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Real hypersurfaces in complex space forms
which are warped products

Bang-Yen CHEN
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Abstract. It is proved in [6] that there do not exist real hypersurfaces in nonflat com-
plex space forms which are Riemannian products of Riemannian manifolds. By contrast,
using Legendre curves we construct in this article many examples of real hypersurfaces in
complex space forms which are warped products of Riemannian manifolds. Conversely,
we prove that our examples are the only real hypersurfaces in complex space forms which
are warped products of a complex hypersurface and a curve.
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1. Introduction

The study of real hypersurfaces in complex projective space CP™ and
complex hyperbolic space CH™ has been an active field over the past three
decades. Although these ambient spaces might be regarded as the simplest
after the spaces of constant curvature, they impose significant restrictions
on the geometry of their hypersurfaces. For instance, they do not admit
totally umbilical hypersurfaces and Einstein hypersurfaces.

On the other hand, several important classes of real hypersurfaces in
complex projective space have been constructed and investigated by many
geometers. For instance, H.B. Lawson investigated real hypersurfaces of
CP™ which lift to Clifford minimal hypersurfaces of S™'! via Hopf fibra-
tion. R. Takagi gave the list of homogeneous real hypersurfaces of CP".
Many geometers then study the geometry from the list of Takagi and ob-
tained various interesting geometric characterizations of homogeneous real
hypersurfaces in CP".

Another important class of real hypersurfaces in CP"™ which contains
the list of R. Takagi is the class of Hopf hypersurfaces. Such hypersurfaces
are real hypersurfaces whose structure vector J¢ is a principal curvature
vector, where J is the complex structure and £ is the unit normal vector
field. Examples and geometric characterizations of Hopf hypersurfaces have
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also been obtained by various geometers. It is known that in CP", M is
a homogeneous real hypersurface if and only if M is a Hopf hypersurface
with constant principal curvatures [8, 12].

The study of real hypersurfaces in complex hyperbolic space CH™ has
followed developments in C'P™, often with similar results, but sometimes
with differences (see, for instance, [1, 10]).

Recently, B.Y. Chen and S. Maeda proved in [6] that there do not exist
real hypersurfaces which are the Riemannian products of Riemannian man-
ifolds, both in complex projective space and complex hyperbolic space. By
contrast, using Legendre curves in a hypersphere of the complex plane, we
construct explicitly in this article many real hypersurfaces in complex space
forms which are warped products of Riemannian manifolds. Conversely, we
prove that our examples are the only real hypersurfaces in complex space
forms which are warped products of a complex hypersurface and a curve.

2. Preliminaries

If N is a Riemannian k-manifold isometrically immersed in a Kaehler
manifold M with complex structure J. Then the formulas of Gauss and
Weingarten are given respectively by

VxY =VxY +0(X,Y), (2.1)
Vx€=—A¢X + Dx¢, (2.2)

for vector fields X, Y tangent to N and £ normal to N, where V denotes
the Riemannian connection on M , o the second fundamental form, D the
normal connection, and A the shape operator of N in M. The second funda-
mental form and the shape operator are related by (4¢:X,Y) = (¢(X,Y), &),
where (, ) denotes the inner product on M as well as on M. The mean
curvature vector H is given by H = (1/k) traceo. For an orthonormal ba-
sis ey, ..., ek of the tangent bundle of N, the scalar curvature 7 is defined
by 7=, <j Kij where K;; denotes the sectional curvature of the plane
section spanned by e; and e;.

For a submanifold N of a Kaehler manifold M, the equation of Gauss
is given by

R(X,Y;Z,W)=R(X,Y;Z, W)+ (a(X,W),a(Y, Z))
—(0(X, 2),0(Y,W)), (2.3)
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for X, Y, Z, W tangent to M and £,  normal to M, where R and R denote
the curvature tensors of N and M™, respectively.

For the second fundamental form o, we define its covariant derivative
Vo with respect to the connection on TM @ T+ M by

(Vxo)(Y,Z) = Dx(o(Y, Z)-o0(VxY,Z2)-o(Y,VxZ). (2.4)
The equation of Codazzi is given by
(R(X,Y)Z)* = (Vxh)(Y, Z) - (Vyh)(X, Z), (2.5)

where (R (X Y)Z)1 denotes the normal component of R(X,Y)Z.

