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Scaling limit for the Derezinski-Gérard model
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Abstract. We consider a scaling limit for the Derezinski-Gérard model. We derive an
effective potential by taking a scaling limit for the total Hamiltonian of the Derezinski-
Gérard model. Our method to derive an effective potential is independent of whether
or not the quantum field has a nonnegative mass. As an application of our theory
developed in the present paper, we derive an effective potential of the Nelson model.
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1. Introduction

The Derezinski-Gérard model was introduced by Dereziriski and Gérard
[5] as an abstract model of particle-field interaction. (they call it the Pauli-
Fierz model, but we call it the Dereziniski-Gérard model for the sake of
clarity.) The Hamiltonian of the Dereziniski-Gérard model is given by

H:=A®I1+1® H,+ o).

The first and second terms mean Hamiltonians of a particle and a field,
respectively. The third term means the interaction between a particle and
a field.

Davies [4] initiated a scaling limit for models of quantum particles cou-
pled to a Bose field and obtained effective potentials. In [1], Arai constructed
a theory of abstract scaling limit. He applied it to the Pauli-Fierz model
without A%-term in the dipole approximation and derived the effective po-
tential introduced by Bethe [3] and Welton [14] to explain the Lamb shift.
He not only derived the effective potential of Bethe and Welton rigorously
but also clarified a mathematical meaning of it. Hiroshima [6] considered
a scaling limit for the Pauli-Fierz model with A%-term in the diploe ap-
proximation. In [7], he derived the Yukawa potential by taking a weak
coupling limit and removing the ultraviolet cutoff simultaneously for the
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massive Nelson model. In [8], he analyzed the same problem by means of
functional integration. Various kinds of scaling limits for the Pauli-Fierz
model in the dipole approximation with A%-term were studied by Hiroshima
[9]. Suzuki [12] studied a scaling limit for the generalized spin boson (GSB)
model, which was introduced by Arai and Hirokawa in [2], and applied it to
the models in nuclear physics. He also studied a scaling limit for a general
version of the Nelson model in [13].

The purpose of the present paper is to consider a scaling limit for the
Dereziniski-Gérard model. As far as the author knows, a scaling limit for
the Dereziniski-Gérard model has not been investigated. This is one of the
motivations of the present paper.

The present paper is organized as follows. Section 2 consists of three
subsections. In Subsection 2.1, we describe the model considered in the
present paper. We devote Subsection 2.2 to investigating properties of oper-
ators af (v) and ¢(v) extensively for later use. In Subsection 2.3, we introduce
some assumptions and state the main result. In Section 3, we briefly ex-
plain an abstract scaling limit theory used in the present paper. Section 4
also consists of three subsections. In Subsection 4.1, we transform a scaled
Hamiltonian into an operator handled easily. In Subsection 4.2, we prove
two conditions, which are needed to apply abstract scaling limit theorems.
In Subsection 4.3, we prove the main theorem. In Section 5, we consider
an application of our theory to the Nelson model and derive an effective
potential of the Nelson model. In Appendix A, we prove the Weyl relations
for (5(1)) As a corollary of the Weyl relations, we obtain a necessary and
sufficient condition that ¢~>(v) and gZ;(w) strongly commute. In Appendix B,
we show a relative boundedness of ¢(v)d(w) with respect to I @ Hy,.

2. Definition of the Model and the Main Result

2.1. Definition of the model of the model

In the present paper, we denote the inner product and the norm of a
Hilbert space &' by (-,-)x and || - ||x, respectively. The inner product is
antilinear in the first variable. If there is no danger of confusion, then we
omit the subscript X' in (-,-)x and || - || x.

For a linear operator T" on a Hilbert space, we denote its domain by
D(T). If T is densely defined, the adjoint of T" is denoted by T*. For linear
operators S and T on a Hilbert space, D(S + T') := D(S) N D(T) unless
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otherwise stated.

