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Fatou limit theorems related to
the Schr\"odinger equation
Takeyoshi SAT\={O}
(Received August 25, 2000)
Abstract. Let u be a strictly positive harmonic function on a Green space R and be
the measure uniquely determined on the Martin boundary of R by the canonical integral
representation of u . J.L . Doob has proved the relative Fatou theorem: For a non-negative
superharmonic function s on R the quotient s/u has a finite fine limit at -almost every
minimal point of the Martin boundary of R . The purpose of this paper is to give such
theorems for non-negative “superharmonic” type functions relative to the Schr\"odinger
equation \triangle u-Pu=0(P\geq 0) on a locally Euclidean space with a Green function,
involving the same fine limit and boundary with the above theorem.
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1.

Introduction

In this paper we shall take a connected n-dimensional (n\geq 2) locally
Euclidean space R as the basic space. And, we assume R to be a Green
space; that is, R has a harmonic Green function. Since the Laplacian is
defined coordinate-free, we can consider the differential equation
\triangle

\triangle u-Pu=0

(1)

on R , where P is a non-negative locally H\"older continuous function on R .
Let U be an open subset of R . A real-valued function u on U will be called
a P-solution on U if it is a -function satisfying the equation (1) on U . If
P\equiv 0 on R , P
-solutions are ordinary harmonic functions. Since the sheaf
of P-solutions on R satisfies the axioms of harmonic space, we can define
such notions as P-supersolution and P-potential in the same way as those
of superharmonic function and potential. Furthermore, we can define the
Martin boundary of R relative to the sheaf of P-solutions, denoted by
.
If P\equiv 0 on R , the boundary
is the ordinary Martin boundary defined
relative to the sheaf of harmonic functions, which is denoted by .
C^{2}

\triangle_{P}

\triangle_{P}

\triangle
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In classical Fatou limit theorems of positive harmonic functions there
appears the notion of non-tangential limit, which is defined only with respect to a smooth boundary. Therefore, in order to consider Fatou limit
theorems of positive harmonic functions defined on a domain whose boundary is non-smooth, it is necessary to generalize the notion of non-tangential
limit in some way. To do this L. Na.im [10] introduced the notion of fine
limit at each minimal boundary point of the Martin boundary of the d0main. After that, by J.L . Doob [4] Fatou limit theorems involving the fine
limit are treated for positive superharmonic functions defined on a Green
space. In this paper, applying techniques of potential theory to the sheaf
of P-solutions and using the fine limit at minimal boundary points of the
Martin boundary , we shall consider Fatou limit theorems for positive
P-supersolutions (”superharmonic” type functions) of the equation (1) on
the space R .
Gowrisankaran [5], [6] developed the above Doob’s result in the case of
Brelot’s axiomatic theory of a harmonic space on a locally compact Hausdorff space, which includes the study of P-solutions of the equation (1).
Applying his results to our set-up his main theorem (Theorem 8 in [6]) can
be written as follows. Let u be a strictly positive P-solution on the space
R and
be its canonical measure on the set of minimal boundary points
of R . For any non-negative P-supersolution
of the Martin boundary
-almost every minimal
s on R the quotient s/u has a finite fine limit at
of R . However, this statement
boundary point of the Martin boundary
includes the notions of the boundary and the limit which depend upon the
and the
function P of the equation (1); that is, the Martin boundary
. It is desirable that the
fine limit at each minimal boundary point of
notions of boundary and limit appearing in Fatou limit theorems related to
the equation (1) would be independent from the function P . Our purpose
of this paper is to restate the above statement by using only the notions
independent from the function P ; that is, the Martin boundary of R and
a fine limit which is defined with respect to a filter independent from the
function P .
For continuous positive P-supersolutions defined on a hyperbolic Riemann surface R we have already treated such problems in [12] following the
theory of Constantinescu-Cornea [3], in which with each minimal boundary
generated
we associated the fine limit following the filter
point
by the filter base of open subsets of R whose complements are thin at the
\triangle

\triangle

\mu_{u}

\triangle_{P}

\mu_{u}

\triangle_{P}

\triangle_{P}

\triangle_{P}

\triangle

b\in\triangle_{1}

\mathcal{G}(b)
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treated in this paper.
is coarser than the filter
point b . The filter
is generated by the filter base of closed subsets on R whose
The filter
.
complements are thin at the point
\mathcal{H}(b)

\mathcal{G}(b)

\gamma\{(b)

b\in\triangle_{1}

2.

Notations and preliminaries

Throughout this paper let R be a connected n-dimensional (n\geq 2)
locally Euclidean space. We assume the existence of a non-constant positive
superharmonic function on R , which is equivalent to the existence of a Green
function of R . We shall consider the Schr\"odinger equation
(2)

\triangle u-Pu=0

on R , where P is a non-negative locally H\"older continuous function on R . By
definition a function s on an open subset U of R is called a P-supersolution
on U if s satisfies the following conditions: (i) s(x)>-\infty at each x\in U;s
does not identically equal to+\infty on any component of U;(ii)s is lower semi. if
continuous on U;(iii) For any open set W with compact closure
, and is a P-solution on W. and s\geq u on the boundary
u is continuous on
, then we have s\geq u on W . Any non-negative P-supersolution s on R
has the greatest P-solution among the class of P-solutions bounded above
by s on R . A non-negative P-supersolution on R is called a P-potential,
if its greatest P-solution dominated by it is zero. It is well known that if
P\neq 0 , then there exists a Green function of R for the equation (2), which
is called the P-Green function of R . The P-Green function of R with pole
, y\in R . Any P-potential is represented as
at x\in R is denoted by
the integral: \int_{R}G_{x}^{P}(y)d\mu(y) where is a Radon measure on R . We refer
to Maeda [7] and Nakai [9] for details on potential theory of the harmonic
\overline{W}\subset U

\overline{W}

\partial W

G_{x}^{P}(y)

