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A note on value distribution of nonhomogeneous
differential polynomials
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Abstract. In the note we prove a result on value distribution of nonhomogeneous dif-
ferential polynomials which improves a long standing theorem of C.C. Yang.
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1. Introduction and Definitions

Let f be a transcendental meromorphic function in the open complex
plane C. The problem of investigating possible Picard values of the deriva-
tive of f leads to the problem of investigating the value distribution of
certain polynomials in f and its derivatives which are called differential
polynomials generated by f and is explained in Definition 2.

Definition 1 A meromorphic function a is said to be a small function of

fifT(r,a)=S(r, f).

Definition 2 [1, 3] Let ngj, n1j,...,nk; be nonnegative integers. The ex-
pression M;[f] = b;(f)"0s (F)™Mi ... (f(B))™s is called a differential mono-
mial generated by f of degree vy, = Z?:o nij and weight 'y, = Zfzo(z' +
1)ni;, where T'(r, b;) = S(r, f).

The sum of the monomials P[f] = Zé:l M;[f] is called a differential
polynomial generated by f of degree yp = max{yp; : 1 < j <[} and weight
I'p = max{FMj :1<3 < l}.

The numbers 7, = min{ypy; : 1 < j < I} and k (the highest order
of the derivative of f in P[f]) are called respectively the lower degree and
order of P[f].

P[f] is said to be homogeneous if vp = 7,,.

Also we denote by vp the number vp = max{yym; : vm; < 7p and
1<j5 <1}
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Definition 3 For a complex number a € CU{co} we denote by Ny)(r, a; f)
the counting function of simple a-points of f.

We do not explain the standard definitions and notations of the value
distribution theory because those are available in [6]. Hayman [5] proved
the following theorems.

Theorem A If f is transcendental entire and n > 3, a # 0 then ¥ =
f'—a(f)™ assume all finite values infinitely often.

Theorem B If f is transcendental entire and n > 2 then f'(f)" assumes
all finite values except possibly zero infinitely often.

Clunie [2] proved Theorem B for n > 1. Later on Sons [7] generalised
Theorem B and proved the following result.

Theorem C If f is transcendental entire and i = (f)"o(fV)m ..
(f*N™k  where ng > 2, ng > 1 and n; > 0 for i # 0, k then 6(a;¢) < 1 for
a # 0,00. Moreover if Nyy(r,0; f) = o{T(r, f)} as r — oo then for ng > 1
the same conclusion holds.

For differential polynomials C.C. Yang |8] proved the following theorem.

Theorem D Let f be transcendental meromorphic with N(r, f) +
N(r,0; f) = S(r, f) and ¢ =3 a(f)Pe(fMD)Pr... (fENPE with no constant
term where T(r,a) = S(r, f). If the degree n of ¥ is greater than one and
po<n,0<p; <n forall i #0, then §(b,¢) <1 for all b+ 0, cc.

Following theorem of Gopalakrishna and Bhoosnurmath [4| shows that
for a homogeneous differential polynomial we get a better result.

Theorem E Let f be meromorphic with N(r, f)+N(r,0; f) = S(r, f) and
Y(f) be a nonconstant homogeneous differential polynomial. Then ©(b; ) =
0 for all b+# 0, co.

However for nonhomogeneous differential polynomials Theorem E does
not hold. For, let f = exp(z), ¥ = f? — 2if’. Then O(1;¢) = %—

For nonhomogeneous differential polynomials C.C. Yang [9] proved the
following theorem.

Theorem F Let f be a transcendental meromorphic function with
N(r,f)+ N(r,0; f) = S(r, f). Let ¥(f) be a differential polynomial in
f of degree n > 2 such that all the terms of ¥(f) have degree at least two.
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If ¥(f) is nonhomogeneous then 6(b,v) <1 — % for all b # oo.

Now one may naturally ask: Is the upper bound 1 — ﬁ in Theo-

rem F sharp ? If not, what is the best possible upper bound ?

The purpose of the note is to study this problem. We apply a result
of H.X. Yi to prove a theorem on the value distribution of nonhomoge-
neous diferential polynomials which not only gives the best possible upper
bound for §(b; P[f]) in Theorem F but also estimate a larger quantity, the
ramification index, under weaker hypothesis.

2. Lemmas

In this section we state two lemmas which will be needed in the sequel.

Lemma 1 [9] Let P[f] =Y " ,a:f* where a, #0 and T(r,a;) = S(r, f)
for i=0,1,2,...,n. Then T(r, P[f]) =nT(r, f)+ S(r, f).

Lemma 2 [10] Let F = f* + P[f], wheren > 2 and I'p < n — 1. Then
either P[f] =0 or

(n—p)T(r, f) < N(r,0; f)+ N(r,0; F)
+(1+Tp —yp)N(r,00; f) + S(r, f).

3. The Main Result

In this section we prove the main result of the note.

Theorem 1 Let either Ty, = v, (5 = 1,2,...,0) or N(r,0; f) +
N(r,f) = S(r, f) and P[f] = Zz.:l M;[f] be such that yp > v, > L.
Then

. 7P
O(a; P[f]) < vi

for any small function a (#£ o) of f.

Proof. Clearly we can write M;[f] = c;f ™, where

f(l) nij f(2) n2; FUR)N ™3
cj:bj(7> (T) "'(T) '

Now by Milloux theorem {p.55 [6]} we see that
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m(r, c;) < mir, bs) + in,,.m ( f(i)> _ S(r f).

i=1

Also

k £
N(r,c;) < N(r,b;) + 2 nijN(r, —f—>
i=1

We note that poles of L;z—) occur only at the poles and zeros of f and a

pole or a zero of f is a pole of # with multiplicity at most 7. So

il - —
N(r, 7 ) < i{N(r, f)+ N(r,0; f)}.

Therefore
k
N(r,cj) < {me} {N(r, f)+ N(r,0; )} + S(r, f)
i=1

= (Cag; = Y ){N(r, f) + N(r,0; )} + S(r, f)
= 8(r, f),

by the given condition. Hence T'(r,¢;) = S(r, f) for j =1,2,...,1.
Now collecting the same powers of f together and if necessary putting
some o; =0

p
Plf] = ayp 7 + ) oif?, (1)
=1

where T'(r, o;) = S(r, f) for i =1,2,...,v%,vp and oy, Z 0.
Now we put

p_ Pl

Qyp Qyp

; Q; a
i .
—_ f’YP + E fl _ ,
i—1 aw a’YP

where T'(r,a) = S(r, f) and a # co.
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Clearly

For, otherwise by we arrive at a contradiction. Hence by [Lemma 2
we obtain

(vp =vp)T(r, f) < N(r,0; F) + S(r, f)
= N(r,a; P[f]) + S(r, f). (2)
Also by [Lemma 1 we get from (1) that

T(r, P[f]) = vpT(r, f) + S(r, f).
Therefore it follows from (2) that

( _ ﬁ) T(r, P[f]) < N(r,a; P[f]) + S(r, P[f]),
YpP

from which the theorem follows. This proves the theorem. O

Remark 1 The condition vy, > 1 is necessary. For, let f = exp(z) and
Plfl=(f"?+2f —-2f+1 {cf [9]}. Then O(1; P[f]) = 1.

Remark 2 The bound v /7vp is sharp. For, let f = exp(z) and P[f] =
f2— f*. Then ©(0; P[f]) = 2/3.
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