Let M "(4c) denote a complex m-dimensional Kaehler manifold with
constant holomorphic sectional curvature 4c. Such Kaehler manifolds are
called complex space forms. It is known that the universal covering of a
complete complex space form M "(4c) is the complex projective n-space
CP"(4c), the complex Euclidean n-space C", or the complex hyperbolic
space CH"(4c), according to ¢ > 0, ¢ = 0, or ¢ < 0. The Riemann curvature
tensor of M"™(4c) satisfies

R(X,Y;Z,W)
= c{ (X, W) (Y, 2) - (X, 2) (Y, W) + (JX, W) (JY, Z)
— (JX, Z) (JY,W) +2(X,JY)(JZ,W) }. (2.6)

Let B and F be Riemannian manifolds endowed with Riemannian met-
rics gg and gr, respectively, and f > 0 a differentiable function on B.
Consider the product manifold B x F with its projection 7 : B x F — B
and 71 : B X F — F. The warped product M = B x; F is the manifold
B x F equipped with the Riemannian structure such that

X1 = llm (I + f2(r () (X)) | (2.7)

for any tangent vector X € T, M. Thus, we have g = gp + f?gr. The
function f is called the warping function of the warped product.

A submanifold N in a Kaehler manifold M is called a C'R-submanifold
if there exists on N a differentiable holomorphic distribution D such that
its orthogonal complement D+ is a totally real distribution, ie, JDF C
T;-N. Real hypersurfaces of a Kaehler manifold are CR-submamfolds A
CR-submanifold is called a C'R-warped product if it is the warped product
Nt x5 N of a holomorphic submanifold N7 and a totally real submanifold
Ni of M, where f is the warping function (cf. [5]).
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We recall the following lemma from [2] for later use.

Lemma 2.1 Let M be a CR-submanifold in a Kaehler manifold M. Then
we have

(1) (VuZ,X)=(JA;zU,X),
(2) AJZW = Ajwz, and
(3) AjX =-AJX,
for any vectors U tangent to M, X,Y in D, Z, W in DL, and € inv.

For C' R-warped products in Kaehler manifolds we have the following.

Lemma 2.2 For a CR-warped product M = Nt xf N in any Kaehler
manifold M, we have

(1) (o(D,D), /DY) =0
(2) VxZ=VzX=(XInf)Z,
(3) (0(JX,Z),JW) = (XInf)(Z,W);
where X, Y are vector fields on Nt and Z, W are on N

Proof. Since M is Kaehlerian, we have
JVXZ+JO'(X,Z):—AJ2X+ijZ, (2.8)

for any vector fields X, Y on Ny and Z in N;. Thus, by taking the inner
product of with JY, we find

(VxZ,Y) = — (AyzX,JY) = = (0(X, JY), JZ) . (2.9)

On the other hand, since M = Nr xs N is a warped product, N is
a totally geodesic submanifold of M. Thus, we also have (VxZ,Y) = 0.
Combining this with [2.9), we obtain statement (1).

Statement (2) can be found in [11].

By applying statement (2), and statement (2), we get

(0(JX,2),JW)=—(JAwZ,X) = —(VzW, X)
_ (XIn f)(Z,W) (2.10)

for X on Ny and Z, W on N, . This proves statement (3). O

A real hypersurface M of a complex space form M is called ruled if it
is foliated by complex totally geodesic hypersurfaces of M.
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3. Legendre curves and differential equations

A contact manifold is an odd-dimensional manifold M?**! with a 1-
form 7 such that n A (dn)™ # 0. A curve v = v(t) in a contact manifold
is called a Legendre curve if n(8'(t)) = 0 along 8. Let S?"*1(c) denote the
hypersphere in C™"*! with curvature ¢ centered at the origin. Then $2"+!(c)
is a contact manifold endowed with a canonical contact structure which is
the dual 1-form of J¢, where J is the complex structure and £ the unit
normal vector on S2"*1(c).

Legendre curves are known to play an important role in the study of
contact manifolds, e.g. a diffeomorphism of a contact manifold is a contact
transformation if and only if it maps Legendre curves to Legendre curves.

Let C™*! denote the complex Euclidean (n + 1)-space endowed with

metric g = Y "] dz;dz;, z; = x; + iy;. We put

7=1
SZn-I—l(C) = {(21, . .,Zn+1) € Cn+1 : <Z,Z> = C_l > 0},

where ( , ) denotes the inner product induced from the metric.
The following lemma from provide a simple relationship between
Legendre curves and a second order differential equation.

Lemma 3.1 Let ¢ be a positive number and z = (z1,22) : I — S3(c) C
C? be a unit speed curve where I is either an open interval or a circle. If
z: I — C? satisfies

2'(t) —idy(t)2'(t) + cz(t) = 0 (3.1)
for some nonzero real-valued function A on I, it defines a Legendre curve
in S3(c).

Conversely, if z defines a Legendre curve in S3(c), it satisfies differen-
tial equation (3.1) for some real-valued function A.

