1, we give the following approximation
result:

Theorem 2 Let p be a quasi convex, monotone, absolutely continuous,
absolutely finite and T-bounded modular on LP(Q). Let us suppose that p
satisfies (). If en/n — 0 as n — +oo, then for every f € L'(Q) N LP(Q)
we have:

R.(f,") i>/Qf(:1c)d:1:, n — +o0.

Proof. The result follows from and from the properties of the
modulus of continuity w,, (see in [3]). O

4. Examples

Here we discuss some examples of modular spaces for which the previous
theory is applicable.
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I. Musielak-Orlicz spaces. Let ¢ : Q X ]RE," — Rg be a function such
that the following assumptions hold.

(p.1) t — @(t,u) is measurable and integrable over Q, for every u € R{.
©.2) u — @(t,u) is continuous and nondecreasing for every ¢t € Q,
¥
©(t,0) = 0 and @(t,u) > 0, for each u € Ry .

We will denote by ® the class of all functions ¢ which satisfy (¢.1) and
(¢.2). If o(t,u) = §(u), for every t € @ and u € R, then clearly (¢.1) is
satisfied, and if ¢ is continuous and nondecreasing and ¢(0) = 0, @(u) > 0,
for u > 0, then ¢ € ®. So we will denote again by ® the class of functions
¢ depending only on u such that (.2) is satisfied.

For ¢ € ®, we define the modular:

1,(f) = /Q ot 1FODdt, f € LQ).

We will denote by L¥(Q) the corresponding modular space.
We will say that ¢ € ® is M-quasi convex, with M > 1, if for any
g € L'(Q), we have:

w(t, /Q Ig(s)lds> <M /Q o (t, Mlg(s)]) ds,
for any t € Q, (see [9], [11]).

We will assume the following assumption: there is a constant C' > 1
such that

o(nt — k,u) < ¢(t,C'u) + & n(t), (3)

foreveryn € N, k =0,1,...,n—1, and where € 5 is an integrable function,
forevery n € N, k = 0,1,...,n — 1, (here we extend ¢(-,u) 1-periodically
outside Q).

If o satisfies (3) we will denote by €,(t) the function

If ¢ € ® satisfies (3), the corresponding modular I, satisfies condition ().
Indeed, with the notations of Section 2, we have
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()] =5 Lo (225 )

where ¢, 1= fQ en(t)dt.

Thus can be applied to the modular I, whenever ¢ € ® is
M-quasi convex and satisfies (3).

Let us assume now that ¢ is 7-bounded, i.e. there is C > 1 and a
measurable funtion F': Q x Q — RBL , such that:

o(t —v,u) < @(t, Cu) + F(t,v)

for every t,v € Q, u € RF and F is such that h(v fQ (t,v)dt, v € Q, is
a bounded function and h(v) — 0 asv — 07 Here ¢ and f are extended 1-
periodically outside Q. If ¢ is 7-bounded, then the corresponding modular
I, is also T-bounded, according to the definition given in Section 2.

Hence if p € ® is M-quasi convex, T-bounded and satisfies (3), then we
can apply in order to obtain:

Iw(A(Rn(f,»— /Q f(x)dw>> 0, ne too,

for a suitable A > 0.

In particular if ¢(t,u) = @(u), ¢ is obviously 7-bounded, with constant
C =1 and F =0, and satisfies (3) with C' =1 and &, = 0.

Thus, if p € ® and ¢(t,u) = @(u) is M-quasi convex, then the previous
theory can be also applied for classical Orlicz spaces.

II. Here we discuss a modular functional which hasn’t an integral
representation.

Let (2, %, 1) be a measure space and let ¢ : @ x Q x Rf — R{ be a
globally measurable function such that for any fixed £ € €2, the function
©(&,-,-) € ®. We will suppose that the function sup¢cq (€, ¢, ) is continu-
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ous at 0 for every t € Q) and there is A9 > 0 such that sup essecap(, -, Ao) €
LY(Q). By means of the previous assumptions, the functional

Jo(f) = supesseeq /Q o€, 17 (Odt, f e LQ),

is a finite, monotone modular on L°(Q).
Next we will assume that ¢(¢,t,-) is M-quasi convex for every £ € ,
t € @ and putting for any k =0,1,...,n—1,ne N, ne Q,

€k (1) = SUp eSs¢eq SUP €SseQ suplp (¢, nt — k, u) — (.1, C'u)],
uz

for an absolute constant C’ > 1, we suppose that the function €k,n belongs
to the space L*°(€2). Under these assumptions we obtain, in particular,
that:

p(€,nt — k,u) < p(n,t,C'u) + exn(n), (4)

for every £,m € Q, n € N, k:O,l,...,n—l,ueRE')' and t € (). Then for
g € L%(Q),

n—1 n—1
-tk t+k
kZ:OJp [Q(—n )] :kX:(:)supessGeQ/ng@,t, ‘g(TN) dt

n—1
= Z supess€egn/ o(&,nt — k,|g(t)])dt
k=0 Qk
n—1 n—1
<n Y [ et Clo@hdt+ny [ et
k=0 @k k=0 Y Qk
n—1
<ndy(C'g) + ) enln).
k=0
So, putting e, := supesspeq Zz;(l) €kn(1), we obtain condition (), and

is now applicable.

Now we will introduce some sufficient conditions in order to give a
modular approximation result, by applying [Theorem 2.