For a self-adjoint operator S on a Hilbert space, we denote its spectum
and its resolvent set by o(S) and p(S), respectively. The spectral measure
associated with S is denoted by Eg(-). If S is bounded below, then we set

Ey(S) :=info(S)

and call it the ground state energy of S.
To describe the Bose field, one uses the Boson Fock space over a sepa-
rable complex Hilbert space X

n=0 s
o= [n 20 0 e @, Y IO < oo,
s n=0

where @7 X denotes the n -fold symmetric tensor product of X with
®? X := C (the space of complex numbers). The vector Q := {1,0,...}
is called the Fock vacuum in F,(X).

One of the main objects on Fy,(X) is the annihilation operator a(f)
which is a densely defined closed linear operator on Fy(X) such that for
all n = {n(™ 132 € D(a(f)"), (a(f)"n)® = 0 and (a(f)*n)™ = /S, (f @
n™=1), n > 1, where S,, is the symmetrization operator on ®" X. The
adjoint a(f)*, which is called the creation operator, and the annihilation
operator a(g) obey the canonical commutation relations

[a(f);al9)*] = (f,9),  [a(f),alg)] =0, [a(f)";a(g)"] =0

for all f,g € X on the dense subspace

Fo(X) :=={n € Fu(X) | there exists a number ny
such that 7™ = 0 for all n > ny},
where [, -] means the commutator.

For every self-adjoint operator S on X, one can define a self-adjoint
operator dI'(S), called the second quantization of S, by
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dr(S) :== s,
n=0

with S := 0 and S™ is the closure of

n <
(ZI@---@ S ®...I>| ,
j=1 M R"D(S)

n

where I denotes the identity and ®nD(S ) the algebraic tensor product of
D(S). If S is nonnegative, then so is dI'(S). The second quantization of the
identity, Ny, := dI'(I), is called the number operator.

As the state space of the Derezinski-Gérard model, we take the tensor
product Hilbert space

F = L*RY) ® 7, (L*(RY)).

The Hilbert space F is identified with the space

o0

P | 0 @Y,

n=0 s

and we use this identification freely in what follows.
The subspace Dy of F is defined as follows:

Do := {1 € F | there exists an ng such that, for all n > ng, 1™ = 0}.

Let A be a self-adjoint operator on L?(RY). Let w be a nonnegative
Borel measurable function such that 0 < w(k) < oo a.e. k € R? with respect
to the Lebesgue measure on RY. Then w defines a multiplication operator
on L?(R?), which is nonnegative, injective and self-adjoint. We denote it
by the same symbol. The function w represents a dispersion relation of one
free boson associated with the Bose field under consideration. A typical
example of w is w(k) = \/m? + |k|2. Here m > 0 is the mass of the boson.
As indicated in this example, we define the mass of the boson by

m = ess . infw(k).
keRd
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If m > 0 (resp. m = 0), we call the associated Bose field massive (resp. mass-
less). Let

Hb = dF(w)

which acts on F,(L2(R9)). The free Hamiltonian of the Derezitiski-Gérard
model is given by

Hy:=A®I1+1® Hy.

To define the interaction part of the Derezinski-Gérard model, we intro-
duce an analogue qg(v) of the Segal field operator for a bounded operator v
from L2(RY) to L2(RY) ® L*(R%). To do this, we first define the operator
a*(v), which is an analogue of the usual creation operator. The domain and
the operation of a*(v) are given by

D@ (@) = {v = ")y € 7|

o0
Z"H(IL“’(RN) ® Sn) (” ® I®:—1L2(Rd))¢(n71)”2 < 00}7

n=0

(@ (v)p)© =0,
(a* (v)w)(”) = \/ﬁ(IL%RN) ® Sn) ('U ® I®2_1L2(Rd))¢(n—1)’ n > 1.

