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Harmonic univalent functions with
fixed second coefficient

Om P. AHuJA and Jay M. JAHANGIRI
(Received February 5, 2001)

Abstract. We define and investigate a family of harmonic univalent functions that have
fixed second coefficient. Extreme points, convolution conditions, convex combinations,
and distortion bounds are obtained for these functions.
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1. Introduction

Denote by ‘H the family of functions f = h + g which are harmonic
univalent and sense-preserving in the open unit disk A = {z : |z| < 1}
where h and g are given by

o0 (o o]
hz)=z+> an2", g(z)=> baz", [|ba <1. (1)
n=2 n=1
Note that the family H reduces to the class S of normalized analytic uni-
valent functions whenever the co-analytic part of f = h + g is zero, i.e.,
g = 0. Also, note that if f = h + g € H, then A'(0) = 1 > |¢'(0)] = |b1].
It, therefore, follows that (f — by f)/(1 — |b1|?) € H whenever f € H. With
this in mind, we consider H® C ‘H for which b; = f;(0) = 0. Clunie and
Sheil-Small [8] observed that both H and H° are normal families. They also
found that H° is compact, while H is not.
Let TH be the class of functions in H that may be expressed as f =
h + g where

o0 00
hz)=2z—=) lanl2", g(z) = |bal2", |b2] < 1. (2)
n=2 n=1

For 0 < a < 1, also let THS*(a) and THK(a) be the subclasses of TH
consisting, respectively, of functions starlike of order o and convex of order
a in A.
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The following two theorems were proved by the second author and we
shall need them throughout this paper.

Theorem A [10] Let f = h+3g be so that h and g are given by (1). Then
f is harmonic starlike of order o, denoted by S;/(a), if

°n—a °°n+a
Zl_alanl—i—zl_albnlgl, 0<a<l. (3)

n=2 n=1

The condition (3) is also necessary for the family THS*(a).

Theorem B [9] Let f = h+g be so that h and g are given by (1). Then
f is harmonic convex of order «a, denoted by Ky (a), if

— n(n — ) = n(n+ a)
- Ese— < <
S —lan+ Y, Sl <1, 0<a<l, (4)

n=2 n=1

The condition (4) is also necessary for the family THK(c).

Silverman obtained results analogous to Theorems A and B for the
special case by = a@ = 0 and Silverman and Silvia, improved the results
of to the case b; not necessarily zero.

Several authors, such as [1], [2], and [13], studied the subclasses of an-
alytic univalent functions with a fixed second coefficient. In [5] and [6] it is
noted that such functions are often the only extreme points for the closed
convex hull of the respective family. Often a function that maximizes a par-
ticular coefficient also maximizes the remaining coefficients and so provides
sharp distortion bounds. There is a challenge in fixing the second coefficient
which is due to the removal of natural extremal functions from the class.
This challenge is even greater when it comes to harmonic functions. In this
paper we investigate sense-preserving harmonic univalent functions of the
form (2) with a fixed coefficient and determine extreme points, convolution
conditions, and convex combinations for these types of functions.

First we define the family of harmonic univalent functions with fixed
second coefficient.

Definition 1 For 0 < p <1, a function f = h + g where

o0 o0
W) =222 = laals, g(2) =D Ibals" (5)
n=1

n=3
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is said to be in the family 77 ({c,}, {dn}) if there exists sequences {c,} and
{dn} of positive real numbers such that

o 9] o0
P+ Y cnlan|+ > dnlb <1, difby] < 1. (6)
n=3 n=1

Also let F2,({cn}, {dn}) = FE,({cn}, {dn}) N HO.

Note that if the co-analytic part of f is zero then F% ({cn}, {dn}) reduces
to the family F,({c,}), studied by Ahuja and Silverman [1].

The families 77 ({cn}, {dn}) and FE,({cn},{dn}) incorporate many
subfamilies of 7°H consisting of functions with a fixed second coefficient.
For example, for functions f = h + g of the form (5), we have

(1) Fr{n},{n}) = THy = {f: f € TH},

@ A== {”* V) = THS(0) = {f : f € THS" (@)},

l—«a l-a

(iii) f,ﬁ({”(" ) } {”(" +o) }) = THK,(a) := {f : f € THK(a)},

l—-« l—-«a
(iv)

i) 1))

(v)
2 2

]:71'7{({ 17104}’ {1Tia}) = R%(a) ::{f : %g_%{(Z) S TeiOGA}-

962%

~

2 f(z
NE(a) :={f:§Rao 2)

5 > zzrewEA},
%Z

We note that if d,, = 0 and the co-analytic part of f = h + g is zero then
the above conditions (iv) and (v) reduce, respectively, to the well-known
conditions R(f') = R(h') > «, (see [3] and [11]), and R(zf") = R(zK)' > «,
(see [4], [7], and [15]).

2. Main Results

First we justify the sense-preserving and univalence of the family
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Theorem 1 If ¢, > n and d, > n for all n, then F%,({cn}, {dn}) consists
of starlike sense-preserving harmonic mappings in A.

Proof. Note that for |az| = p/c2 and c2 > 2 we have 2|ag| = 2p/cy < p.
Now the proof is complete by A, since

o0 o oo o0
20as| + Y nlan| + Y nlbl <p+ Y cnlan+ Y dnlba] < 1.
n=3 n=1 n=1

n=3

We will henceforth, unless otherwise stated, assume that ¢, > n and d, >
n. O

Next we give the radius of the convexity of the functions in

Frio({cn}; {dn})-

Theorem 2 Each function in FL,({cn},{dn}) maps the disk |z| = r <
1/2 onto a convexr domain.