Remark 3.1 For any nonzero function A(t) there is a (unit speed) Legen-
dre curve z = 2(t) in $3(c) satisfying equation [3.1). Such Legendre curve is
unique if one imposes the initial conditions: z(0) = 29 € S3(c) and 2/(0) = u
for some unit vector tangent to S3(c) (see [4, p.14]).

4. Warped product real hypersurfaces in C*t!

The following theorem classifies completely real hypersurfaces of com-
plex Euclidean space which are warped products of a complex hypersurface
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and a real curve.

Theorem 4.1 Let a be a positive number and y(t) = (I'1(¢),T2(t)) be a
unit speed Legendre curve v : I — S3(a?) C C? defined on an open interval
I. Then

X(Zl, -y Rny t) = (arl (t)Zl, (ZFQ(t)Zl, R+ o Zn), 21 7é 0 (41)

defines a real hypersurface which is the warped product C? Xa|z| I of a
complexr n-plane and I, where C} = {(21,...,2,) : 21 # 0}.

Conversely, up to rigid motions of C™, every real hypersurface in
C™*1 which is the warped product N x 71 of a complex hypersurface N and
an open interval I is either obtained in the way described above or given by
the product submanifold C™ x C C C" x C! of C" and a real curve C in
C!l.

Proof. Let N x; I be a real hypersurface in C™"*! which is the warped
product N x I of a complex hypersurface N of C**! and an open interval
I. Without loss of generality, we may assume that I contains 0.

We obtain from that
o(D,D) =0. (4.2)

Since N is totally geodesic in N x ¢ I, implies that N is immersed as a
totally geodesic complex submanifold in C**!. Hence, N is holomorphically
isometric to a complex Euclidean n-space C™.

Let z = (z1,...,2,) be a natural complex coordinate system on C™.
We put 2; = z; +1iy;, j =1,...,n. The warped product metric on N xpl
is given by

h
9= (dz} + dyf) + f2dt*. (4.3)
k=1

From and a straightforward computation we know that the Rie-
mannian connection on N X I satisfies

d d 8
- 2 = — =0, jk=1,...,n, 4.4
v a:z: awk V 62 6yk v 337 8yk I ]7 n ( )
Vo 2 f"”’— ji=1,...,n, (4.5)
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0 fy; O .

V%at_ 7 j=1,...,n, (4.6)
0 n 0 0

V.{%a——fgoxka—% +fy’°8_yk)’ (4.7)

where f,, = 0f/0x;, f,, = 0f/0y;.
Using (4.4)—(4.7) we know that the Riemann curvature tensor of satisfies

R(B 8)8 _( 0%¢ +8¢8¢)%

B_xj’ ot B:I:k ~ \fz;0r Oz Oy,
0%¢ Op 0p\ O
(6:1:] Bt) Byk (&rjc')yk + oz; 8yk)a (4.8)
B 5) 50 = (o + o)
Oy;’ Ot/ Oyr  \Oy;Oyr ~ Oy; Oyx/ Ot
for j,k=1,...,n, where ¢ =In f.
From (3) of we have
o 0 0¢
(833] 8t) 8yJJ<8t)
0 0\ 0¢ (0 .
We put
0 0 0
7(5035) = (5): (4.10)
for some function A = A(z1, ..., 2, t).

By applying the equation of Gauss, (4.8), and (4.9), we obtain
8 8¢ 09 ¢ ¢
Or;0rr  Oy; Oyr Oz Oz’

¢ _ 09 0p 0 0p .,
8mj6yk B _ayj 8a:k B 61‘3' 6yk, ],k o 1’ et (4'11)

¢ 36 0¢ ¢ 94
Oy;0yr ~ Oz Oz, Oy; Oyk

Clearly, every constant function ¢ is a solution of the PDE system
(4.11). However, if ¢ is constant, the warping function f is constant. In
this case, the hypersurface is a CR-product in the sense of [2]. Hence, by
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applying Theorem 4.6 of [2], we know that the real hypersurface is locally
the product submanifold obtained by the product of C™ and a curve in C!.
Now, we search for non-constant solutions of the PDE system.

Lemma 4.2 The non-constant solutions ¢ = ¢(1,y1,...,Tn, Yn) of the
system of partial differential equations:

¢ 09 0p  0¢ O¢

= — 4.12
O0x;0xr,  Oy; Oyr Oz Oxi’ (4.12)
¢ 0p 8¢  0¢ 09 .
= — — , L k=1,...,n, 4.13
0z ;Oyx, Oy; Oz Oz Oyx J " (4.13)
82
6 _ 0 8p 09 99 (414
O0y;0yr ~ Ox; Oxx,  Oy; Oyk
are the functions given by
1
b= 3 In{ (a, 2)? + (i, 2)* }, (4.15)
where z = (1 + y1,...,Zn + iYn), {, ) is the standard Euclidean inner
product on C™, and o is a constant nonzero vector in C".
Proof. From (4.13) we get
0 0¢ 0¢
—({In—) = -2—. :
oz ( ! 8y1) oz (4.16)
Solving (4.16) yields
0 _
éﬁ =€ 2¢¢(y17$27y27"-7$n1yn)7 (417)
Y1
for some function ¥ = ¥(y1, 2, y2, . - ., Tn, yn). Therefore