\mu

space relative to the equation (2).
We denote by P_{H}(R) the class of P-solutions u on R satisfying
\int_{R}P(y)G_{x_{1}}(y)|u(y)|dy<+\infty

in R , where G_{x}(y) , y\in R , is the harmonic Green function
for some point
of R with pole at x\in R . The set of minimal boundary points of the Martin
compactification of R defined relative to the harmonic space of P-solutions
is denoted by
. The Martin kernel with pole at
is denoted by
K_{a}^{P}(x) ,
such that
x\in R . Let
be the set of points
. Throughout
P_{H}(R) . The set
is a Borel measurable subset of
x_{1}

a\in\triangle_{P1}

\triangle_{P1}

\triangle_{PH}

\triangle_{PH}

a\in\triangle_{P1}

\triangle_{P1}

K_{a}^{P}\in
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this paper we assume the existence of a positive P-solution u in P_{H}(R) .
The canonical measure on
of a positive P-solution u is denoted by .
If u\in P_{H}(R) , then we have
; that is,
\triangle_{P1}

\mu_{u}

\mu_{u}(\triangle_{P1}-\triangle_{PH})=0

u(x)= \int_{\triangle_{PH}}K_{a}^{P}(x)d\mu_{u}(a)

We denote by

H_{P}(R)

,

x\in R .

the class of harmonic functions v on R satisfying

\int_{R}P(y)G_{x_{1}}^{P}(y)|v(y)|dy<+\infty

for some point
in R . The set of minimal boundary points of the Martin
compactification of R defined relative to the harmonic space of harmonic
functions is denoted by . The Martin kernel with pole
is denoted
by K_{b}(x) , x\in R . Let
be the set of points
such that K_{b}\in
H_{P}(R) . The set
is a Borel measurable subset of . For each positive
harmonic function v in the class H_{P}(R) there exists its canonical measure
on
with
:
x_{1}

\triangle_{1}

b\in\triangle_{1}

\triangle_{HP}

b\in\triangle_{1}

\triangle_{HP}

\mu_{v}

\triangle_{1}

\mu_{v}(\triangle_{1}-\triangle_{HP})=0

\triangle_{1}

v(x)= \int_{\triangle_{HP}}K_{b}(x)d\mu_{v}(b)

,

x\in R .

In the following we shall use a measurable transformation t_{PH} on
into
, which has been defined in [11]. To recall the definition we need
the notion of pole of a minimal positive harmonic function, which was introduced by Brelot [1] on a general metrizable compactification of a Green
space. Let a be a boundary point in
and b a boundary point in
.
The reduced function
of v=K_{a}^{P} over the subset \{b\} of
consisting
b
of the point alone is defined as the infimum of the class of positive Psupersolutions s which is greater than
on an intersection U\cap R , where
U is some neighborhood of
.
is either constantly zero or
on
R . If
on R , then the point b is called a pole of
. In
on
general, the minimal function
with
has at least one pole on
and can have several distinct poles on the boundary
. However, if the
point a belongs to the set
, then
has a pole uniquely determined
on the set
, which will be contained in
. Then, we can define the
mapping t_{PH} :
by assigning the unique pole b\in\triangle_{HP} of
for a\in\triangle_{PH} : that is, tpj\{(a)=b . This mapping is Borel measurable
(cf. [12]).
\triangle_{PH}

\triangle_{HP}

\triangle_{P1}

\triangle_{1}

\triangle_{1}

R_{\{b\}}^{v}

K_{a}^{P}

b\in\triangle_{1}

K_{a}^{P}

R_{\{b\}}^{v}

R_{\{b\}}^{v}=K_{a}^{P}

K_{a}^{P}

K_{a}^{P}

a\in\triangle_{P1}

\triangle_{1}

\triangle_{1}

\triangle_{PH}

\triangle_{1}

\triangle_{HP}

\triangle_{PH}

K_{a}^{P}

K_{a}^{P}

-arrow\triangle_{HP}

\triangle_{1}
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the constant equal to 2\pi if n=2 , to
In the following we denote by
(n-2)\cross the surface area of the unit sphere in
, if n\geq 3 . Now, let
such that
be the set of points
c_{n}

R^{n}

\triangle_{HP}^{o}

b\in\triangle_{HP}

K_{b}(x)> \frac{1}{c_{n}}\int_{R}P(y)G_{x}^{P}(y)K_{b}(y)dy

for some point x in R . In the same way as in the preceding paragraph we
by assigning the pole t_{HP}(b)
define another mapping t_{HP} :
it may possibly
. For some point b in
for
on
of
. The
is not contained in the set
happen that the pole t_{HP}(b) of
be the image of the mapping
mapping t_{HP} is Borel measurable. Let
t_{PH} :
and the restriction of t_{HP}
. Then,
is the inverse mapping of t_{PH} . For further details of definitions
to
and properties on these mappings t_{PH} , t_{HP} we refer to Sat\={o} [11] and [12].
For each P-solution u in the class P_{H}(R) we assign the harmonic function T_{PH}u defined by
\triangle_{HP}^{o}arrow\triangle_{P1}

K_{b}

b\in\triangle_{HP}^{o}

\triangle_{P1}

\triangle_{HP}^{o}

K_{b}

\triangle_{PH}

\triangle(P)

\triangle_{PH}arrow\triangle_{HP}

\triangle(P)\subset\triangle_{HP}^{o}\subset\triangle_{HP}

\triangle(P)

T_{PH}u(x)=u(x)+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)u(y)dy

which is contained in H_{P}(R) . Then T_{PH} is a linear mapping on
P_{H}(R) into H_{P}(R) . And, for each harmonic function v in H_{P}(R) we assign
the P-solution T_{HP}v defined by

for

x\in R ,

T_{HP}v(x)=v(x)- \frac{1}{c_{n}}\int_{R}P(y)G_{x}^{P}(y)v(y)dy

for x\in R . Then, T_{HP} is a linear mapping on H_{P}(R) into the space of
P-solutions on R , and the composition T_{HP}\cdot T_{PH} is the identity of P_{H}(R) .
, then we have
If b=t_{PH}(a) for
a\in\triangle_{PH}

T_{PH}K_{a}^{P}(x)=T_{PH}K_{a}^{P}(x_{o})K_{b}(x)

,

(3)

x\in R ,

where the point is the origin common to the two Martin compactifications
of R defined respectively by the harmonic space of P-solutions and that of
, then we have
harmonic functions. And, if a=t_{HP}(b) for
x_{o}

b\in\triangle_{HP}^{o}

THPKb (x)=T_{HP}K_{b}(x_{o})K_{a}^{P}(x) ,

x\in R .

We refer to [11] for details on the above properties of mappings
T_{HP} .