It is easy to see that D(a*(v)) D Dy. Thus the operator a*(v) is densely
defined. We set

The domain and the operation of a(v) is as follows:
Dla(e) = {1 = 0" € 7

54 Dl Ty © 80) (0 & g o | < oo

n=0

(@)™ = \/m(ILQ(RN) ® Sn) (v* ® I®Z;L2(Rd))¢(n+1).
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It is easily verified that a¥(v)(a* = @ or a*) is closed and Dy is a core for

a*(v).

We define an analogue of the Segal field operator by

The total Hamiltonian of the Derezinski-Gérard model is defined by

H := Hy + ¢(v).

2.2. Properties of a*(v) and ¢(v)

We devote this subsection to investigating properties of a#(v) and ¢(v)
such as commutation relations, relative boundedness and so on. These prop-
erties are analogous to those of the usual annihilation/creation operator and
the Segal field operator on a Boson Fock space.

We introduce a function space L°>2 = L>2(RN x R?) by

Loo? = {u

L>? is a Banach space with the norm

1/2
|w||poe2 == <ess.sup/ |u(1‘,k)|2dkz> .
R4

zeRN

ess.sup/ lu(z, k)|2dk < oo}.
Rd

reRN

For a function ¥ € L2, we define a bounded operator v from L?(RY)
into L2(RY) ® L2(R%) by

(0f)(x, k) = 0(xz, k) f(z), feL*RY). (2.1)
It is easily verified that the operator norm of v is given by
[0l = [[o]] Lo 2

(cf. [10]). In what follows, we identify an operator v defined by (2.1) with
its corresponding function v and denote both objects simply by v.
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For v € L°2, the domain and the operation of a*(v) are given by

D) = {

n 2

ZU((L‘, k‘j)?f)(n_l) ({L‘7 kl, ey k;j, ey k}n)

J=1

N JrN+dn

~dxdkq - - - dk, < oo}

(@ (0)9) (@) =0,

where "~ denotes the omission of the object wearing the hat.
Similarly, for v € L°*2, the domain and the operation of a(v) are given

by
/I%N+dn

~dxdky -+ - dk, < oo}

0o 2

D) - {

/ o(z, k)Y (2, k, k. k) dE
]Rd

and

(@)™ (z, k1, ... k) = \/n—i—l/ vz, k)" (z,k k. k) dE,
Rd

where v(z, k) denotes the complex conjugate of v(x, k).
We define an operator (v(z, ), w(, ")) 2 ey on F as follows:

((v(@, ), w(z, ) 2@y ) " @k, )

= (v(z, k), w(x, k)>Lz(Rz)¢(”) (X, k1, k).
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The operator (v(z,-),w(z, ')>L2(RZ) is a bounded operaor on F. In what
follows, if there is no danger of confusion, we abbreviate (v(z,-),w(zx,-)) as

(v, w).

It is easy to see that
1o, w)l < [[ollflw]- (2.2)

(2.2) is frequently used throughtout the present paper.

The following commutation relations are analogues of the usual canoni-
cal commutation relations (CCRs). They are easily proven by direct calcu-
lations. So we leave the proof to the reader.

Proposition 2.1  For allv,w € L>2, the following commutation relations
hold on Dg:

[a(v),a*(w)] = (v, w)), [a(v),a(w)] =0, [a*(v),a"(w)] =0.  (2.3)

We next prove a relative boundedness for af(v) and ¢(v) with respect
to I ® N}/?. (cf. [10, Lemma 4.8, 4.10]).
Proposition 2.2

(1) Forve L>=? D(I® Ng/Q) C D(a*(v)) and for ¢ € D(I ® Nﬁ/Q)

law)y]l < [loll||T © Ny, (2.4)
@ ()¢l < [loll]| 7 © (N + 1)1/29|| (2.5)
hold.
(2) Forve L2, D(I® N)?) c D(¢(v)) and for ¢ € D(I @ N\/?)
[é(wull < VRl 5] + ol (2.6)
holds.
Proof. Direct calculations. O

By using Proposition 2.2, we can prove the following theorem.

