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On the Milnor fiber of a real map-gem

Nicolas DUTERTRE
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Abstract. We give an algebraic formula for a topological invariant of real analytic
singularities. We deduce from this formula a new proof of the topological invariance of
the Milnor number mod 2.
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1. Introduction

Let f = (f1,..-, fx) : (K", 0) — (K*,0), with1 <k <n and K = C or
K = R, be an analytic germ defined in a neighborhood of the origin. We are
interested in computing topological invariants associated to the mapping f.

Let B. C K™ be a small closed ball centered at the origin and let § €
K* be a small regular value of f. The Milnor fiber of fis f71(6) N B..
If k=1, K = C and f has an isolated critical point at 0, Milnor [Mi2]
proved that f~1(§) N B, has the homotopy type of a bouquet of 4 spheres
of dimension n — 1. This number of spheres is called the Milnor number of

f, and according to Milnor and Palamodov [Pa],

: Ocr o
= dim ’ , 1
m C(gf—... 685) (1)
m17 7mn

where Ocn o is the ring of germs of analytic functions defined at the origin.

This result was extended to the case 1 < k < n by Hamm, who proved
that the Milnor fiber has the homotopy type of a bouquet of y spheres of
dimension n — k, and by Lé and Greuel who obtained the following
formula

p(f') + u(f) = dime Ocn o/1, (2)

where f' = (f1,..., fk—1) and I is the ideal generated by fi, ..., fr_1 and

all £ x k minors M
O(xiy s siy)
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In the real case, it is difficult to give such precise information about
the topology of the Milnor fiber. Nevertheless, it is possible to compute
some Euler characteristics. For example, if K = 1 and f has an isolated

critical point at the origin, the Khimshiasvili’s formula ([Ar], [Fu2], [Kh],
|Wal) states that

x(f71(8) N B:) = 1 — sign(—4)" deg, V f,

where deg, V f is the topological degree of the gradient of f at the origin.
This formula can be viewed as a real version of the formula (1) above. The
aim of this paper is to give a real version of the Lé-Greuel formula, i.e. the
formula (2) above.

We first introduce the situation. Let f = (fi1,..., fx) : (R*,0) —
(R*,0), with n > k, be an analytic map and let g : (R",0) — (R,0) be
an analytic function. Let I be the ideal generated by fi,..., fr and all
(k+1) x (k+1) minors E?M in ORn g, the ring of germs of analytic

il"",mik_l_l
functions at the origin. Let § € RF be a regular value of f and let @ € R
such that |a| < |6] and (4, a) is a regular value of (f,g). Assuming that
dimg Orr o/I < +00, we will prove the following result (see Theorem 3.8)

x (1O N{g>a}nB.) +x(f1 ) N{g <a}nB)

Ogn
= dimg 1}’0 mod 2.

This theorem generalizes the case g = 22+ - -+22 which was already proved
by Dudzinski et al. in [DLNS], using fixed point theory and the Lé-Greuel
formula. It is also a mod 2 generalization of the formulas for counting the
number of branches of a one-dimensional semi-analytic set given by Aoki et
al. (JAFN1], [AFN2], [AFS]) and by Szafraniec ([Sz1]).

Now let us consider the complexification fc : (C™,0) — (CF,0) of f.
Let u(f) be the Milnor number of fc. Let L(f) be the link of f and let ¢ (f)
be the semi-characteristic of L(f). We recall that the semi-characteristic is
defined to be half the sum of the mod 2 Betti numbers. C.T.C Wall ([Wa/)
showed that

P(f) =1+ p(f) mod 2.

As a corollary, one gets that u(f) mod 2 is a topological invariant of f.
Wall’s proof is straightforward for the case k = 1. The case of arbitrary k
is more complicated; Wall gives a sophisticated topological argument using
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spectral sequence from fixed point theory. At the end of his paper, he
asks if there is a proof of this result more like the case for £ = 1. Using
Theorem 3.8, we will supply a proof of this type (see [Theorem 4.5).

The paper is organized as follows: in Section 2, we recall some facts
about Morse theory for manifolds with boundary; Section 3 is devoted to
the proof of our main formula; in Section 4, we give a new proof of the
topological invariance of the Milnor number mod 2. The author is very
grateful to Karim Bekka for his helpful remarks and comments.