(4)
T_{PH}

and
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Thin sets

Let s be a non-negative P-supersolution on a connected n-dimensional
locally Euclidean space R with a Green function. For any subset E of R ,
let
\Phi_{E}^{s}=\{v:v

is a non-negative P-supersolution on R
such that v\geq

s

on E }

and let
R_{E}^{s}=\inf\{v :

v\in\Phi_{E}^{s} \}

.

is called the reduced function of s relative to the set E . The lower
regularization
of
is a P-supersolution on R and is called the balayage
of s relative to the set E . The balayage
of a minimal function u=K_{a}^{P}
relative to E is either
or a P-potential on R . If the balayage
is a
P-potential, then the set E is said to be P-thin at the minimal boundary
. The class of closed subsets of R whose complements are
point
P-thin at the point a is a filter base on R , since this class is closed under
intersection and does not contain the empty subset of R . Let
be the
filter on R generated by this base.
For a non-negative superharmonic function s on R and a subset E of
R we can also define the reduced function
, and the balayage
of s
relative to E , respectively, in the same way as above. A subset E of R is said
to be thin at a minimal boundary point
, provided that
is a potential on R. H(b) is the filter on R generated by the filter base which
is the class of closed subsets of R whose complements are thin at the point
. The purpose of this section is to show that H_{P}(a)=\gamma\{(t_{PH}(a)) for
a minimal boundary point a in the set
.
R_{E}^{s}

\hat{R}_{E}^{s}

R_{E}^{s}

\hat{R}_{E}^{u}

K_{a}^{P}

\hat{R}_{E}^{u}

a\in\triangle_{P1}

\mathcal{H}_{P}(a)

R_{E}^{s}

b\in\triangle_{1}

\hat{R}_{E}^{s}

\hat{R}_{E}^{u}(u=K_{b})

b\in\triangle_{1}

\triangle_{PH}

Lemma 3.1 Let V be an open subset of R and s a non-negative Psupersolution on the space R. If we take an increasing sequence \{F_{n}\} of
closed subsets of V such that
and Int (F_{n+1})\supset Fn , thenn we
have
V= \bigcup_{n=1}^{+\infty}F_{n}

\hat{R}_{V}^{s}=\lim_{narrow+\infty}\hat{R}_{F_{n}}^{s}

Proof.

For any

x\in V ,

on R .

there exists an integer m such that

\hat{R}_{F_{n}}^{s}(x)=s(x)
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for

n\geq m .

Therefore, we have

\lim_{narrow+\infty}\hat{R}_{F_{n}}^{s}(x)=s(x)

for

x\in V.

of P-supersolutions is increasing and bounded
Since the sequence
above by s , its limit is also a P-supersolution on R , and hence
\{\hat{R}_{F_{n}}^{s}\}

(5)

on R.

\lim_{narrow+\infty}\hat{R}_{F_{n}}^{s}\geq\hat{R}_{V}^{s}

Let w be any non-negative P-supersolution on R such that w\geq s on
on R for every integer n ,
and
V Then, since w\geq s on
and hence,
we have
F_{n}

w\geq R_{F_{n}}^{s}\geq\hat{R}_{F_{n}}^{s}

w \geq\lim_{narrow+\infty}\hat{R}_{F_{n}}^{s}

R_{V}^{s}=\inf\Phi_{V}^{s}\geq\lim_{narrow+\infty}\hat{R}_{F_{n}}^{s}

on R .

By taking the lower regularizations of both sides of the above inequality, we
get
\hat{R}_{V}^{s}\geq\lim_{narrow+\infty}\hat{R}_{F_{n}}^{s}

on R .

This inequality with the inequality (5) establishes the lemma.

\square

In the case where the function P of the equation (2) is constantly zero
on R , the preceding lemma reduces to the following:
Lemma 3.2 Let V be an open subset of R and v a non-negative superof closed sets
hamonic function on R. If we take the same sequence
as in the preceding lemma, then we have
\{F_{n}\}

\hat{R}_{V}^{v}=\lim_{narrow+\infty}\hat{R}_{F_{n}}^{v}

on R .

Let f be a non-negative measurable function on the space R and F
) will denote
(resp.
be a closed subset of R . In the following
the solution to the Dirichlet problem for the equation (2) (resp. \triangle u=0 )
on the open subset R-F corresponding to the boundary function which
takes on the value f(y) at y\in\partial(R-F) and the value 0 at the infinite
point of the space R . For a non-negative P-supersolution u (resp. superharmonic function v ) on R , it is known that R_{F}^{u}(x)=u(x) for x\in F ;
moreover, R_{F}^{u}(x)=P_{u}^{R-F}(x) on R-F (resp. R_{F}^{v}(x)=v(x) for x\in F ;
is the lower
moreover, R_{F}^{v}(x)=H_{v}^{R-F}(x) on R-F ). Since the balayage
on R and
, it is well known that
regularization of
p_{f}^{R-F}

H_{f}^{R-F}

\hat{R}_{F}^{v}

R_{F}^{v}

\hat{R}_{F}^{v}\leq R_{F}^{v}

\hat{R}_{F}^{v}=R_{F}^{v}
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on F except possibly for those points on

that are irregular for R-F .
This exceptional set is polar. With these facts Lemma 3.1 and 3.2 give the
following.
In following lemmas the P-Green function of an open subset D of a
locally Euclidean space R with pole x\in D is denoted by G_{x}^{P}(D, y) , y\in
D . And, the harmonic Green function of D with pole x\in D is denoted
by G_{x}(D, y) , y\in D . By a regular region in the space R we shall mean a
connected open set in R whose boundary is composed of at most a finite
number of closed hypersurfaces. Let \{R_{n}\} be an exhaustion of R ; that is,
a sequence of relatively compact regular regions in R such that
and
.
\partial F

\overline{R}_{n}\subset R_{n+1}

R= \bigcup_{n=1}^{\infty}R_{n}

Lemma 3.3 Let u be a non-negative P -solution in the class
a closed subset F of R we have

P_{H}(R)

. For

H_{u}^{R-F}(x)=P_{u}^{R-F}(x)