Theorem 2.3 Forv € L*2, any vectors belonging to Dy are entire vectors

for ¢(v) and at(v).
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Theorem 2.3 and the Nelson’s analytic vector theorem [11, Theorem
X.39] imply the following theorem.

Theorem 2.4 Forve L2, ¢(v) is essentially self-adjoint on Dy.

Note that the domain and the operation of I ® Hy, are as follows:

D(I ® Hy)

el Ll

and

2

w(kl)w(n) (LU, kla sy kn)

dxdky - - - dk, < oo}

(I® Hy)) ™ (2, k. k) =Y w(ks )™ (2, ks ).

=1

Proposition 2.5 Let v be an element of L>? such that v/w is also an
element of L>2. Then the following commutation relations hold on Dy N
D(I ® Hy):

[a*(v/w), I @ Hp| = —a™(v), (2.7)
[a(v/w), I ® Hy| = a(v). (2.8)
Proof. Direct calculations. O

We need a relative boundedness of af(v) and ¢(v) with respect to the
operator I ® Hé/ % to prove Theorem 2.7 below. The proof of Proposition
2.6 below is similar to that of Proposition 2.2. So we omit the proof.

Proposition 2.6

(1) For v € L*? with v/y/w € L2, D(I ® Hkl)/Q) C D(a*(v)) and for
e DI ®H?

la(w)y|| < [jo/ve|||T @ HY )|,
a@* (o)l < |lo/vVal||[T @ HY 29[| + [[oll|¢]

hold.
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(2) For v € L>®? with v/\/w € L%, D(I ® Hkl)/Q) c D(¢(v)) and for
e DI ® HY?)

)] < Vel © ] + lellvd

holds.
Proposition 2.6 implies the following theorem.

Theorem 2.7 (Relative boundedness) If v and v/\/w belong to L>2,
then the interaction ¢(v) is infinitesimally small with respect to the free
Hamiltonian Hy.

Self-adjointness of the total Hamiltonian H follows from Theorem 2.7
and the Kato-Rellich theorem [11, Theorem X.12].

Theorem 2.8 (Self-adjointness of the Hamiltonian) Ifv and v/\/w belong
to L°2, then the total Hamiltonian H is self-adjoint, bounded below and any
core for Hy is core for H.

2.3. Main Result
In this subsection, we state the main result of the present paper. To do
so, we first introduce some assumptions used throughtout.

(A.1) The operator A is of the form
A=-A+V,

where A denote the Laplacian on L?(RY) and V : RY — R is a
potential defined on RY.

(A.2) A is self-adjoint and bounded below.

(A.3) D(V) D C°(RY) and C§°(RY) is a core for A.

(A.4) Let D; be the generalized partial differential operator with respect
to the variable z; and A := A — Ey(A). Forj =1,...,N, D(AY?) ¢
D(Dj) and there exist constants a;,b; > 0 such that for all u €
l)(jil/Q)

IDjull < az]|AY2ul| + b lull.

For the operator v, we impose the following assumptions.
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(v.1) The function v = v(z, k) is twice differentiable with respect to = €
RY and satisfies

v,v/w € L2,
v/ w, @-v/cu?’/2 e L2,
Apv/w, Ny )w/? € L2,
Here 0jv and A, denote the partial derivative of the function v with respect

to the variable z; € R and the Laplacian with respect to the variable z € RY,
respectively.

(v.2) The function z — (v(z,-)/w, Agv(2,-)/w) 2(re) is real-valued for
a.e. z € RV,

Remark 1  The condition (v.2) is equivalent to the fact that ¢(iv/w) and

(i yv/w) strongly commute. See Corollary A.5.

For A > 0, we introduce a scaled Hamiltonian H(A) by
H(A) := A® I+ A’T® Hy, + AH],
where
Hy = ¢(v).