2. Morse theory for manifolds with boundary

We recall the results of Morse theory for manifolds with boundary. Our
reference is where the results are given for a C° manifold M with
boundary OM. For simplicity we will present the results for manifolds with
boundary of type M N {g x 0}, * € {>, <}, where M is a C*° manifold and
g: M — R a C*™ function such that M N g~1(0) is smooth. In fact this is
the case we need in the following sections.

Let M be a C*® manifold of dimension n. Let g : M — R be a C*®
function such that Vg(z) # 0 for all z € g71(0). This implies that M N
g~1(0) is a smooth manifold of dimension n — 1 and that M N {g > 0} and
M N {g < 0} are smooth manifolds with boundary. Let f : M — R be a
smooth function. A critical point of fjprn{g>0) (resp. fimn{g<o}) is a critical

point of fiaprngg>0} (r€sP. fimng<o}) or 2 critical point of fiprng-1(0)-

Definition 2.1 Let ¢ € M Ng~1(0). We say that ¢ is a correct critical
point of fiarn{g>0} (resp. fimn{g<oy) if ¢ is a critical point of fipng-1(0) and
q is not a critical point of fjys.

We say that ¢ is a correct non-degenerate critical point of fiaxn{g>0}

(resp. fimn{g<o}) if ¢ is a correct critical point of firrn(g>0} (resp. fimn{g<o})
and ¢ is a non-degenerate critical point of fjprng-1(0)-

If g is a correct critical point of fiarngg>0} (T€SP. firmn{g<oy) then Vf(q)#
_(T, V f(q) and Vg(q) are colinear and there is 7(q) € R* with V f(q) = 7(q)-
Vg(q)-

Definition 2.2 If g is a correct critical point of fipn(g>0) then

e Vf(q) points inwards if and only if 7(g) > 0,
e Vf(q) points outwards if and only if 7(g) < 0.
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If q is a correct critical point of fiMn{g<o} then

¢ Vf(q) points inwards if and only if 7(q) < 0,
e Vf(q) points outwards if and only if 7(q) > 0.

Definition 2.3 A C* function f : M N{g > 0} —» R (resp. M N {g <
0} — R) is a correct function if all critical points of fimng-1(0) are correct.
A C* function f: M N {g >0} - R (resp. M N {g <0} = R) is a Morse
correct function if fjarn(g>0) (resp. f Mn{g<0}) admits only non-degenerate
critical points and if f admits only non-degenerate correct critical points.

Proposition 2.4  For all C*™ manifold M and for all function g: M — R
such that Vg(z) # 0 for all z € g=1(0), the set of C*® functions f : M —

R such that fiynig>0) and fiMn{g<o0} are Morse correct functions is dense
in C*°(M,R).

We will denote x(M N{g*0} N{f?0}), where x,? € {<,=, >}, by x4
and we will use the following result:

Theorem 2.5 Let M be a C™ compact manifold of dimension n and let
g:M — R be a C* function such that Vg(z) # 0 for all z € g71(0). Let
f:M — R bea C™ function such that fimn{g>0} and fiMn{g<0} are Morse
correct. Let {p;} be the set of critical points of fin and {\;} be the set of
their respective indices. Let {q;} be the set of critical points of fimng-1(0)
and {p;} be the set of their respective indices. Then we have

X2>—x2== , (DN+ Y (1M,

i/ f(p:)>0 3/ f(g;)>0
9(pi)>0 7(g;)>0
X2< = X2== (-1 Y (=DM 4 (1)~ > (-nm,
i/ f(pi)<0 3/ f(q5)<0
g(pi)>0 7(g;)<0

and

X<z~ Xg== Y, (DMN+ Y (-1)m,

i/ f(p:)>0 3/ f(g5)>0
9(pi)<0 7(g;)<0
Xs<—xs==(0" ) (DM () YT (1M,
i/ f(p:)<0 3/ f(g;)<0

9(pi)<0 7(g;)>0
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3. The main formula

In this section, we prove the result announced in the introduction for
a real map germ. We recall that f = (f1,..., fx) : (R",0) — (RF,0) is
an analytic germ, that g : (R",0) — (R,0) is an analytic function germ,
that I is the ideal generated by fi1,..., fr and all (k + 1) x (k + 1) minors

——“—a(aéqjl";ffk)_ in Orn o and that dimg Orn /I < 4+o0o0. Our proof differs
141""’ 1/k+1

from |[DLNS| because we shall not use neither fixed point theory nor the
Lé-Greuel formula.