1
¢ = 5 In (77(1:1’ Z2,Y2,-..,Tn, yn) + y‘(yla I2,Y2, .., Tn, yn)) ) (418)

for some function 7 = n(z1, 22, Y2, - - -, Tn, Yn), where p =2 [¥* dy;. From
(4.18) we find
Nz, Hy
Gz, = y Oy = ) 4-19)
2+’ T 2+ p) (

b = Mo (1) — 1,
i 2(n + p)?

(4.20)
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By (4.12), (4.19) and (4.20) we obtain

20 + ) Nerz, =02, + B2, - (4.21)
Similarly, from with j =k =1 and (4.18), we also have

200+ ) yryy =11z, + g, - (4.22)

By combining (4.21) and (4.22) we find 73,2, = fy,y,- Since n and p are
independent of y; and x; respectively, we find

Neizy = Hyryy = 2F($2a Yy2,...,Tn, yn)7 (423)
for some positive function F' = F(zg,ys,...,%n,Yn). Thus, after solving
(4.23), we obtain

n= F(x27' . ,yn)x% +G($2, .- '7yn)xl +H(.’E2, . wyn):

p=F(xa,...,un)¥s + K(22,...,yn)y1 + Lz, ..., yn), (4.24)

for some functions G, H, K, L of 2n — 2 variables. Substituting (4.24) into
(4.21) gives 4F(H + L) = G? + K?2. Hence, by (4.24), we get

1
n+pu= 5 {(@Fn + G)?+ (2Fy; + K)?}. (4.25)
Combining (4.18) and yields
1
¢ = 3 In {(az1 + B)* + (ay1 + 6)*}, (4.26)
where a(za,...,y,) = VF > 0, B(za,...,yn) = %, and 6(x2,...,Yn) =
K
2VF'
From (4.26) we find
5o = a(azxy + B)
e (aa:l + ﬂ)2 + (ay1 + 5)2’
b, = a(ay: + 6)
0 (am1 4+ B)? 4 (apn + )% (127)
bo = (ax1 + B)(az,;z1 + Bz;) + (ay1 + 0)(az;y1 + dz;) '
(L'J - b

(az1 + B)? + (ayr + 6)?
(az1 + B)(ay;z1 + By;) + (ay1 + 6)(ay,y1 + dy;)

Y (az1 + B)? + (ayr + ) ’
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for j = 2,...,n. Hence, by applying for ¢z, z;, we obtain
(az;(2az1 + B) + aB:;)((az1 + B)% + (ay1 + 0)?)
— a(azy + B) [(a:vl + B)(az;z1 + Be;) + (ay1 +9)(az,;y1 + 5xj)]
= a(ay; + 9) [(aml + B)(ay;x1 + By;) + (ay1 + 9)(ay;y1 + 5yj)] )
(4.28)

By comparing the coefficients of z3 and ¢3 in we find Ja/0z; =
0a/0y; =0 for j = 2,...,n. Hence a is constant. Thus, (4.27) and (4.28)

imply
(az1 + B)Be; + (ay1 + 6)0;

¢xj =

(az1 + B)* + (ay1 +6)*
_ (az1+ B)By; + (ay1 + )4y,
¢yj - (a:cl +,B)2 + (a'yl _|_5)2 y (429)

(ay1 + 0)Bz; — (az1 + B)oz; = (az1 + B)By; + (ay1 + 0)dy,. (4.30)

Since a is constant, implies
bo = B ; By, + 0,0y, + (az1 + B)Besy, + (ay1 + 0)dz,y,
ik (az1 + B)2 + (ay1 + 6)2
o [(021 + B)Ba; + (ay1 + 0)0;] - [(az1 + B)By, + (ay1 + )0y, ]
[(az1 + B)% + (ay1 + 6)?]? ’
(4.31)

for 2 < j, k < n. Hence, by applying with j = k, and (4.31),
we get

Be;By; + 02,0y, + (ax1 + B)Br,y; + (ay1 + )0z, = 0. (4.32)

Thus, we obtain (3, = 5ijj =0 for j = 2,...,n, by comparing the
coefficients of x3 and y3 in [4.32), respectively.