We denote the orthogonal projection onto ker Hy, by Fy. Note that ker Hy, =
L{Q}, where £{} denotes the subspace spanned by the set {---}.

For v,w € L°2, we define a bounded operator ((v,w)q on L?(RY) as
follows:

({v, whof)(2) = (v(w, k), w(z, k) 2ag) f(2),  fe€ L*RY).

The following theorem is the main theorem of the present papar.

Theorem 2.9  Suppose that (A.1)-(A.4) and (v.1)—(v.2) hold. Then, for
z € C\ R or for z < 0 with |z| sufficiently large,

s- lim (H(A) —2)"' = (A+Vig — 2)7' @ Py, (2.9)

A—oo
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where
1
Verr := =5 (v/w, v))o.

3. Abstract Scaling Limit

In this section, we first explain an abstract scaling limit theorem. Sec-
ondary, we define the notion of the partial expectation of operators on a
tensor product Hilbert space. The notion of partial expectation enables us
to express the limit operator (K — 2)"'I ® Pg appearing in Theorem 3.3
below in more explicit way.

To begin with, we introduce the following notions which are useful for
describing a scaling limit theorem.

Definition 3.1 (Uniform Relative Boundedness, [13]) Let £ be a Hilbert
space, L(A), M(A), N(A) and O(\) (A > 0, A € R\ {0}) linear operators
on L satisfying

NasoD(L(A)) # 0,  Nier\{oy D(N(N)) # 0.

(1) We say that M(A) is uniformly L(A)-bounded near oo if there exist
constants Ag > 0 and a,b > 0 such that for any A > Ag, D(M(A)) D
D(L(A)) and

M (AP < al LAP] +bll¢ll, ¢ € D(L(A)).

(2) We say that uniformly M (A) is L(A)-infinitesimally small near oo if for
any € > 0, there exist constants Ag(e) > 0 and b(e) > 0 such that for
any A > Ag(e), D(M(A)) D D(L(A)) and

IM(A)p] < el LA+ b()l[¢ll, & e DL(A)).

(3) We say that O()) is uniformly N(A)-bounded near 0 if there exist con-
stants A\g > 0 and a,b > 0 such that for any A € R\ {0} with |A| < Ao,
D(O(X)) D D(N(A)) and

1ONY[| < aIN(MPI +bllll, & € DIN(X)).

(4) We say that O(A) is uniformly N (A)-infinitesimally small near 0 if for
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any ¢ > 0, there exist constants A\g(¢) > 0 and b(¢) > 0 such that for
any A € R\ {0} with |A| < Ao, D(O(\)) D D(N()\)) and

IONY[I < el NI+ b(e)[¢ll, ¢ € DIN(A)).

Now we prepare a setting to state a scaling limit theorem.
Let H and K be Hilbert spaces and we set

X =HaK.
Let A and B be non-negative self-adjoint operators on H and K, respectively,
with

ker B # {0}.
We denote the orthogonal projection from K onto ker B by Pg. We suppose

that a family of symmetric operators {Ch }a~o on X satisfies the following
conditions:

(i) Cp is uniformly (A ® I + AI ® B)-infinitesimally small near oo.
(ii) There exists a symmetric operator C' such that D(C) D D(A) @ ker B
and

s- lim CA(A®I+AI®B—z2)"' =C(A-2)"®Pp

holds for all z € C\ [0, c0).

The following lemma is used to prove Proposition 4.4 below. For the
proof of the lemma, see [12].