(6)
+ \frac{1}{c_{n}}\int_{R-F}P(y)G_{x}(R-F, y)P_{u}^{R-F}(y)dy

for x\in R-F\Gamma
Proof. Let

be an exhaustion of the space R and let D_{n}=R_{n}\cap(RF) . For a P-solution u\in P_{H}(R) we denote by
the function defined on
x\in\partial(R-F)\cap
R_{n}
as follows; u_{n}(x)=u(x) for
and u_{n}(x)=0 for x\in
\partial R_{n}\cap(R-F) .
(resp.
) is the solution of the Dirichlet problem on
the open set D_{n} for the equation \triangle u-Pu=0 (resp. \triangle u=0 ) corresponding
to the boundary value . Since
is the greatest P-solution in the class
of P-solutions on D_{n} dominated above by
, the Riesz decomposition
theorem gives the following equality:
\{R_{n}\}

u_{n}

\partial D_{n}

P_{u}^{D_{n}}

H_{u}^{D_{n}}

u_{n}

P_{u}^{D_{n}}

H_{u}^{D_{n}}

P_{u}^{D_{n}}(y)=H_{u}^{D_{n}}(y)

(7)
- \frac{1}{c_{n}}\int_{D_{n}}P(z)G_{y}^{P}(D_{n}, z)H_{u}^{D_{n}}(z)dz

for

x\in D_{m}

. Then, by the equality

G_{x}(D_{n}, z)=G_{x}^{P}(D_{n}, z)

+ \frac{1}{c_{n}}\int_{D_{n}}P(y)G_{x}(D_{n}, y)G_{y}^{P}(D_{n}, z)dy
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Fubini’s theorem and the equality (7) give that
\frac{1}{c_{n}}\int_{D_{n}}P(y)G_{x}(D_{n}, y)P_{u}^{D_{n}}(y)dy

= \frac{1}{c_{n}}\int_{D_{n}}P(y)G_{x}(D_{n}, y)

\cross\{H_{u}^{D_{n}}(y)-\frac{1}{c_{n}}\int_{D_{n}}P(z)G_{y}^{P}(D_{n}, z)H_{u}^{D_{n}}(z)dz\}dy

= \frac{1}{c_{n}}\int_{D_{n}}P(y)G_{x}^{P}(D_{n}, y)H_{u}^{D_{n}}(y)dy

=H_{u}^{D_{n}}(x)-P_{u}^{D_{n}}(x)

and hence, for

,

x\in D_{n}

H_{u}^{D_{n}}(x)=P_{u}^{D_{n}}(x)

+ \frac{1}{c_{n}}\int_{D_{n}}P(y)G_{x}(D_{n}, y)P_{u}^{D_{n}}(y)dy

.

, the Lebesgue
and
Since
convergence theorem gives the lemma by the assumption u\in P_{H}(R) and
P_{u}^{R-F}=\lim_{narrow+\infty}P_{u}^{D_{n}}

H_{u}^{R-F}=\lim_{narrow+\infty}H_{u}^{D_{n}}

the inequality
G_{x}(D_{n}, y)P_{u}^{D_{n}}(y)\leq G_{x}(y)u(y)

,

y\in D_{n}

for every positive integer n .

\square

If we exchange the roles of the P-solution and and the harmonic function
in the preceding lemma, then we have

Lemma 3.4 Let v be a non-negative harmonic
H_{P}(R) . For a closed subset F of R we have

function

in the class

P_{v}^{R-F}(x)=H_{v}^{R-F}(x)

- \frac{1}{c_{n}}\int_{R-F}P(y)G_{x}^{P}(R-F, y)H_{v}^{R-F}(y)dy

for x\in R-Fr
Proof. For a non-negative

harmonic function

v\in H_{P}(R) ,

replacing u in
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(7) of the proof of the preceding lemma by v we have
P_{v}^{D_{n}}(x)=H_{v}^{D_{n}}(x)

- \frac{1}{c_{n}}J_{D_{n}}^{\cdot}P(y)G_{x}^{P}(D_{n}, y)H_{v}^{D_{n}}(y)dy

for

x\in D_{n}

. By the inequality

G_{x}^{P}(D_{n}, y)H_{v}^{D_{n}}(y)\leq G_{x}^{P}(y)v(y)

,

y\in D_{n}

,

for x\in D_{n} , the Lebesgue convergence theorem implies the equality in the
lemma.
\square

Lemma 3.5 Let u be a non-negative P -solution in the class
an open subset V of R we have the inequality

P_{H}(R)

. For

\hat{R}_{V}^{T_{PH}u}(x)\leq\hat{R}_{V}^{u}(x)+\frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)\hat{R}_{V}^{u}(y)dy

(8)
+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)u(y)dy

for x in R .
Proof. First, we assume the set

V in (8) to be a closed subset F of R and
we shall prove that the inequality is true of
For any point x in
,
we have, by the definition of T_{PH}u in the preceding section,

R-F

F\tau

R_{F}^{T_{PH}u}(x)=H_{T_{PH}u}^{R-F}(x)

(9)

= H_{u}^{R-F}(x)+\frac{1}{c_{n}}\int_{R}P(y)H_{G_{y}}^{R-F}(x)u(y)dy

and, by Lemma 3.3,
H_{u}^{R-F}(x)=P_{u}^{R-F}(x)+\frac{1}{c_{n}}\int_{R-F}P(y)G_{x}(R-F, y)P_{u}^{R-F}(y)dy

(10)

=P_{u}^{R-F}(x)

+ \frac{1}{c_{n}}\int_{R-F}P(y)\{G_{x}(y)-H_{G_{y}}^{R-F}(x)\}P_{u}^{R-F}(y)dy

Since

H_{G_{y}}^{R-F}(x)=G_{y}(x)

for x\in R-F and

y\in F ,

.

we can put the second
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term of (9) to the sum
\frac{1}{c_{n}}\int_{F}P(y)G_{x}(y)u(y)dy+\frac{1}{c_{n}}\int_{R-F}P(y)H_{G_{y}}^{R-F}(x)u(y)dy

Therefore, noting that

R_{F}^{u}=P_{u}^{R-F}

on

R-F and

R_{F}^{u}=u

.

on F , we have

R_{F}^{T_{PH}u}(x)=R_{F}^{u}(x)+\frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)R_{F}^{u}(y)dy

+ \frac{1}{c_{n}}\int_{R-F}P(y)H_{G_{y}}^{R-F}(x)\{u(y)-P_{u}^{R-F}(y)\}dy

\leq R_{F}^{u}(x)+\frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)R_{F}^{u}(y)dy

for x\in R-F .

