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Extremal odd unimodular lattices in
dimensions 44, 46 and 47

Masaaki HARADA
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Abstract. In this note, extremal odd unimodular lattices in dimensions 44, 46 and 47
are constructed from self-dual codes over Z4 and Zg by Construction A. The lattices in
dimensions 46 and 47 seem to be the first explicit examples for such lattices.
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1. Introduction

A (Euclidean) lattice L is integral if L C L* where L* is the dual lattice
under the standard inner product (z,y). An integral lattice with L = L*
is called unimodular. The minimum norm min(L) of L is the smallest
norm among all nonzero vectors of L. Rains and Sloane [8] show that the
minimum norm p of an n-dimensional unimodular lattice is bounded by

n

ps2|o]+2 (1)
unless n = 23 when u < 3. We say that an n-dimensional (odd) unimodular
lattice meeting the bound is called extremal. It is a fundamental problem
to determine if such a lattice exists for each dimension (cf. [3] and [9]).
Conway and Sloane [3] gave the exact bound for the minimum norm of
a unimodular lattice of dimensions up to 33. Their work is extended to
dimensions 45 except 37, 41, 43 (cf. [9]).

In this note, extremal odd unimodular lattices in dimensions 44, 46
and 47 are constructed by Construction A from self-dual Zg-codes of length
44, Z4-codes of lengths 46, 47, respectively. These codes are obtained by
considering subtracting from some known extremal self-dual codes of larger
lengths. Our lattices in dimensions 46 and 47 seem to be the first explicit
examples of extremal ones in these dimensions (cf. [9]).
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2. Definitions and basic facts

Let Zox (= {0,1,2,...,2k — 1}) be the ring of integers modulo 2k. A
code C of length n over Zyj, (or a Zgg-code of length n) is a Zag-submodule
of Z3,. We define the inner product on Z3, by z -y = z1y1 + - - - + Zpyn,
where z = (z1,...,%,) and ¥y = (y1,...,¥s). The dual code Ct of C is
defined as C+ = {iL‘ €Zy |xz-y=0forallye C}. A code C is self-dual
if C = C+. The Euchdean weight of a codeword z is ) .. min{z?, (2k —
r;)?}. The minimum Euclidean weight dg of C is the smallest Euclidean
weight among all nonzero codewords of C. If C is a self-dual Zsj-code with
minimum Euclidean weight dg then

Azk \/___{ T1y..., L EZnI
(z1 (mod 2k),...,z, (mod 2k)) € C},

is a unimodular lattice with minimum norm min{dg/2k,2k} (cf. [1]).
A (C) is called the lattice constructed from C by Construction A.

Let L be an odd unimodular lattice and let Ly denote its subset of even
norms vectors. The set Lo is a sublattice of L of index 2 in L [3]. Let Lo
be that unique nontrivial coset of Ly into L. Then L can be written as a
union of cosets of Ly: Ly = Lo U Ly U L1 U L3. The shadow lattice of L is
defined to be S = L; U L3 (cf. [3]).

3. The theta series of extremal odd unimodular lattices in di-
mensions 44, 46 and 47

We consider the theta series of extremal odd unimodular lattices in
dimensions 44, 46 and 47. The theta series 61,(q) of a lattice L is the formal

power series 0r(q) = 3", ¢'®).
Conway and Sloane [3] show that if the theta series of an odd unimod-
ular lattice L is written as

[n/8]
0L(q) = > a;f3(9)" M As(q)’ = Aig' (say) (2)
=0 i
then the theta series of the shadow lattice S is written as

O5@)= 3 g atla) V0 =3B () @)
j=0
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where Ag(q) = q[I2_,(1 — ¢ 1)8(1 — ¢*™)® and 65(q), 03(¢) and 64(q)
are the Jacobi theta series [4]. As the additional conditions, we have that
there is at most one nonzero B, for r < (u+2)/2; B, = 0 for r < p/4; and
B, < 2 for r < p/2 where p is the minimum norm of L.