Similarly, by using and by comparing the coefficients of =3 and y3
in other equations from (4.12)-(4.14), we may also obtain B;,z; = Bry; =
Bejy = Ozz; = Ozpy; = Ozjy, = 0 for 2 < j, k < n. Therefore, there exist
constants ag, ..., a2n, b3, ..., ba, such that

B = asza + agy2 + - - + Q2n—1%n + A2nYn,
0 = b3xg + bays + - - - + bon—1Zn + b2nYn. (4.33)
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Combining (4.15) and (4.22) yields

1
o= 2 In {(am + a3y + agyz + - + agnYn)?

+ (ay1 + b3zz + - - + banyn) 2} (4.34)

Finally, from [4.12) with j = 1 and [4.34), we obtain ag;_; = by, and
azr = —bog_1. Thus, we obtain from [4.34) that

1
¢ = 5 In {(axl + azxry + aqys + - - -+ agp—1Ty + (I,Qnyn)2
+ (ay1 — a4x2 + agys — - - — agn@n + Azn—1Yn)°}. (4.35)

If we put a = (a, a3 +1aq, . ..,a2,—1 +1ag,) and z = (z1 +iy1, ..., Tn+
iYn), then (4.35) becomes (4.15) with a; = a and ay = 0. After applying a
suitable change of variable on z;, we obtain [Lemma 4.2, O

implies that ¢ = In f is given by ¢ = L In{{q, 2)% + (icr, z)%}
for some vector « € C™"!. By choosing a suitable Euclidean complex
coordinates on C™*!, we may obtain a = (b1 + ibo,0,...,0). With respect
to this vector o, we have f = {(b1z1 + bay1)? + (=baz; + b1y1)2}1/2, which
is nothing but

f=ay/z2?+y}, a=4/b2+02. (4.36)

From the formula of Gauss, [4.2), (4.4)4.7), (4.9) and [4.36), we know

that the immersion x of N x 7 I in C™ satisfies

Xziop = Xajye = Xy =0, 5, k=1,...,n, (4.37)
T1 — Y1 Y1 + i1

x1t 33% + y% t nt x% + y% t ( )

Xzt =Xy;6 =0, 7=2,...,n, (4.39)

Xyt = —a2(x1xm1 + y1Xy, ) + iAxe. (4.40)

It is straightforward to verify from (4.37)-(4.40) that Xz ;1 = Xz,
Xy;tt = Xy, hold for j = 1,...,n if and only if ON/0z; = OA/dy; = 0 and
Xy, = iXg; for j = 1,...,n. Hence A = A(t) is a function of ¢ and, moreover,
(4.40) reduces to

X¢ = —a2z1xm1 + A(t)xy, (4.41)



374 B.-Y. Chen

Solving gives
n n
x =Y Aft)oe + > B (t)yk + C(t) (4.42)
k=1 k=1

for some functions AL, ..., A" B!, ..., B™ C of t. Substituting into
gives

(@ + ) A = (1 - m){

n

n
Afzi+> Bfyr + Ct}, (4.43)

k=1 k=1
for j = 1,...,n, which implies
AF=BF=0C,=0, k=2,...,n, (4.44)
B} =iA}l. (4.45)

Condition implies that A2 LA B2 B", C are constant
vectors. We may choose C = 0 by applying a suitable translation if neces-
sary.

Solving implies that there is a vector d; so that

B! =iAl +i5;. (4.46)
We put

Al = ay + 61, AP =8, B¥=i8, k=2,...,n. (4.47)
(4.42), (4,46) and imply

n
x(21,. .-y 2n,t) = ay(t)z1 + Z(ﬁkwk + 10k Yk ), (4.48)
k=1
where 81 = ;.
From x,, = iX,,; and we find 8 = Bk, k =1,...,n. Thus,
gives
n
X(21, .-y 2n,t) = ay(t)z1 + Z B2k (4.49)
k=1

Substituting into (4.41) yields #; = 6; =0 and
~'(t) — i)Y' (t) + a*y(t) = 0. (4.50)
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If we choose the initial conditions:
k+ 1-th
%o, (1,0,...,0) = (0,...,0, “1°,0,...,0), k=1,...,n,
x¢(1,0,...,0) = (a,0,...,0), (4.51)

we obtain from [(4.49) and (4.51) that

~(0) = (0,a7%,0,...,0), ~'(0)=(1,0,...,0),
By =(0,0,1,0,...,0),...,8,=(0,...,0,1). (4.52)

Combining (4.49) and [(4.53) yields

x(21,. ., 2n,t) = ay(t)z1 + (0,0, 22, . . ., 2n). (4.53)