3.1. Characterization of a non-degenerate critical point
We study the following local situation. Let

f: (K"’,p) — (Kk,5)
z  ~ (A@). .. fil2))

be an analytic germ defined near p (K = R or C); ¢ is a regular value of f
so that f~!(8) is an analytic manifold of dimension n — k and p € f~1(¢).
Let g : K™ — K be defined near p. We will find a condition for the point p
to be a non-degenerate critical point of g-1s).

Let

M(z) = det [g; (z)

}lsajsk

For shortness we write z = (2/,2") = (z1,...,Tk; Tht1,---,Zn). We can
assume that M(p) # 0 and apply the implicit function theorem in the
neighborhood of p. There exists an analytic mapping

©: Kn—k: - Kk, " <p(:v")
such that ¢(p") = p' and f(p(z"),z") = f(p) = 6. We write

G(z") = g(p(z"), "),
_ a(gafla . -afk)

() =
J( a(xl, . .,mk,:cj)

for j > k+1.

Let Okn p be the ring of germs of analytic functions defined near p. Let I,
be the ideal in Okr , generated by all (k+1) x (k 4+ 1) minors 009 f1rf)

a(:l:il s Tig Ly )
Let C, = V(Ip,) be the set of the zeros of I,. Let J, be the ideal generated
by mgy1, ..., m,. We have the following lemmas:
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Lemma 3.1 The function g|s-1(5y has a critical point at p if and only if

G _ ...= 9G _
BTrksr  Ozn O
Proof. 1t is clear. O

Lemma 3.2 The function g|s-1(5) has a critical point at p if and only if
p€ fH8) NG,

Proof. 1t is clear. O
Lemma 3.3 J, =1,

Proof. 1t is proved in [Sz2, p.349). O

Remark Szafraniec’s proof uses the Lé-Greuel formula. We give a direct
proof in the appendix at the end of the paper.

Lemma 3.4 The function g, 7-1(5) has a non-degenerate critical point if
and only if Cy, is a regular complete intersection at p of dimension k and
C, intersects f~1(8) transversally at p.

Proof. Let A(8) be the following matrix

81‘1 8$n(9)
oL ) 21k (g
Al6) = 3mk+1(9) Omy41 ()
o Oz,
an 8mn
| B (6) B2, (6) _

- Oh

oh -

As Szafraniec does in [Sz2, p.349-350], we obtain

0*G

_( 1\k(n—k) n—k+1 — ("
det A(p) = (—1) M (p) det [8:@8363'(1) )]k+1ﬁi,j§n-

This result allows us to conclude because g|;-1(5) has a non-degenerate crit-
ical point if and only if
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0*G

&Biawj] k+1<i, j<n

det [ # 0.

g

3.2. A Morse approximation

We return to the real case and, using Morse theory for manifolds with
boundary, we relate

X(f)N{g=a}nNB)+x(f1(6)N{g < a} N B.) mod 2

to the number of critical points of a Morse approximation of g¢-1(5)nB, -
We need the following result about correct critical points of g;-1(5)np, -

Lemma 3.5 Let 6 be a small regular value so that the manifold with
boundary f~1(8) N Be is non-singular. Then

o At all correct critical points of 95-1(5)nB. where g > 0, the gradient
of g\F; points outwards.

e At all correct critical points of g|f-1(5\nB. where g < 0, the gradient
of gr; points inwards.

o There are no correct critical points of g,s-1(5np, with g = 0.

Proof. We prove the first point. In order to prove the second one it is
enough to replace g by —g. Let w be the euclidian distance function and let

X = {z € (f7(0)\ {0}) N {g(x) > 0} | 3A(x) and p(x)
with Vg(z) = A(z)Vf(z) + p(z)Vw(z) and p(z) < o}.