Lemma 3.2 Suppose that Ca satisfies the condition (ii). Then, for z €
C\ [0,00)
s- lim CA(A® T+ A @B — 2) 1 (I ® (I — Pg)) =0.
Under the above setting, the following abstract scaling limit theorem
holds.
Theorem 3.3 ([1]) Let A, B,Cy and C as above. Then the following hold.
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(a) For all A > Ao with some Agy, the operator
Ky =AQI+AI® B+ Cy

18 self-adjoint on D g and bounded below uniformly in A > Ag. More-
over, it is essentially self-adjoint on any core for AQ I +1® B.
(b) The operator

Ko =A®I+ (I® Pp)C(I® Pg)

is self-adjoint on D(A®I) and bouned below. Moreover, it is essentially
self-adjoint on any core for AQ I.
(¢) For all 2 € [N o p(Ka)] N p(oo),

s- lim (Kp —2)7 ' = (Ko — 2) (I ® Pp).

— 00

To express (Ko —2)~}(I® Pg) in more explicit way, we need the notion
of partial expectation for operators. For this purpose, we now introduce a
class of operators on X.

We say that a densely defined operator S on X is in E(X) if and only
if there exist dense subspaces D3(S) and D (S) in ‘H and K, respectively,
such that

D#(S) ® Dx(S) € D(S).

For S € E(S), f € H, g € Di(S) and v € Dy(S5), we define the
antilinear functional Ly, on H by

Lyg(u) = (u® f,5(v®g))-
Ly 4 is bounded with

[Lss@ < TullllFI1S(0 @ g)ll

Therefore, by the Riesz lemma, there exists a unique vector Ef 4(S)v € H
such that

Lig(u) = (u, By 4(S)v)
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and

[Er.q(S)o[| < IAIS(w @ g)]l-

The map Ey4(S) : v Ef 4(S)v € H is linear. Hence, E 4(S) is a densely
defined operator on H with D(Ey 4) = Dy(S). We also define an operator
Ef(S) on ‘H by

E¢(S) == Er¢(S).

We call the operator E 4(S) (resp. Ef(S)) the partial expectation of S with
respect to {f, g} (resp. f).

Theorem 3.4 ([1]) Let C be an element of E(X). Suppose that ker B =
L{fo} with ||fol| =1 and Dx(C) D ker B. Then, for z € C\R or for z <0
with |z| sufficiently large,

s- lim (K — z)f1 = (Keft — 2)71 ® Pp,

A—oo
where

Keﬁ' = A+ Ef0<C)

4. Proof of the Main Result

In this section, we prove Theorem 2.9. The strategy to prove Theorem
2.9 is to apply Theorems 3.3 and 3.4. Our argument is similar to that of
Suzuki [12], [13].

4.1. Dressing transformation
We set

S = p(iv/w).

S is essentially self-adjoint on Dy as stated in Subsection 2.2. We denote
the closure of S by the same symbol S. Let U be the one-parameter unitary
group generated by S:

Ut):=e?, teR.
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We introduce a subspace Fgy,(w) of F,(L*(R?)) by
Fon(w) := L{Q,a(f1)* - a(fn)" Q| n>1,f; € Dw),j=1,2,...,n}.
We define a subspace D, of F by
D, = C*(RY) & Fiin(w).

Let A be an algebra. For any element X in 4, we define a map ad” (X)
from A into A inductively by

ad’(X)Y ==Y, ad"(X)Y :=[X,ad" ' (X)Y].

The following lemma is fundamental in our argument below.

Lemma 4.1 For anyt € R, the following operator equality hold:

Ut) (I ® Hy,)U(t)™" :[®Hb+tH1+t22<<v/w,v>>, (4.1)

U)HU(t) ™ = Hy + t{v/w,v)). (4.2)
We need the following well-known lemma to prove Lemma 4.1. Lemma
4.2 is also used to prove Lemma 4.9 below.

Lemma 4.2 Let H and K be Hilbert spaces. Let T and S be symmetric
operators on H and K, respectively. Suppose that S is essentially self-adjoint
on a dense subspace D of K. Suppose that a unitary operator U from H onto
K satisfies the following conditions:

(i) U™'D c D(T),
(ii) For+ € D, UTU 1) = St holds.

Then, T is essentially self-adjoint on U~'D and the operator equality
UTU ' =8
holds.