+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)u(y)dy

where the last inequality is obtained by the inequalities
on R . If x belongs to the set F , then
R-F and

H_{G_{y}}^{R-F}\leq G_{y}

on

R_{F}^{u}\leq u

R_{F}^{T_{PH}u}(x)=T_{PH}u(x)

=u(x)+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)u(y)dy

\leq R_{F}^{u}(x)+\frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)u(y)dy

+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)R_{F}^{u}(y)dy

by R_{F}^{u}(x)=u(x) on F , as the last term of the above inequality is nonnegative. Therefore, for any x\in R we have
R_{F}^{T_{PH}u}(x)\leq R_{F}^{u}(x)+\frac{1}{c_{n}}\int_{R}P(y)G_{z}(y)R_{F}^{u}(y)dy

(11)
+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)u(y)dy

.

Since the both equalities
and
except possibly for a polar subset of the relative boundary
Lebesgue measure zero, we have
\hat{R}_{F}^{T_{PH}u}=R_{F}^{T_{PH}u}

\hat{R}_{F}^{u}=R_{F}^{u}

\partial F

hold on R
, which has
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\hat{R}_{F}^{T_{PH}u}(x)\leq\hat{R}_{F}^{u}(x)+\frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)\hat{R}_{F}^{u}(y)dy

(12)
+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)u(y)dy

. By taking volume means
on R except possibly for the polar subset of
of each term of (12) over the ball B_{r}(x) with center at any point x\in R and
radius r , and then the limits of them as rarrow 0 , the inequality (12) follows
at any point x\in R (cf. Lemma 1.2. in Maeda [7]). Then, the inequality
(8) in the lemma was proved, whenever the set V is assumed to be a closed
subset of R .
of closed
For any open set V in R we take an increasing sequence
and Int (F_{n+1})\supset F_{n} . By the equalities
subsets of V such that
in Lemma 3.1 and 3.2:
\partial F

\{F_{n}\}

V= \bigcup_{n=1}^{+\infty}F_{n}

\hat{R}_{V}^{T_{PH}u}=\lim_{narrow+\infty}\hat{R}_{F_{n}}^{T_{PH}u}

,

on R

\hat{R}_{V}^{u}=\lim_{narrow+\infty}\hat{R}_{F_{n}}^{u}

and, by u\in P_{H}(R) , Lebesgue’s bounded convergence theorem shows the
inequality in our lemma.
\square

Theorem 3.6 If an open subset V of R is P -lhin at a boundary point a
, then V is also thin at the point b=t_{PH}(a)\in\triangle(P) .
in
\triangle_{PH}

the open set V is P-thin at a\in\triangle_{PH} , the balayage of
relative to V is the P-potential of a measure on R : for x in R

Proof. Since

K_{a}^{P}

\mu

\hat{R}_{V}^{u}(x)=\int_{R}G_{x}^{P}(y)d\mu(y)

,

u=K_{a}^{P}

Then, letting u=K_{a} in (8) of the preceding lemma the right-hand side of
the inequality (8) can be put to the sum of two potentials:
\int_{R}G_{x}(y)d\mu(y)+\frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)K_{a}^{P}(y)dy

,

(13)

.

(14)

by Fubini’s theorem and the equality
G_{x}(y)=G_{x}^{P}(y)+ \frac{1}{c_{n}}\int_{R}P(z)G_{x}(z)G_{y}^{P}(z)dz

Then, the inequality (8) implies that the balayage of T_{PH}K_{a}^{P} relative
to the open set V is dominated by the potential (13); the balayage of
relative to V is dominated by a potential, because of the equality (3) in the
K_{b}
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preceding section. We proved that the open subset V of R is thin at the
boundary point b=t_{PH}(a)\in\triangle(P) .
\square

The following lemma will be obtained by a similar way to Lemma 3.5
with a few modifications.

Lemma 3.7 If a non-negative hamonic function v belongs to the class
H_{P}(R) , then for an open subset V
of R we have the inequality
(15)

\hat{R}_{V}^{T_{HP}v}(x)\leq\hat{R}_{V}^{v}(x)-\frac{1}{c_{n}}\int_{R}P(y)G_{x}^{P}(y)\hat{R}_{V}^{v}(y)dy

for x in R .
Proof By repeating the same argument as that in Lemma 3.5, and applying Lemma 3.4 we obtain the equality: for a closed subset F of R and a
point x\in R-F
R_{F}^{T_{HP}v}(x)=R_{F}^{v}(x)-\frac{1}{c_{n}}\int_{R}P(y)G_{x}^{P}(y)R_{F}^{v}(y)dy

(16)
- \frac{1}{c_{n}}\int_{R-F}P(y)P_{G_{y}^{P}}^{R-F}(x)\{v(y)-H_{v}^{R-F}(y)\}dy

,

from which it follows that
(17)

R_{F}^{T_{HP}v}(x)\leq R_{F}^{v}(x)-\frac{1}{c_{n}}\int_{R}P(y)G_{x}^{P}(y)R_{F}^{v}(y)dy

for x\in R-F , since the inequalities v\geq H_{v}^{R-F} is valid on
point x belongs to the set F , then we have

R-F .

If the

R_{F}^{T_{HP}v}(x)=T_{HP}v(x)

\leq R_{F}^{v}(x)-\frac{1}{c_{n}}\int_{R}P(y)G_{x}^{P}(y)R_{F}^{v}(y)dy

,

because of the facts
on R and v=R_{F}^{v} on F . Since
(resp.
)
differs from
(resp.
) only on a polar set on the relative boundary
, the preceding inequality gives the inequality
v\geq R_{F}^{v}

R_{F}^{T_{HP}v}

\hat{R}_{F}^{T_{HP}v}

\hat{R}_{F}^{v}

R_{F}^{v}

\partial F

\hat{R}_{F}^{T_{HP}v}(x)\leq\hat{R}_{F}^{v}(x)-\frac{1}{c_{n}}\int_{R}P(y)G_{x}^{P}(y)\hat{R}_{F}^{v}(y)dy

for

(18)

by the same way as was done in the proof of Lemma 3.5. Next,
we can show that this inequality is true of any open subset V of R by
Lemma 3.1 and 3.2.
x\in R

\square
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Theorem 3.8 If an open subset V of R is thin at a boundary point
, then V is P -thin at the boundary point a=t_{HP}(b)\in\triangle_{P1} .

b\in

\triangle_{HP}^{o}

If the set V is thin at
V is the potential of a measure

Proof.