It is a subanalytic set. If 0 € X, we apply the curve selection lemma (cf.
[Mi2]). There exists an analytic arc v : [0, g[— X such that v(0) = 0. Then
we have for all ¢t € [0, e[

29°10) _ 99+, ()
and
H9OTE) — Ay (O F ), A1) + ) (Teor (1), 7 (1)

We have for all t € [0,&0[, (Vf(¥(t)),7(t)) = 0 for v([0,&0]) € f71(0) and
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since (Vw(¥(t)),~/(t)) > 0 for all ¢t € [0, o[, we will have

d(gor(t)

ot
The function g o 7y is decreasing and so, for all t € [0,e0[, go ¥(t) < go
~¥(0) = 0. But for all t # 0, goy(t) > 0so 0 ¢ X. We can choose ¢
sufficiently small so that in f~1(0)\ {0} N B, the gradient of g|s-1(9)\ {0} and
the gradient of w|¢-1(g)\ {0} do not point in opposite directions in {g > 0}.
Choosing ¢ sufficiently close to 0, this implies that at all correct critical
points of g|p;n{g>0}, the gradient of g;-1(5)np, Will point outwards.

We prove the third point with the same ideas considering the sets

Y5 = {z € (£7(0)\ {0}) N{g(x) = 0} | 3\(=) and u(x)
with Vg(z) = Mz)Vf(z) + p(z)Vw(z) and u(z) > o}

for all t € [0, o] <0.

and
Ye = {z € (F7(0)\{0}) N {g(x) = 0} | IA(=) and u(x)
with Vg(z) = AM(z)Vf(z) + pu(z)Vw(z) and u(z) < 0}
and proving that 0 ¢ Y5 and that 0 ¢ Y_. O

Now let g be a perturbation of g such that g s-1(5)np, is a Morse correct
function then we have

Lemma 3.6 Let § be a small regular value so that the manifold with
boundary f~1(8) N B is non-singular. Let o € R such that || < ||
and (6, a) is a regular value of (f,g) then

X(F A& N{g>a}NB)+x(f8)N{g<e}nB)

is equal to the number of non-degenerate critical points of gjs-1(5)nB, Mmod-
ulo 2.

Proof. For convenience, we denote f~1(§)N B, by Fs and f~1(§)N{g*a}
by Fs5(g * a) where x € {=, >, <}.

Since dimgr ORn o/I < +00, g|f-1(0)\{0}n{w<e} @dmits no critical points.
This implies that for ¢ sufficiently small, the levels of g intersect f~1(0)
transversally on f71(0) N {e/4 < w < €}. If we choose § such that |§| < €,
the levels of g will also intersect f~1(4) transversally on f~!(§)N{e/4 <w <
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€}, because transversality is an open property. Thus 91f-1(8)n{w<e) admits
its critical points on f~1(8) N B, /4 and the critical points of 91f-1(8)N{w=¢}
are correct critical points of gr,, because on {w = ¢} the levels of g and
f~1(8) are transversal. Moreover correct critical points of 9g|F; Where g > 0
(resp. g < 0) point outwards (resp. inwards) and there are no correct critical
points near {g = 0} by the previous lemma.

We choose a close to 0 such that 0 is the only possible critical value
of g|r, in [—|al,||] and such that all correct critical points lie far from the
level {g = a}. We apply the result of Morse theory to the manifold with
boundary Fs(g = ) (see [Theorem 2.5) and we get

X(Fs(9 2 a), F5(g = @) = n4(a) — n—(ga),

where 14 (o) (resp. n_(gs)) is the number of non-degenerate critical points
with even (resp. odd) index of g, lying in F5(g > ). In the same way, we
have

X(Fs(g < a), Fs(g = @)) = (=1)"*(n4(§-a) — n—(3-a)),

where n,(G_q) (resp. n_(g_s)) is the number of non-degenerate critical
points with even (resp. odd) index of §p, lying in F5(g < «). Finally we
have

X(Fs(g > @) + x(F5(g < @)
= n4(Ja) +n-(da) + ny (§-a) +1n—(§—a) mod 2,

hence

X(F5(g > a)) + x(Fs(g < @)
= number of non-degenerate critical points of g|r; mod 2.

O

3.3. Study of Orn /I
We relate the dimension of Orn /I to the number of non-degenerate
critical points of a suitable Morse approximation of 915-1(5)nB.- Let Jc be

the ideal generated in Ocr g by all the (k+1) x (k+1) minors 66(9’f1""’f")

zil ""’mik-f-l

and let Ic = (f1,..., fx; Jc). Let C = V(Jg). Saito has proved in that

f;;’o is a Cohen-Macaulay ring of dimension k and so C is equidimensional

of dimension k. A result about multiplicity from Serre (see [Se]) gives the
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following relation

. Ocn _
dimg fc’o = (f5'(0);C)o =1,

where (f5'(0);C)o is the intersection multiplicity of f5'(0) and C at 0.
Replacing g by a suitable perturbation if necessary, we can assume that C
and fg 1(6) intersect transversally at regular points. We have

Lemma 3.7 The function gf-1snB. 5 a Morse function and
dimg ORrn /I is equal to the number of non-degenerate critical points of
g|f_1(5)nB€ modulo 2.