In the case n = 46, since u = 4, ag, . . ., as in (2) and (3) are determined
as follows: ag = 1, a1 = —92, ag = 2116 and a3 = —9200. By the additional
condition, we have that as = 0 or —2'°. Moreover, since the coefficients in
the shadow lattice must be non-negative integers, a4 is divisible by 4, so we
put a4 = 463. Then we have the possible theta series f46,;(L) and 046(S) of
an extremal odd unimodular lattice and its shadow lattice:

(046,1(L) = 1+ (2300 + 48)g* + (582912 — 163)¢°
< + (31905600 — 1446)g® + - - -
| 046.1(S) = Bq"/? + (9420800 — 508)¢/2 + - --

(046.2(L) = 1+ (2300 + 48)g* + (550144 — 168)¢°
< + (32823104 — 1448)® + - - -
| 016.2(S) = 2¢%/% + (—148 + B)q"/2 + (9426110 — 5083)¢" /2 + - - -

In the case n = 47, we have that ag = 1, a; = —94, ag = 2256, a3 =
—10904, a5 = 0 or —2'* we can put a4 = 23 in (2) and (3). Hence we have
the possible theta series 647 ;(L) and 847,(S) of a 47-dimensional extremal
odd unimodular lattice and its shadow lattice:

(0471(L) = 1+ (94 + 28)q* + (484288 — 40)¢°
9 + (29111424 — 888)¢® + - - -
| 0a7,1(S) = Bg®/* + (22331392 — 498)¢®/* + - -

(Oa479(L) =1+ (944 26)¢* + (320448 — 483)¢°
\ + (33371264 — 883)5 + - - -
| 047.2(S) = 247/* + (—146 +5)¢"%/* + (22336554 — 498)¢**/* + - - - .

Similarly to the cases n = 46, 47, we have the possible theta series
044,i(L) and 044,4(S) of a 44-dimensional extremal odd unimodular lattice
and its shadow lattice:
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(644,1(L) = 1+ (6600 + 163)¢* + (811008 — 1283)¢°
‘ + (37171200 — 1288)¢® + - - -
 044,1(S) = Bg® + (1622016 — 5206)¢° + - - -

( O449(L) = 1 + (6600 + 168)q* + (679936 — 1280)q°
{ + (41365504 — 1283)¢% + - - -

| 0442(S) = 2q + (=152 + B)g> + (1627628 — 528)¢° + - - - .

In this case, we have ag = 1, a1 = —88, ay = 1848, ag = —6336, a5 = 0 or
—2!7 and we can put ay = 168 in (2) and (3).

Note that the theta series of an extremal odd unimodular lattice in
dimension 44, 46 or 47 is uniquely determined by the numbers of vectors of
norms 4 and 5.

4. An extremal odd unimodular lattice in dimensions 46 and 47

The cyclic Z4-code with generator polynomial

IE23+2SL‘21+LL‘19+$18+2ZE16+.’IJ14+3£B13+3.’B12+2.’IJH
+3294+32% + 2"+ 326 +32° + 224 + 22 + 22 + 32+ 3

is called the quadratic residue Zj-code of length 47 [2]. The extended
quadratic residue Z4-code QR4 of length 48 which is obtained by adding
1’s in the last coordinate of the generators is a self-dual code with minimum
Euclidean weight 24 having Euclidean weights divisible by eight [6].

The following codes

QR4g = {(x2,...,748) | (z1,22,...,248) € QRus, z1 € {0,2}}

(QR4g) = {(x3,...,748) | (z1,T2, ..., %a8) € QRys, (z1,72) € Ca}

are self-dual codes of lengths 47 and 46, respectively, where Cs is the self-
dual code of length 2. This construction are called subtracting. It is known
that PSL(2,47) acts on the coordinates of QRys (cf. [2] and [6]). Hence
it is sufficient to consider codes subtracting the first coordinate x; and the
first and second coordinates (z1, z2), respectively.

Since @QR4s has minimum Euclidean weight 24, QR4s and (QRys) are
self-dual codes of lengths 47 and 46 with minimum Euclidean weight > 20
and > 16, respectively.
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Hence the unimodular lattices A4(QR4g) and A4((QR4s)) obtained by
Construction A from QRyg and (QR4s) are extremal.

Proposition 1 For dimensions 46 and 47, there is an extremal odd uni-
modular lattice.