, then the balayage of
on R :

b\in\triangle_{HP}^{o}

\nu

relative to

K_{b}

\hat{R}_{V}^{K_{b}}(x)=\int_{R}G_{x}(z)d\nu(z)

for x\in R . The right-hand side of the inequality (15) in the preceding lemma
is put to
(19)

\int_{R}G_{x}^{P}(z)d\nu(z)

by Fubini’s theorem and the equality (14). Then, the balayage of T_{HP}K_{b}
relative to V is dominated by the above P-potential (19) on R by the
preceding lemma. Since
\hat{R}_{V}^{T_{HP}K_{b}}=T_{HP}K_{b}(z_{o})\hat{R}_{V}^{u}

,

u=K_{a}^{P}

relative to
by the equality (4) in the preceding section, the balayage of
V is a P-potential; that is, the open set V is P thin at a=t_{HP}(b)\in\triangle_{PH} .
K_{a}^{P}

\square

Theorem 3.6 and 3.8 give the following corollary, which plays fundamental roles in the next section.
Corollary 3.9

For a point a in

\triangle_{PH}

, we have

\gamma\{_{P}(a)=\gamma\{(t_{PH}(a))

.

) the filter on R generated by
(resp.
We have denoted by
the filter base of open subsets of R whose complements are P-thin (resp.
was
for
). The filter
(resp.
thin) at the point
investigated in detail by Constantinescu-Cornea [3] in order to establish
the Fatou limit theorem for continuous positive superharmonic functions
at
on a hyperbolic Riemann surface using fine limit following the filter
has been proved in
for
. The equality
[11]. Using this relation, Fatou limit theorems for positive P-solutions were
considered in [12].
In the remainder of this section we shall consider relationship between
.
for
the two filters H_{P}(a) and
\mathcal{G}_{P}(a)

a\in\triangle_{P1}

\mathcal{G}(b)

b\in\triangle_{1}

\mathcal{G}(b)

b\in\triangle_{1}

\mathcal{G}(b)

b\in\triangle_{1}

\mathcal{G}_{P}(a)=\mathcal{G}(t_{PH}(a))

\mathcal{G}_{P}(a)

a\in\triangle_{P1}

a\in\triangle_{PH}
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Lemma 3.10
on R we have

Let F be a closed subset

R_{F}^{u}=\inf_{O\supset F}\hat{R}_{O}^{u}

where the
the set F .

infifimum is

of R.

For a positive P -solution u

,

taken over the set

of open

subsets O

of

R containing

of a positive P-solution u is a P-superthe balayage
\hat{R}_{O}^{u}=R_{F}^{u}=u
on F for every open set O with O\supset F ,
solution on R and
.
is evident, and so,
the inequality
To prove the inverse inequality, let s be any positive P-supersolution
on R such that s\geq u on the closed set F. and let be any positive real
number. For each point x\in F there is a neighborhood U(x) such that
s\geq u-\epsilon on U(x) . Denoting by O’ the union \bigcup_{x\in F}U(x) which is an open
set containing the set F , we have

Proof. Since

\hat{R}_{O}^{u}

R_{F}^{u}\leq\inf_{O\supset F}\hat{R}_{O}^{u}

R_{F}^{u}\leq\hat{R}_{O}^{u}

\epsilon

s+ \epsilon\geq R_{O’}^{u}\geq\inf_{O\supset F}\hat{R}_{O}^{u}

on R . From this inequality it follows that
R_{F}^{u}\geq\inf_{O\supset F}\hat{R}_{O}^{u}

s \geq\inf_{O\supset F}\hat{R}_{O}^{u}

, and hence,

.
\square

Theorem 3.11 Let a be a minimal boundary point in
.
is fifiner than the fifilter

\prime H_{P}(a)

\triangle_{P1}

. The

fifilter

\mathcal{G}_{P}(a)

If every open subset O of R containing a closed set F is not P-thin
, then denoting the minimal function
by
at a boundary point
u we have
for every such a open subset O . The preceding lemma
implies that R_{F}^{u}=u , and hence, the closed set F is not P-thin at the point
a . Hence, for any closed subset F of R which is P-thin at a point
there exists an open subset O containing F which is P-thin at the point a .
The relation

Proof.

a\in\triangle_{P1}

K_{a}^{P}

\hat{R}_{O}^{u}=u

a\in\triangle_{P1}

R-F\supset R-O\in \mathcal{H}_{P}(a)

implies that

’\mu_{P}(a)\supset \mathcal{G}_{P}(a)

.

\square

The next theorem was proved directly in [11]. It is also an immediate
consequence of results in this section.
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a\in\triangle_{PH}

.
fifilter
Proof. For any set U in
of RP-thin at the point a

the

fifilter

\mathcal{G}_{P}(a)

coincides with the

\mathcal{G}(t_{PH}(a))

, there exists a closed subset F
such that U\supset R-Fr Then, let O’ be an open
P-thin set at the point a containing the set F . The existence of such an
open set can be shown in the same way as in the preceding theorem by
Lemma 3.10. Theorem 3.6 shows that O’ is also thin at the point t_{PH}(a) .
Hence, F is thin at t_{PH}(a) , from which it follows that U belongs to the
filter
. Then, we have that
.
By the same way as above, Theorem 3.8 prove that
.
\mathcal{G}_{P}(a)

,

a\in\triangle_{PH}

\mathcal{G}(t_{PH}(a))

\mathcal{G}(t_{PH}(a))\supset \mathcal{G}_{P}(a)

\mathcal{G}(t_{PH}(a))\subset \mathcal{G}_{P}(a)

\square

4.