Proof of Lemma 4.1. Let ¢ € DyND(I ® Hy). Then, v is an entire vector
for S. Hence, we have
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=3 gy (43)
n=0 ’

For m € N, we define ¢,, by

n!
n=0
By a direct calculation, we have
m
I®Hb¢m:2 ZS’ I ® Hy, S]S™ J¢+Z S”I@Hw
n=0 n=0
m n n
=Y E S st 3 s e

n=0 j=1

(4.4)

Here, we use the identity [I ® Hy,, S|y = i¢(v)y. By (2.6) and the ratio
test for series, the first term of (4.4) converges as m — oo. The second
term of (4.4) also converges as m — oo because I ® Hyy € Dy. Thus,
I ® Hyp,, converges as m — oo. By the closedness of I ® Hy, we have

U(t)~'y € D(I ® Hy) and

T HU®) =Y (:;)n I ® H,S™. (4.5)

n=0

By (4.3) and (4.5), for ¢ € Dy, we have

(6, U © HyU(t)™')

< itV N
-S>y (JZ><—1>’C<SN—’“¢J®H1>S%>

N=0 " k=0

— (i)™ N
=y N7 (¢ ad™ ($)I @ Hyy).

One can easily calculate that
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ad’(S)I ® Hyy = 1 @ Hyy,
ad'(S)I ® Hypyp = —id(v)ep,
ad®(S)1 ® Hyp = —(v/w,v),
ad"(S)I ® Hpyp =0, for n > 3.
Therefore, we obtain

2

@ U018 BU0 ) = (6. (T8 B+ td(0) + o/o0) o).

Since Dy is dense in F, we have

- t2
Ut @ HyU(t) 1y = <I ® Hy + to(v) + 2<<v/w,v>>>zp. (4.6)
From Lemma 4.2 and (4.6), we obtain the operator equality (4.1). The proof
of the operator equality (4.2) is same as that of (4.1). O
We set

SARt) =UARIUM) ' - A® I
From the definition of §A(¢) and (4.1), we have

UB[A® I+ ol @ Hy, + BHU(t) 14

= |A® I+ ol ®Hy, + (ot + F)Hy + 0A(t) — <azt2 + ﬁt) ((v/w,v))}zp.

(4.7)

Substituting A%, A and —1/A into «, 3 and t, respectively, in (4.7), we
obtain

U(l/A)_lH(A)U(l/A)w = [A®I—|—A2.T®Hb + C 0, (4.8)
where

Cp = GA(—1/A) + %((v/w, o).
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We need the following two propositions to apply Theorems 3.3 and 3.4
to our case.

Proposition 4.3  Suppose that (A.1)-(A.4) and (v.1)—(v.2) hold. Then,
Cy is Ho(A)-infinitesimally small near oo.

Proposition 4.4  Suppose that (A.1)—(A.4) and (v.1)—(v.2) hold. Then,
for z € C\ [Ep(A), 00),

s-lim CA(A®I+NT@H, —2)  =C(A-2)" @R,
where

1
Ci=3 ad?(S)I ® Hy,.

4.2. Proof of Propositions 4.3 and 4.4
To prove Proposition 4.3, we need some lemmas.

Lemma 4.5 U(t)(I ® Hy,)U(t)™! is uniformly (I @ Hy,)-bounded near 0.

Proof. By Lemma 4.1, for ¢ € D,,, we have
[U6I @ Hy)U ()~ |
- t2
< 1@ Hopll + [t ¢)e || +  llo/w vl

<17 Hul + Vallo/ v | @ 3]

]
V2

This proves the lemma. O

t2
[llI#l+ S o /wlllvll]]-

The following lemma follows from Lemma 4.5 and Theorem B.2.
Lemma 4.6

(i) Forv € L2 with v/\/w € L2, Ut)p(v)U )" is uniformly (I ®
Hy)-infinitesimally small near 0.
(i) For v € L>2 with v/\/w € L2 and w € L°? with \/ow,w//w €

L2 U(t)p(v)p(w)U ()~ is uniformly (I @ Hy)-bounded near 0.
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The following lemma is the most important lemma to prove Propositions
4.3 and 4.4. Before proving the lemma, note the following fact:

U(t)D, C D(A®I).