Proof. Write

cn f(_Jl((s) = {pl’ .- 'apr} U {pr+lapr+17 .- -,pm,ﬁ},

where p1, ..., p, are real points. Hence

vy=4#CnN fél(é) =#{p1,...,pr} mod 2.

One can choose § sufficiently small so that {p1,...,pr} C Be. Let us ex-
amine the situation at p; for 1 < i < r. Since f~!(§) N B is regular, we
can assume that, for instance, M (p;) # 0 with M(z) = det [%%

(®)]1<i, i
Using and its proof, we have

[ Ofi 0fi |
GO 5O
0 0 .
5j:—’“(a) éi’i(a)
1 In
det # 0,
81'1 axn
6mn 8mn
| on @ ... e (9) _

because C and f61(5) intersect transversally. From this we deduce that
C N R™, which is the set of real points of C, and f~!(6) N B, intersect
transversally because all the coefficients involved in the above determinant
are real and p; is a real point. Finally we get that gz, is a Morse function
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and pi,...,p, are its non-degenerate critical points hence

Onn
dimg % =r mod 2,

. . o . O
since dimg —* = dimg % O

3.4. Main result and some corollaries
Now we are ready to state our main theorem.

Theorem 3.8 Let § € R* be reqular value of f and let o € R such that
la] < |8 and (4, a) is a regular value of (f,g). If dimg Orno/I < +o00
then

x (O N{g>a}nB)+x(f(6)N{g<a}lnB)

I

= dimpg —(?%9 mod 2.

Proof. It is a combination of [Lemma 3.6 and [Lemma 3.7 O

Corollary 3.9 Let § € RF be regular value of f and let o € R such that
la| < |0] and (4, ) is a regular value of (f,g). If dimr Orr o/l < 400
then:

X (f7H@)NB:) +x (f1(0)n{g=a} N B)

ORrn 0

= dimg mod 2.

Proof. Using the Mayer-Vietoris sequence, we find
x (710N B:) =x(f(6)n{g>a} N B)

+x (fH8)n{g < a}nB)
~x(f ) n{g=a}nB)

and it is easy to conclude. O

Let Ly and Ly ) be the respective links of f and (f,g9). We define,
following Wall’s notation

9(f) = 5 dimg, (H.(Ly, Z2)),

W(f,9)) = 5 dimz, (Hu(L (5, 2)
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We have
Corollary 3.10

B(f) +¥((f, 9)) = dimg 0‘}"’0 mod 2.

Proof. We have Ly = f~1(0) N S,. For § sufficiently small, L; is diffeo-
morphic to f~1(§) N S.. Now it is enough to apply the following relation

- dimg, (H.(f7'(3) NS, Z2)) = x(£ () NS.) mod 2,

which is well-known if n — k is odd and which is proved, for instance, in

|ASV] Proposition 3.4, if n — k is even. O

4. Topological invariance of the Milnor number mod 2

We give here an alternative proof of the topological invariance of the
Milnor number mod 2 proved in . Our proof does not use the methods
of fixed point theory.

Let f = (f1,..., fc) : (R*,0) — (R*,0), with n > k, be an analytic
germ of finite singularity type and let fc be the complexification of f. Then
according to Wall [Wa], fc has an isolated singularity and we can define its
Milnor number u(fc). We define the Milnor number of f by u(f) = u(fc)
and we will prove that

»(f) =1+ pu(f) mod 2,

where 9(f) is defined as in the previous section.
We need the following version of Sard’s lemma.

Lemma 4.1 Let N C M C RY be analytic sets and let Nec and Mc
be their respective complezifications. Assume that Mc \ Nc is a smooth
complex manifold of dimension K. Let 7 : RN — RP, with P < K, be an
analytic mapping and let mc be its complexification. Then for almost all
BeRF, wal(ﬂ) N Mc \ Nc¢ is a smooth manifold of dimension K — P.