Fatou limit theorems

For a minimal boundary point
of R , let
be the filter on R
which is generated by the class of subsets of R whose complements are thin
at the boundary point b . Evidently, we have that
b\in\triangle_{1}

\mathcal{F}(b)

\mathcal{F}(b)\supset H(b)\supset \mathcal{G}(b)

for
. In the same way as
we can define the filter
for a
minimal boundary point
with respect to the equation (2). After
that J.L . Doob have established the Fatou limit theorem for positive superharmonic functions on a Green space using the notion of fine limit following
the filter
at a minimal boundary point
in [4], K. Gowrisankaran
considered such a Fatou-type limit theorem in the set-up of axiomatic harmonic space in [6]. His results apply to the harmonic space corresponding
to our equation \triangle u-Pu=0 , P\geq 0 . Hence, his main result (Theorem 8 in
[6] ) is expressed in our set-up as follows: for a strictly positive P -solution u
and any non-negative P -supersolution s on R the quotient s/u has a finite
fine limit following the filter
at -almost every boundary point a of
, where
is the canonical measure of u on
. In appearance, his
above theorem has been represented using the fine limit following the filter
,
. However, since in a practical matter the filter 7\{_{P}(a) , a\in
, plays fundamental roles rather than the filter
does in his theory,
we used H_{P}(a) instead of
in the above expression of his theorem.
In this section we shall show that, if the P-solution u in the preceding
paragraph belongs to the class P_{H}(R) , then Gowrisankaran’s result cited
b\in\triangle_{1}

\mathcal{F}(b)

\mathcal{F}_{P}(a)

a\in\triangle_{P1}

b\in\triangle_{1}

\mathcal{F}(b)

\gamma\{_{P}(a)

\triangle_{P1}

\mathcal{F}_{P}(a)

\mu_{u}

\triangle_{P1}

\mu_{u}

a\in\triangle_{P1}

\triangle_{P1}

\mathcal{F}_{P}(a)

\mathcal{F}_{P}(a)
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above can be represented in terms of a boundary and a limit which are
independent from the function P of our equation, replacing the boundary
,
, with
with the subset
of
and the filter
H(b) ,
. Hence, we shall obtain a more natural Fatou-type limit
theorem for any positive P-supersolution on R . To do this we need the next
lemma, which gives a relation between the canonical measures of u\in P_{H}(R)
and its transform T_{PH}u .
\triangle_{P1}

\triangle_{HP}^{o}

\prime H_{P}(a)

\triangle_{1}

a\in\triangle_{P1}

b\in\triangle_{HP}^{o}

Lemma 4.1 Let u be a strictly positive P -solution in the class P_{H}(R)
. The canonical measure of the
be its canonical measure on
and
harmonic function v=T_{PH}u on
is denoted by . Then, for each Borel
, \mu_{u}(F)=0 if and only if \mu_{v}(t_{PH}(F))=0 .
measurable subset F of
\triangle_{P1}

\mu_{u}

\triangle_{1}

\mu_{v}

\triangle_{PH}

Proof. Since
\int_{R}P(y)G_{x}(y)K_{a}^{P}(y)dy=+\infty

for any point a in

,

x\in R ,

, the assumption u\in P_{H}(R) implies that
\mu_{u}(\triangle_{P1}-\triangle_{PH})=0 . Then, the measure
represents u by the integral
\triangle_{P1}-\triangle_{PH}

\mu_{u}

u(x)= \int_{\triangle_{PH}}K_{a}^{P}(x)d\mu_{u}(a)

,

x\in R .

From the Fubini theorem it follows that
T_{PH}u(x)= \int_{\triangle_{PH}}T_{PH}K_{a}^{P}(x)d\mu_{u}(a)

(20)

= \int_{\triangle_{PH}}K_{t_{PH}(a)}(x)T_{PH}K_{a}^{P}(x_{o})d\mu_{u}(a)

= \int_{t_{PH(\triangle_{PH})}}K_{b}(x)T_{PH}K_{t_{HP}(b)}^{P}(x_{o})dt_{PH}

\mu_{u}(b)

, x\in R ,

where t_{PH}
is the measure on
such that t_{PH} \mu_{u}(A)=\mu_{u}(t_{HP}(A))
for every Borel measurable subset A of
. Because
of the uniqueness of the canonical measure of the harmonic function T_{PH}u
,
on R , we have, for every Borel subset F of
\mu_{u}

\triangle_{1}

t_{PH}(\triangle_{PH})=\triangle(P)\subset\triangle_{1}

\triangle_{PH}

\mu_{v}(tPH(F))=\int_{t_{PH}(F)}T_{PH}K_{t_{HP}(b)}^{P}(x_{O})

= \int_{F}T_{PH}K_{a}^{P}(x_{o})d\mu_{u}(a)

.

dtpH

\mu_{u}(b)
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T_{PH}K_{a}^{P}(x_{o})>0

for each

a\in\triangle_{PH}

.

\square

Lemma 4.2 For a strictly positive P-solution u in the class P_{H}(R) the
is denoted by
canonical measure of the harmonic function v=T_{PH}u on
. Then, we have \mu_{v}(\triangle_{1}-\triangle(P))=0 .
\triangle_{1}

\mu_{v}

Proof.

By the last equality of (20) in the proof of the preceding lemma we

have
T_{PH}u(x)= \int_{\triangle(P)}K_{b}(x)T_{PH}K_{t_{HP}(b)}^{P}(x_{O})

dtpH

\mu_{u}(b)

for x\in R . Prom the uniqueness of the canonical measure of the harmonic
function v=T_{PH}u it follows that \mu_{v}(\triangle_{1}-\triangle(P))=0 .
\square

Corollary 3.9 with the above lemmas gives the following theorem:
Theorem 4.3 (Relative Fatou limit theorem) Let u be a strictly positive
P -solution in the class P_{H}(R) . Then, for a non-negative P -supersolution s
on R the quotient s/u has a fifinite limit following the fifilter H(b) at -almost
, where
is the canonical measure of
every minimal boundary point
the harmonic function v=T_{PH}u .
\mu_{v}

b\in\triangle_{1}

Proof.
\triangle_{PH}

\mu_{v}

Let the P-solution u be represented by its canonical measure

\mu_{u}

on

:
u(x)= \int_{\triangle_{PH}}K_{a}^{P}(x)d\mu_{u}(a)