Since (t) is a solution of the second order homogeneous linear equa-

tion [4.50), v(t) can be expressed as y(t) = c1A1(t) + c2A2(t), where ci,
co are constant vectors in C™"*! and Aj(t), A2(t) are two independent so-
lutions of [4.50). Thus, the image of v(t) must lie in the complex plane,
say C?, spanned by cj, co. Clearly, C? is the complex plane defined by
{(w1,ws,0,...,0) : wy,ws € C}. Hence, if we denote the curve v by y(t) =
(T'1(¢),T2(t)), then the hypersurface is given by

X(21y .-+ 2n, t) = (al'(t)21, al'(t) 21, 22, - . -, Zn)- (4.54)

From we get (x;,%;) = f2|7y'(t)|>. Comparing this with the
warped metric of the hypersurface yields |y/(t)] = 1. Thus, v(t) is
of unit speed, so we have (7'(t),~"(t)) = 0. Now, by taking the inner prod-
uct of v/(t) with [4.50), we obtain (v'(t),y(t)) = 0. Thus, 7(t) has constant
length. Therefore, by applying the first equation in (4.52), we get |y(t)| =
1/a. Thus v defines a unit speed curve in S3(a?):

v: T — S3a?) c C% (4.55)

Case (a): A = 0. In this case, the solution of the differential equation
is given by v(t) = ¢; cos(at) + casin(at). So, if we choose the initial
conditions: v(0) = (0,a7%,0,...,0),4'(0) = (1,0...,0), we get

c1=(0,671,0,...,0), c2= (a71,0,...,0).
Hence, we find

v(t) = (a™'sin(at), a”" cos(at),0,...,0), (4.56)
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which is a unit speed Legendre curve in S$3(a?).

Case (b): A(t) # 0. In this case, since v = 7(t) satisfies the differential
equation with A(t) # 0. Thus, implies that v = y(t) is a

unit speed Legendre curve in $3(a?).

Conversely, since (t) = (I'1(¢), '2(¢)) is a unit speed Legendre curve in
53(a?), it is easy to verify that the real hypersurface defined by (4.1) is the
warped product C} x,,,| I of C} and an open interval I. O

Remark 4.1 The real hypersurface of C"*! defined by (4.1) is a non-
complete ruled hypersurface. Moreover, a direct computation shows that
the squared mean curvature and scalar curvature of the real hypersurface
are given respectively by

A2 1
’ T=—"7T"75
(2n + 1)2a2|2 |2 | 212

|H|? = (4.57)

where A is the curvature of the unit speed Legendre curve v(t) = (T'y(t),
[y(t)) in S3(a?). It follows from that the hypersurface has non-
constant scalar curvature. Moreover, it has non-constant mean curvature
unless the Legendre curve v is a geodesic in S3(a?).

Example 4.1 If X is constant, then the unique Legendre curve obtained
from the solution of the differential equation [4.50), which also satisfies the
initial conditions: v(0) = (a™1,0), 7/(0) = (0, 1), is given by

0= (5 (o 5) - Fon ()25 o0 (5))
b Vi TR (4.58)

From (4.54) and (4.58) we see that the corresponding warped product hy-
persurface is given by

X = (eiAt(cos (%) — %sin (%))zl, 26ffl\tsin (%)zl,zg,...,zn)

(4.59)
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5. Warped product real hypersurfaces in CP"*1

Let S?"*3 denote the unit hypersphere in C™*2 centered at the origin
and put U(1) = {A € C: A\ = 1}. Then there is a U(1)-action on §2"+3
defined by z — Az. At z € $?"+3 the vector V = iz is tangent to the flow of
the action. The quotient space S?"*3/ ~ | under the identification induced
from the action, is a complex projective space CP"*!(4) which endows
with the canonical Fubini-Study metric of constant holomorphic sectional
curvature 4. The almost complex structure J on CP™*!1(4) is induced from
the complex structure J on C™*? via the Hopf fibration: = : §2"+3 —
CP™1(4). Tt is well-known that the Hopf fibration 7 is a Riemannian
submersion such that V' = iz spans the vertical subspaces.

Let ¢ : M — CP™1(4) be an isometric immersion. Then M = 71 (M)
is a principal circle bundle over M with totally geodesic fibers. The lift (i ;
M — §2n+3 of ¢ is an isometric immersion so that the diagram:

M ¢ 52n+3

wl lﬂ (5.1)

M —% . copri)

commutes.

Conversely, if ¥ : M — S$2"*3 is an isometric immersion which is in-
variant under the U(1)-action, then there is a unique isometric immersion
Y : m(M) — CP™1(4) such that the associated diagram commutes.
We simply call the immersion v, : w(M) — CP"1(4) the projection of
E M — §2n+3.