Proof. For f € FL.({cn},{dn}) we have @ € FP.({cn},{dn}) where
0 <r < 1. Then we can write

o0 o0
p+ Z n2a,|r" ! + z n2|by|r™ !
n=3 n=2
o0 o
=p+ 2 n|an|nr" " + Z n|bp|nr™
n=3 n=2

o0 o0 o o] o0
<p+ ananl + Zn|bn| <p+ ch|an| + Zdnlbnl.
n=3 n=3 n=2

n=2
This last expression is never less than 1 if nrm 1 <1,orifr <1 /2. There-
fore, the convexity follows by Theorem B. O

In the following theorem we examine the extreme points of the closed
convex hull of F2,({cn},{dn}), which is denoted by clco FL.({cn}, {dn})-

Theorem 3 f € clco FY,({cn}, {dn}) if and only if

o0

f(2) =) _(Anhn(2) + pingn(2)) (7)

n=2
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1-—
gn(z)=z—£z2+ Pon  n=23.4,...,

A >0,y >0, and > 07 o(An + pn) = 1. In particular, the extreme points
of Fro.({cn}, {dn}) are {hn} and {gn}.

Proof. Suppose f is expressed by (7). Then

f(Z)I/\2(z—c%z)+u2<z—g—z + 1d_2p 2)

2
+i[ (z————z —1;11) )-i—,un(z—;:p;z +1dnp ")]
1P, \n N (L=P \om
A">z JZ;( d “")z'
Therefore, f € clco FY.({cn}, {dn}), since
DAY et S0 (52 )
n=2

o0

+A-D A+ 19
n=3 n=2
- )\n+ n
p>(§3 Zu)

—p+(1-p)(1-X) =1-X(l-p) <1.

Conversely, assume that f = h+ g € clco F}o({cn}, {dn}) where h and g
are given by

h(z) =z — —z - }: lanlz™,  g(2) =) |ba|2"
n=2

n=3

Since, by (6), |an| < 1—_13 (n = 3,4,...), and |b,| < 17—7-12 (n = 2,3,4,...),

we may set Ay, lﬂl"_ﬁ (n=3,4,..), pn = I—blil%" (n = 2,3,4,...), and

Ao =1-=3" Ay — Y o2 ttn. Then the proof is complete by noting that
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= hg(z) + Z(hn(z) — h2(z))/\n + Z(gn(z) - 92(Z))/J'n

n=3 n=3
0
= Aaha(2) + ) (Anhn(2) + ingn(2)) + H2g2(2)
n=3

O

Corollary 1 The extreme points of clco THOS;(a) are the functions given
by he(z) = z — p(l pl-a),2

-

hn(z) = z——p(l—a)z2 — (l_p)(l_a)z" (n=3,4,...),

2—« n—aq
l-« 1-p)(1-«
gn(z)zz——p—(Q-_—a—)-zzv+( 5150 )2" (n=2,3,4,...).

Corollary 2 The extreme points of clcoTH°K,(a) are the functions given
by hy(z) = z — B1=2),2

2(2—a)
p(l — a)z2 _ p(l — Oé) e
2(2-a) n(n — a)

hn(2) =z — (n=3,4,...),

and

9n(2) =z—I2)g:Z;z2+ z&;z))z" (n=23,4,..).

We remark that results analogous to Corollaries 1 and 2 for the analytic

case are proved by Silverman and Silvia [13].

For the harmonic functions f(z) = z — Y o0 5 a,2™ + > o0 b,2" and
F(z)=2z-) 729 An2™ + > 2 | B,Z" we define the convolution of f and F
by

(f * F)(2) = f(2) * F(2) —z—Zan nZ +ZbB

n=2

Theorem 4 The family FY,({cn}, {dn}) is closed under convolution.
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Proof. For f,F € FL.({cvn},{dn}), we may write

2 oo o0
f(z2)x F(z) =2z — p—2z2 — Z |anArn|2"™ + Z |bnBn|Z"
n=3 n=2

]
where
p o0 o0
fl2)=2—=22 = lanl" + ) |bn|2"
€2 n= n=2
and
o0 o0
F(z)=z— C£z2 — Z |An|2™ + Z | Bn|Z"
2
n—= n=2

Note that |A,| <1 and |By,| < 1. Therefore, we obtain

oo 00 00 00
p+ zcnlanAnl + Zdn|ann‘ < p+ ch|an| + Zdn|bnl <1
n=1 n=3 =2

n=3
This shows that f x F € FY,({cn}, {dn})- O

Theorem 5 The family Fr.({c.}, {dn}) is closed under conver combi-
nation.

Proof. Since

o0 o0
file) = 2= o2 = Y laanle" + 3 il € Fhu({enl, {dn})
n=3 n=2

we have
o0 o0
P+ calai ]+ dnlbi| <1, i=1,2,3,.... (8)
n=3 n=2
Note that
o o] p o0 o oo o0
_ 2 _ s 1) 2m b 1) 5m
S ouf() == et = S L)+ 3 Luiel )
1= - 1= n= 1=

Using the condition (8) we obtain
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o S Sl) « Fo (S

n=3 =2 =1

oo o0 o0 o9}
:p+zti(zcn|ain|> +Zti( dnlbin|>
1=1 n=3 1=1 n=2
o0 o0

o0 (o 0]
=p+2ti<2cn|ain|>+Zdn|bin|§p+ ti(1—p)
1=1 n=3 = 1=1

n=2

o0
=P+(1“P)Zti=1-
i=1

Hence, by an application of (6), it follows that Y22 t;fi € FYo({cn}, {dn}).
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