,

x\in R ,

where it follows that \mu_{u}(\triangle_{P1}-\triangle_{PH})=0 from the assumption u\in P_{H}(R) .
the set of those points a\in
For the P-supersolution s on R we denote by
.
at which the quotient s/u has a finite limit following the filter
By Gowrisankaran’s theorem cited in the beginning of this section we have
\mu_{u}(\triangle_{P1}-F_{s})=0 .
Since Corollary 3.9 gives that Hp(a)=H(tpH(a))
for a\in\triangle_{PH} , we have the following: If a point b\in\triangle_{HP} belongs to the
;
, then s/u has a finite limit following the filter
set
and, if b belongs to the set t_{PH}(\triangle_{PH}-\triangle_{PH}\cap Fs) , then s/u does not have
. Since the P-solution u belongs to the class
any finite limit following
P_{H}(R) Lemma 4.1 shows that the set
F_{s}

\prime H_{P}(a)

\triangle_{P1}

t_{PH}(\triangle_{PH}\cap F_{s})

\gamma\{(b)

\mathcal{H}(b)

\triangle(P)-tPH(\triangle_{PH}\cap F_{s})=tPH(\triangle_{PH}-\triangle_{PH}\cap F_{s})
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is the canonical measure of the harmonic
has -measrue zero, where
function v=T_{PH}u . Since \mu_{v}(\triangle_{1}-\triangle(P))=0 by the preceding lemma, we
completed the proof.
\mu_{v}

\mu_{v}

\square

Let \{R_{n}\} be an exhaustion of R . For each positive integer n we denote
which is a P-solution on
the continuous function on the closure
by
. The sequence
and takes on the value 1 on the relative boundary
forms a monotone decreasing sequence of positive P-solutions. This
sequence converges uniformly on each compact subset of R to a non-negative
P-solution on R , which is called the P-elliptic measure of R and is denoted
The P-elliptic measure is either identically zero or else everywhere
by
positive on R . In the second case we call the density P to be hyperbolic
provided P is not identically zero. In the remainder of this section we
assume that the function P in the equation \triangle u-Pu=0 is hyperbolic. It
belongs
is known that, if P is hyperbolic, then the P-elliptic measure
to the class P_{H}(R) (cf. [11]). For example, if a function P satisfies the
condition
\overline{R}_{n}

e_{n}^{P}

R_{n}

\partial R_{n}

\{e_{n}^{P}\}

e^{P}

e^{P}

(21)

\int_{R}P(y)G_{x_{1}}(y)dy<+\infty

in R , then the function P is hyperbolic (cf. [11]). For a
for some point
of
is denoted by
hyperbolic function P the canonical measure on
:
x_{1}

\triangle_{P1}

e^{P}

\chi^{P}

e^{P}(x)= \int_{\triangle_{P1}}K_{a}^{PP}(x)d\chi(a)

,

x\in R .

Now, let be the canonical measure of the constant harmonic function 1
and \chi(\triangle_{HP}^{o}-\triangle(P))=0 (cf. Section
on R . Then, we have
3 in [12] ) . The canonical measure of the harmonic function T_{PH}e^{P} is the
: (cf. Theorem 3.7 in
of
restriction of the measure to the subset
[12] )
\chi

\chi(\triangle_{1}-\triangle_{HP})=0

\triangle(P)

\chi

T_{PH}e^{P}(x)= \int_{\triangle(P)}K_{b}(x)d\chi(b)

,

x\in R .

\triangle_{1}

(22)

With these facts the preceding relative Fatou theorem gives the following theorem.
Theorem 4.4 (Fatou limit theorem) Let P be a hyperbolic function on R .
Any non-negative P -supersolution s on R has a fifinite fifine limit following

340

T.

Sat\overline{o}

fifilter H(b) at -almost every minimal
of .
Proof By the definition of T_{PH} we have
the

\chi

\triangle_{HP}^{o}

boundary point

of the

b

subset

\triangle_{1}

T_{PH}e^{P}(x)=e^{P}(x)+ \frac{1}{c_{n}}\int_{R}P(y)G_{x}(y)e^{P}(y)dy

for x\in R . Considering the expression (22) the left-hand side of this equality
takes on the limit 1 following the filter H(b) at -almost every point b
. The second term of the right-hand side of the equality takes
in
on the limit 0 following H(b) at -almost every point of
, for it is a
harmonic Green potential and hence Doob’s limit theorem for any positive
superharmonic function in Doob [4] applies to this potential. Therefore, the
P-elliptic measure
has the fine limit 1 following
at -almost every
point b of
.
Since s=(s/e^{P})e^{P} on R , Theorem 4.3 gives that s has a finite fine
limit following H(b) at -almost every point b in
. This with
\triangle(P))=0 complets the proof of this theorem.
\chi

\triangle(P)

\triangle_{1}

\chi

e^{P}

\mathcal{H}(b)

\chi

\triangle(P)

\triangle(P)

\chi

\chi(\triangle_{HP}^{o}-

\square

Generally speaking, we cannot replace the subset
of
in the preceding theorem with the set
, for it may possibly happen that
. However, if the density P on R satisfies the condition (21) for
some point x_{1}\in R , then we can get that T_{PH}e^{P}=1 and
0 , from which it follows that
. (See Corollary 3.8 and 3.9
in [12].) And hence, we have the following:
\triangle_{HP}^{o}

\triangle_{1}

\chi(\triangle_{HP}-

\triangle_{1}

\triangle_{HP}^{o})>0

\chi(\triangle_{HP}-\triangle_{HP}^{o})=

\chi(\triangle_{1}-\triangle_{HP}^{o})=0

Corollary 4.5 Under the above condition (21) for some point x_{1}\in R ,
any non-negative P -supersolution s on R has a fifinite fifine limit following
H(b) at -almost every minimal boundary point
.
b\in\triangle_{1}

\chi

At each boundary point
we can consider another fine limit
following the filter
. For a non-negative continuous P-supersolution s
we have already proved the same results with Theorem 4.4 and Corollary 4.5
using this fine limit following this filter
instead of H(b) . It is evident
that a continuous function f on R has a fine limit following the filter
if
and only if f has a fine limit following the filter H(b) for each point
and in this case these two limits are equal each other. Hence Theorem 4.4
in this section is an extension of Theorem 4.2 in [12] to the case of any
non-negative P-supersolutions, since Theorem 4.4 in this section allows any
b\in\triangle_{1}

\mathcal{G}(b)

\mathcal{G}(b)

\mathcal{G}(b)

b\in\triangle_{1}
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discontinuous non-negative P-supersolutlion.
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