For a given vector X € T,(CP™1) and a point u € §2"*2 with 7(u) =
z, we denote by X the horizontal lift of X at uw via m. There exists a
canonical orthogonal decomposition:

T.S?™% = (T() CP™*!): @ Span {V,}. (5.2)

Since 7 is a Riemannian submersion, X and X have the same length.
We put

n

an—*_l - {(ZO’ .. °7zn) : szzk =1, 2o 7é O}’ CP(;L = 7.‘-(an-%l)‘
k=0

The following theorem classifies completely real hypersurfaces of com-
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plex projective space which are warped products of a complex hypersurface
and a real curve.

Theorem 5.1 Suppose that a is a positive number and ~(t) = (T'1(t),
Ty(t)) is a unit speed Legendre curve v : I — S3(a?) C C? defined on an
open interval I. Let x : Sl x I — C™*2 be the map defined by

n
x(20, - -+, 2, t) = (al'1(t) 20, al'2(t)20, 21, - - -, zn), Z 2Kz = 1.
k=0

(5.3)

Then

(i) x induces an isometric immersion v : S2VTL x 0 T — §243,

(ii) The image Y(S2"L X440 I) in S*™3 is invariant under the action of
UQl).

(iii) the projection tr : w(SZT X g0 1) — CP™1(4) of ¥ via 7 is a
warped product hypersurface CP§ Xgq)5 I in CP™t1(4).
Conversely, if a real hypersurface in CP™1(4) is a warped product

N x¢ I of a complez hypersurface N of CP"*1(4) and an open interval I,

then, up to rigid motions, it is locally obtained in the way described above.

Proof. Statement (i) is easy to verify, since v(t) = (I';1(t), ['2(¢)) is a unit
speed Legendre curve in S3(a?).
Statement (ii) follows from (5.3) and the definition of the U(1)-action.
Since v = 7(t) is a Legendre curve in S3(a?), (5.3) implies that, for
each z = (29, ..., 2n) with > 2tZx = 1, the curve I', defined by

Pz(t) = (aI‘l (t)ZO, aI‘g(t)zo, VATRERY Zn)

is a horizontal curve in $?**3. Thus 7 : T', — «(T,) is isometric. Clearly,
the restriction of 7 on S2"*! is also a Riemannian submersion. Hence, the
projection of ¢ : Y(SZMH x4, I) — CP™1(4) of 4 SEHL X I —
S2n+3 is a warped product hypersurface CP"*!(4) X, I in CP™1(4).

Conversely, assume that M = N x ;I is a warped product hypersurface
of CP™*1(4), where N is a complex hypersurface of CP"*1(4) and I is an
open interval. Then, according to [6], the warping function f cannot be a
constant function.

Let D; and D, denote the distributions on M spanned by vectors tan-
gent to the N and I, respectively. Trivially, D; and D, are integrable
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distributions. From (1) of we know that the second fundamen-
tal form o of M in CP™*1(4) satisfies 0(D;,D;) = 0. Since N is totally
geodesic in N x; I, N is thus totally geodesic in CP™*1(4). Hence, N is
holomorphically isometric to an open part of a CP"+1(4).

Let V and V denote the Riemannian connections of M and M respec-
tively. And let & denote the second fundamental form of M in S2"*+3. Then
we have

Vx:-Y* = (VxY)* — (PX,Y)V,
VyX* = Vx.V = (PX)*

6(X*,Y") = (o(X,Y))",
§(X*,V) = (FX)*,
5(V,V) =0,

for vector fields X, Y tangent to M, where PX and FX denote the tan-
gential and the normal components of JX, respectively.

Let D; denote the distribution on M = n~1(M) spanned by D} and
V = iz, where D} = {X* : X € D} Since D1 is integrable, [5.4)-(5.6)
implies that D, is also integrable. From [5.7){5.9) we know that each leaf
of Dy is totally geodesic in S2"3. Thus each leaf of D is isometric to an
open portion of the unit sphere $27+1.

Clearly, D} = {Z* ¢ TM : Z € Dy} is the orthogonal complementary

distribution of Dy in TM. Since D3 is of rank one, D3 is also integrable and
PD, = {0}. Thus, it follows from [5.4) that

VzW* = (VzW)*, Z,W € Ds. (5.10)

On the other hand, for any vector field X in Dy, and Z, W in D,, we

have
(VzW,X)=—(XInf)(Z,W). (5.11)

Applying ((5.10), {(5.11), (VzW)* L V, and the fact that the Hopf fibration
is a Riemannian submersion, we obtain

(V2W* X*) = —(X1n f) (Z*,W*), (VzW* V) =0
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which implies that each integral curve of D, is a circle in M, i.e., a order
two Frenet curve with constant curvature in M. Thus, a result of [7] implies
that locally M is a warped product S?"+1 x j I, with warping function f.