In order to do that, let ¢ : @ x Q@ x R} — R{ with the assumptions
introduced above. If, moreover, sup essgcop(é,-,A) € L1(Q) for any A > 0
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and for every f € L%(Q) for which J,(f) < 400, we have that the function

H() = sup eSSEEQ(p(£7 ) |f()|)’ (5)

belongs to L!(Q), then J, is absolutely continuous and absolutely finite.
Next, let us suppose that

p(€,t —v,u) < (&, t,Cu) + F(£,t,v) (6)

for an absolute constant C > 1, for every £ € Q, t,v € Q and u € Rg , and
where F(€,-,-) is globally measurable and the function

h(v) = sup €SS§€Q/ F(& t,v)dt, veQ,
Q

is in L*(Q) and h(v) — 0 as v — 0%,

Then it is easy to show that the modular J, is 7-bounded. Hence
under all the assumptions on ¢, we can apply in order to get
the modular convergence of R, (f, ) towards the integral fQ fdt.

Note that for functions ¢(&,t,u) = @(£,u), condition (6) is obviously
satisfied with C =1 and F = 0.

Particular cases of J, are modulars of the following forms:

JL(f) = sup /Q o(m, £, £ (1))t

me7Z

JI(f) = sup /Q (€, 6,15 (1)))dt,

£€ad]
where [a,b[C R and b € R.

III. Modulars connected with strong summability

Let W be an abstract set of indices and W be a filter of subsets of W.
Let m be a measure on the interval [a,b[C R, where b may also be equal to
+00, defined on the o-algebra of all Lebesgue measurable subsets of [a, b[.
Let {ay(-)}wew be a family of Lebesgue measurable functions defined on
[a, b] with nonnegative values and such that the following conditions hold:

(a) f; ay(z)dm(z) <1, for w e W.

(b) For any finite subset F' C W, there is W € W such that az(x) > ayu(x),
for every x € [a,b], w € F.
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(c) f0o<g(z) /s€ Ilil, then f: aw(s)g(s)dm Y, s, where the symbol
Y, means convergence with respect to the filter W.

(d) For every Lebesgue measurable subset G C |[a, b[ of measure m(G) > 0,
there is a measurable subset G, with m(G;) > 0 and an index w € W
such that az(z) > 0, m-almost everywhere.

Let f € L°%(Q) and let {p(¢&,-)} ¢cfa,b| € @ family of functions of @ such
that ¢ is Lebesgue measurable with respect to £ € [a, b], for every u € RSL
and limg_,,- o(§,u) = @(u) < +oo, for every u > 0.

Putting

TolE, ) = /Q o€ 1F D)t f e LQ),

we define the functional
b

Ap(f) = sup [ aw(§)Tp(&, fldm(§),

weW Ja

for any f € L°(Q) such that J,(-, f) is measurable in [a,b[. Under the
above conditions on the family {a, }wew, Ay is a monotone modular with
assumption (). Indeed, we first remark that for any n € N, g € L°(Q),

:Z:(:I)Jw(ﬁ, Ig (%k)') =:Z;/Q<p<£, 'g (%—Ii)bdt
=n§n/Q e(& gt)])dt = nT, (€, 9)-
=0

Let now {&,}, be a sequence of positive numbers such that ne,, — 0T. Then
there are wy , € W such that

J = sup /ab aw(§) T, (5, }g(%) de(ﬁ)
< [ aun©7(&]s(“£5) Jamie) + &

Now from (b) there is w, € W such that ay, ,(§) < aw,(£), for every k =
0,1,...n—1, and so

J< / 0 (67, (f, ]g(—:}’f) de(ﬁ) +En
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Thus
n—1
-+ k
udey)
k=0 v n
= [ +k
<3 [ a3 (6]o(ZEE)|)amie) + e,
k=0"%
b — +k
- [ (6]o(£2)|)amte)+ nz,
e k=0
b
=1 [ 0w, (O7,(6.9)dm(€) + n,
< nA,(g) + €n,
where €, := né,. Hence (x) is satisfied with C' = 1. Moreover if the

function ¢(z,-) is quasi convex with a constant M > 1, then it is easy to
show that A, is also a quasi convex modular, with the same constant. Thus
is now applicable to the modular A,

Now, in order to apply also to A, we discuss the 7-bounded-
ness, absolute finiteness and absolute continuity of the modular A,.

At first, by extending the function g outside () with period 1, it is easy
to show that the modular A, is translation invariant, i.e. A,(g(- + v)) =
A, (g), for every v € @; this means that A, is 7-bounded with C' = 1 and
h(v) = 0.

Absolute finiteness and absolute continuity of A, are studied in [1].
Here we report some sufficient conditions in order to obtain these properties
(for further details see [1]).

In order to do that, we write [a,b]= [a,c[U]c,b[, for ¢ €]a,b[ and we
shall make different assumptions on ¢(z,u) for = € [a,c[ and x € [c, b].

Let us suppose that for every function f € L%(Q) such that A,(f) <
+o00o the function:

H(:)= Zl{lp[w(y, £

is integrable over (). Moreover we assume that ¢ is of monotone type in
[c, b] i.e. there are two disjoint sets Ry, Ry C Rg with Ry U Ry = R(T , such
that:

(a) ¢(x,u) is a nonincreasing function of x € [c, b, for every u € R;.
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(b) ¢(x,u) is a nondecreasing function of x € [c, b[, for every u € Ry.
Finally, we will assume that the family {¢(z, u)}z¢[qp( is equicontinuous at
u = 0.

Then (see [1]) the modular A, is absolutely continuous and absolutely

finite. Thus can be applied to A, under the above assumptions.
In [1] there are described other interesting particular cases of A.,.
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