Proof. Let ¥ be the critical set of mc|po\ N and let ¥ be the critical set
of mp\n- Then mc(Xc) has at most dimension P—1 and 7(X) C nc(Xc)N
RP is a subanalytic set of dimension at most P — 1, so for 8 € RP \ 7(%),
B ¢ mc(Ec) which means that 8 is a regular value of 7¢ : Mg\ N¢ — CF.

|
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Lemma 4.2 Let f = (f1,-.., fx) : (R",0) — (R¥,0), with n > k, be
an analytic germ of finite singularity type. There exists an analytic germ
g: (R™0) — (R,0) such that Fc = (fc,9c) : (R*,0) — (R¥*1,0) has an
isolated singularity or, equivalently, (f,g) is of finite singularity type.

Proof. Consider the following analytic map
H: (R™xR" (0,0)) — (R*+1)0)
(:L.aa’) = (flw")fkaa'lxl+"'+anwn)-

The derivative of H at (z,a) is given by the following matrix

011 0fi
(8331 oz, 0 0 \
DH(z,a) = 8:f - 8}
L L R T
oz, oz,
al “ .. a’n x]_ o o . xn}

If (z,a) € H'(0) and z # O then there exists i € {1,...,n} with z; # 0
and then rank DH(x,a) = k + 1 since

0f1 df1
811,‘1 8$n 0 \
rank : : =k+ 1.
e . O |
ox oxy,
ax an xz/

So X = H71(0) \ ({0} x R™) is an analytic manifold of dimension 2n — (k +
1). Consider

m: H10) — (R"0)
(z,0) +— a

the projection map on the second component. Using the above lemma, we
can find a € R™ such that Xc N wal(a) is a smooth analytic manifold of
dimension n — (k + 1), where X¢ = Hg'(0) \ ({0} x C*) and 7¢ is the
complexification of 7. This exactly means that (fc,a1z1 + -+ + anzy) :
(C™,0) — (C**1,0) has an isolated singularity. O
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Lemma 4.3 Let f = (f1,..., fx) : (R*,0) — (R¥,0), with n > k, be an
analytic germ of finite singularity type and let g : (R®,0) — (R,0) be an
analytic germ such that Fc = (fc, gc) : (R™,0) — (R**1,0) has an isolated
singularity then

ORrnr 0

(F1r- oo oy lizzalid )

110 )zlk+1

dimg < +00.

Proof. Suppose that this vector space is not finite dimensional. Then 0 €
C" is not isolated in

fél(O) N (ﬂlgi1<-..<ik+1§n {3%]((;,flc, .. -7ka) — O}) .

5 Tigy1)

Hence, by the curve selection lemma ([Mi2]), there exists a real analytic
curve P(t) : [0,A) — C" such that P(0) = 0, fc(P(t)) = 0 and
Bég(;:i,lflc """ f’“C)(P(t)) = 0 for all (k + 1)-tuple (i1,...,%k+1). This means

Tigy1)

that the vectors V f;, 7 =1,...,k and Vgc are linearly dependent over C
at P(t) and there exist a;(t),...,ax(t) and b(t) such that

Za; Vfic(P(t) = b(t) - Vgc(P(1)),

and (ai(t),...,an(t),b(t)) # (0,...,0). Since f is of finite singularity type,
f&'(0) is a smooth (n — k)-dimensional complex manifold outside the origin
and Vfic(P(t)),..., Vfc(P(t)) are linearly independent for ¢ # 0. This
implies that for all t # 0, b(t) # 0 and

) - VSic(P®)),

||'Mw

t

where ¢;(t) = (—ll;l((t—) Therefore

~—|

0
5

p(t) = (228 o Pw) )

Q
O

k
590 PO) = <8g—tt)’;%<t> VFcP@) )
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=Y "6i0) 530 Plt)) =0,

J=1
since {P(t)} C f5'(0). Thus we have {P(t)} C {g = 0} which contradicts
the fact that (fc, gc) has an isolated singularity. O

Before proving our main result, we need to prove it in the case of curves.

Lemma 4.4 Let F : (R",0) — (R"1,0) be a complete intersection of
finite singularity type. Then

Y(F) =1+ p(F) mod 2.
Proof. We have
pw=20—r+1,

where 7 is the number of branches of the complex curve Fg 1(0) (see [BuG,
Mi2]). The complex conjugation acts on the set of branches: those inter-
changed in pairs do not yield a real branch, whereas those left invariant
yield a single real branch. Thus r = s mod 2 where s is the number of real
branches of f~1(0). Now we just have to use the fact that

x(F71(0)N S.) = ¥(F) mod 2.