Let M denote the punctured cone over M with 0 as its vertex defined
by

M={tw€C"+2:w€M=Szn+l xfICSQ”+3CC"+2,t>O}.

Since the tangent vector field 8/0t on M is parallel to the position vector
field of M in C™2 and V is tangent to the first component of S***1 x f I,

we see that locally M is the warped product C™t1 x tf I, where C"*!lis a

complex hyperplane of C*t2. Since the warping function is non-constant,
Theorem 4.1 implies that, up to rigid motions, M is given by

X(21y .-y 2n,t) = (aFl(t)zl,an(t)zl, 29, .. .,zn), 21 #0, (5.12)

for some positive number a and a unit speed Legendre curve ~(t) =
(T'1(t),T2(t)) in S3(a?). Consequently, up to rigid motions, the warped
product hypersurface in CP™*!(4) is the projection of 1 given by (5.3) via
the Hopf fibration. O

Remark 5.1 The real hypersurface of CP**!(4) defined by (5.3) is a non-
complete ruled hypersurface. Moreover, a direct computation shows that
the squared mean curvature and scalar curvature of the real hypersurface
are given respectively by |H|? = X2/(2n +1)2a?|20|%, 7 = —1/|20|> where
X is the curvature of the unit speed Legendre curve y(t) = (I'1(t), I'2(t))
in S3(a?). Therefore, the hypersurface has non-constant mean curvature
unless the Legendre curve v is a geodesic of S3(a?); moreover, the real
hypersurface defined by (5.3) has non-constant scalar curvature.

6. Warped product real hypersurfaces in CH™ 11!

In the complex pseudo-Euclidean space C'f+2 endowed with pseudo-

Euclidean metric g9 = —dzpdZzp + E?;’ll dzjdz;, we define the the anti-de
Sitter space-time by
Hf""’3 = {(zo,zl, ey Zna1) s (2,2) = —1}.

It is known that H 12"+3 has constant sectional curvature —1. There is a
U(1)-action on H?"™3 defined by z — Az. At a point z € HZ P iz is
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tangent to the flow of the action. The orbit is given by 2; = etz with
%t = 12 which lies in the negative-definite plane spanned by z and iz.
The quotient space H 12"’+3 / ~ is the complex hyperbolic space C H™+1 (—4)
which endows a canonical Kihler metric of constant holomorphic sectional
curvature —4. The complex structure J on CH™*!(—4) is induced from the
canonical complex structure J on C’f+2 via the totally geodesic fibration:
m: H{"t3 — CH L (—4).

Let ¢ : M — CH™'(—4) be an isometric immersion. Then M =
7~1(M) is a principal circle bundle over M with totally geodesic fibers.
The lift q3 : M — Hf”+3 of ¢ is an isometric immersion such that the
diagram:

M (}3 H12'n+3
wl l” (6.1)
M —2  CH™I(_4)

commutes.

Conversely, if ¢ : M — Hf"+3 is an isometric immersion which is
invariant under the U(1)-action, there is a unique isometric immersion ¥, :
(M) — CH™1(—~4), called the projection of 1 so that the associated
diagram commutes.

We put
H L = {(20,...,2,) € H 1 : 2, # 0},
CH} = m(HZ ). (6.2)

For warped product hypersurfaces in CH™! we have the following
classification theorem.

Theorem 6.1 Suppose that a is a positive number and (t) = (T'y(t),
I'2(t)) is a unit speed Legendre curve v : I — S3(a?) C C2. Lety : H L
I— C’f+2 be the map defined by

y(ZO, <oy Zmy t) = (ZO, ce 5 2n—1, arl(t)zn) ar?(t)zn)a

n
20Z0 — Z 2Kz = 1. (6.3)
k=1



382 B.-Y. Chen

Then

(i) y induces an isometric immersion ¢ : H Xalzn| I — H

(ii) The image (HH Xalzn| I) i1 H?3 is invariant under the U(1)-
action.

(i) the projection ty : m(Hirt Xalzn] ) — CH™ 1 (—4) of ¢ via 7 is a
warped product hypersurface CH} X4, I in CH ntl(—4).
Conversely, if a real hypersurface in CH nt+l(—-4) is a warped product

N x5 I of a complex hypersurface N and an open interval I, then, up to

rigid motions, it is locally obtained in the way described above.

2n+1 2n+3
1% 1 :

We omit the proof since it is very similar to the proof of [I’heorem o.1.

Remark 6.1 A direct computation shows that the hypersurface in
CH™1(—4) obtained from (6.3) is a non-complete ruled hypersurface which
has non-constant scalar curvature 7 = —1/ |zn|2 and non-constant mean cur-
vature unless the Legendre curve 7 is a geodesic in S3(a?).
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