Remark The result stated in the above proposition was already an-
nounced in [9] (see [9] for explicit generator matrices of these lattices).

It is known that the minimum Euclidean weight dg of a self-dual Zy-
code of length n is upper bounded

dg < 8[n/24] + 8 (4)

except when n = 23 (mod 24) in which case the bound is dg < 8[n/24] +12

[7, Theorem 35]. Thus QR4s and (QR4g) have minimum Euclidean weights
20 and 16, respectively.

Table 1. A4 and A5 in A4(QR48) and A4((QR48))

Lattices Ay As

As((QR4s)) | 2300 | 582912
A4(QRys) 94 484288

The numbers A4 (resp. As) of vectors of norm 4 (resp. 5) in A4(QR4s)

and A4((QR4s)) are listed in Table 1. Since the minimum Euclidean weight
of ORyz is 20, the vectors of norm 4 in A4(QRyg) are of the form (£2, 0%9),
that is, each vector contains only one +2 and 46 0’s. Hence the kissing
number is 94. The other numbers are calculated by MAGMA. Therefore
A4(QR4g) has the theta series 047,1(L) with 8 = 0 and A4((QR4g)) has the
theta series 6461 (L) with 8= 0.

5. Extremal odd unimodular lattices in dimension 44

The first example of extremal odd unimodular lattices in dimension 44
has been discovered in [5] and it is denoted by L1(T44) in [5]. In this section,
we construct new lattices.

Let C be the extremal Type II Zg-code Cyg g of length 48 found in [5].
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Note that C has a generator matrix of the form (I , M ) Let D be the

1014). Let 1 <41 <

self-dual code of length 4 with generator matrix ( 0145

1o < 13 < 14 < 24. Define

C,(il’iz’i?”i“) = {(11:1,1‘2, . .,5843) ecC | (.fl?il, :L‘i2,.’17i3,£13i4) & D} .

Let C(11:i2:%3:%4) be the code of length 44 obtained from C'(i1-2:3:ia) deleting
the four coordinates iy, ig, 43, i4. It is easy to see that Cli1i2:4) jg 5
self-dual code.

Here we investigate self-dual codes C(12:3:%) for the case i = 4, ..., 24.

Table 2. Extremal odd unimodular lattices in dimension 44.

Lattices Ay As 0L

Ag(C:234)) | 8104 | 798976 | 6441(L) (8 =94)
Ag(CH235)) | 8232 | 797952 | O441(L) (B =102)
Ag(CH239)) | 8232 | 797952 | 6441(L) (B = 102)
Ag(CHE3T) | 8104 | 798976 | B441(L) (B = 94)
Ag(C(1:2:3,8)) 8232 | 797952 | 6as1(L) (B = 102)
Ag(C:239)) | 8072 | 799232 | 644.(L) (B =92)
Ag(C:2310)) | 8200 | 798208 | 6441(L) (B = 100)
Ag(CLB31)Y | 8264 | 797696 | 6441(L) (6= 104)
Ag(CH2312)) | 8232 | 797952 | 6441(L) (B = 102)
Ag(CH2313)) 1 8232 | 797952 | 6441(L) (8 = 102)
Ag(CHL2314)) | 8136 | 798720 | 644.(L) (B = 96)
Ag(C:2315)) | 8168 | 798464 | 6441(L) (B =98)
Ag(CL2316)) | 8104 | 798976 | 6441(L) (6 =94)
A6((J(1 2317)) | 8168 | 798464 | 0441(L) (B = 98)

Ag(C2318)) | 8136 | 798720 | Oas1(L) (8= 96)
Ag(CH2319) | 8168 | 798464 | B4g1(L) (6= 98)
Ag(CH2320)) | 8168 | 798464 | B441(L) (B = 98)
Ag(CL2321)y | 8232 | 797952 | 6441(L) (B = 102)
Ag(C(L2322)) | 8168 | 798464 | 6441(L) (B = 98)
Ag(C(L2323)) | 8136 | 798720 | B4q1(L) (B = 96)
Ag(C:2329) | 8136 | 798720 | Bag1(L) (8= 96)
Lr(Ty) in [5) | 8104 | 798976 | 6441(L) (B = 94)
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