DN | =

S

Now we are ready to state:

Theorem 4.5 Let f : (R™,0) — (R*,0) be an analytic germ of finite
singularity type then
$(f) =1+ u(f) mod2.

Proof. With we construct n — k — 1 functions g1, ..., gn_k_1
such that the n — k — 1 mappings

Fi=(f,q1) : (R™,0) — (R*1)0),
F2:(fagl,g2) :(Rn’o) - (Rk+2’0)a

Fn—k—l :(f,glv'-'agn—-k—l) : (Rn’o) - (Rn—l’o),
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are of finite singularity type. Applying [Corollary 3.10, Lemma 4.3 and the
Lé-Greuel formula, we find

Y(f) +P(F1) = p(f) + pu(F1) mod 2,

PY(F1) + Y (F2) u(F1) + p(F2) mod 2,

w(Fn——k—2) + w(Fn—k—l) = H(Fn—k——2) + ,U(Fn-—k—l) mod 2.
Adding them together leads to
Y(f) + Y (Fnk-1) = p(f) + p(Fr—k-1) mod 2.

By the previous lemma, we know that ¢(Fp—x—1) = 1 4+ p(Fn—g-1) mod 2
and it is easy to see that

P(f) =1+ p(f) mod2.

5. Appendix: a direct proof of Lemma 3.3

We give here a direct, but rather technical, proof of Lemma 3.3
We are in the following situation:

f:(K%p) — (K*,6)
z  — (fil@),..., fil)),

where & is a regular value of f so that f~1(d) is an analytic manifold of
dimension n — k. Let

of, ]
M = det .
() = de [axj @

We adopt the notation f;, for g:f: ; . We assume that M (p) # 0 which implies

that ﬁ is analytic at p and that for all  near p, M(x) # 0. We have for
all j € {1,...,n}

gml(m) gxk(x) gmj(m)
fla:l(x) flzk(x) flzz:j(w)

m;(z) =

fka:l(x) fkmk(w) fkmj(x)
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hence, developing m; along the first line and since M # 0, and omitting
the z

k
9oy = = (mJ+Z e eee Tommrrezend B

ey iy ooy Tk T5)

Remark Foralll<j<k m;=0.
We have for all (i1, .. .,ik41)

gzil N gxik+1
a(Qafla"wfk) _ flxil flxik+1
O(Tiyy .oy Tiy ) : . :

Frz, fk$ik+1

We develop along the first line and get

a(g)fla'“)fk) =§(_1)l+lg a(fl,--'afk‘)
a:zla

6(.’17.,;1,...,:1,‘ik+1) =1 ' (xil,...,:lfil,...,a:ik+l)'
Replacing Ya;, by the expression (1), we obtain
a(gafla .. 'afk)

8(a:i1, . .,xik+1)

_ % (_1)k+l+1 8(f1, ceny fk n Z k+19x”
=1 M a(l‘il, . .,.’L‘}l, ceny xzk+1 l
k
i(_l)H—l (fl,'- ,fk) 5(f1,...,fk) .
= Ny, iy Tk T4)) Oy, ., Ty, - - -, Ty,

It is enough to prove that each term between the big parenthesis is zero.
But one sees clearly that is the determinant of the following matrix

[ O(f1,- - -, fr) O(f1,- - -, fi) ]
8(1:1, - .,.’fi, . .,:ck;a:il) 8(.’1,‘1, .. .,.’fi, . .,SL'k;.’Eik+l)
Of Of
B = 3:82'1 8$ik+1
O fx O fi
I O0x;, 0z;, ., |
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But we have for alll € {1,...,k+ 1},

k

o(f1,--, fx) i+k Of;
) 9 — _1 7+ __J_A
O(x1, .y Liy- -, Tk Tiy) ;( ) Ox;, 7’
where
A = 8(f17"'7fj’°"7fk)
] - ~ b
O(x1,y -y Eiy .o Tk)
and then
k .
Lo=) (-1)7**4;L;,
i=1
where Lo, L1, ..., Ly are the lines of the matrix B, which allows us to con-
clude that det B = 0 and M belongs to the ideal generated by the
1«17'"7 'Lk
m;,, which is included in Jp.
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