This is shown in the same way as in the proof of Lemma 4.1.

Lemma 4.7  The operator §A(t) is uniformly (A ® I + 1 ® Hy)-
infinitesimally small near 0 and for ¢ € D,

lim §A () = 0 (4.9)

t—0
holds.

Proof. Let ¢ € D,,. By the Taylor expansion, there exists a number &(t)
between 0 and t such that

SA(t)Y = itU(&(t)) ad(S)[A ® IJU(E(1) ™ .

Note that

N
ad(S)[A® I] = ¢(ilzv/w) + 2 $(id;v/w)(D; ® I)

j=1
on D,,. Hence, we have
ISAE)P < [t]||G(iAv/w)U () ]|
+ 2]t] Z |é(i0;v/w)(D; @ DU (E(E) |- (4.10)
Jj=1

By the strong commutativity between ¢(iAv/w) and U(£(t)) ™!, the first
term of (4.10) is estimated as follows:

[tl]|(i2av/0)U () |
= Itchb(isz/WWH

< Va|aavf??| @ 1) + Lo jassuiil
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We next estimate the second term of (4.10).
By a similar argument as above, there exists a number 7(t) betweeen 0
and £(t) such that for all ¢ € D,

U(&(t)(i0;v/w)(D; @ U (&(t) "¢
= $(id;v/w)(D; @ I)Y
+i(t)U (n(t)) ad' () d(id;v/w)(D; @ U (n(t)) ™ 4.

Therefore, we have

[6(i0;0/w)(D; ® DU(E()) |
< ||(i9;v/w)(D; @ D)
+1€(8)]||ad" (S) (1050 /w)(D; @ DU (n(t) 4. (4.11)
The first term of (4.11) is estimated as follows:
|¢(i0;0/w)(D; @ I)y||

< V2||950/0%||||(I © Hy*)(D; @ T)y|| + jiuajv/wruwj ® 1)y

<||0 U/w3/2H+ 110, v/wH)H (AT +1® Hy,) )|

f

1

+ mllajv/w\\lllbll-
Here we used the facts that
(I ® HY?)(Dy @ D) < iH(A<§9[+I®11rb)¢u
V2
and
~ 1
(D @ Dy|l <e||(AeT+1® Hy,)y| + =Yl

It is easy to see that
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ad' (S)p(idjv/w)(D; @ 1)
= iTm((iv/w,i0;v/w)(D; @ I) — (id;v/w)d(idjv /w)

on D,,. Therefore, the second term of (4.11) is estimated as follows:

[[ad" ()¢ (i0;v/w)(D; @ DU (n(1)) |
< |lv/wllllidzv/wll||(D; © DU (1)~ |
+ [|6(i050/w)(i8;0/w)U (n(2)) ~ 4|

In the same way as in the proof of Lemma 4.1, U(n(t))(D; @ I)U(n(t))~!
is (A ® I + I ® Hyp)-infinitesimally small near 0.  The operator
U (n(t))p(idjv/w)(id;v/w)U (n(t))~* is (I ® Hy)-bounded uniformly near
0 by Lemma 4.6. This proves the lemma. O

Proposition 4.3 is a direct consequence of Lemma 4.7.
We next prove Proposition 4.4. To prove Proposition 4.4, we need the
following lemma.

Lemma 4.8 Forvy € D,,
A1irn Cayp = C. (4.12)
Proof. Let ¢ € D,,. By (4.9), we have
Alim JA(—1/AN)y = 0.

This proves the lemma. O

We are now ready to prove Proposition 4.4.

Proof of Proposition 4.4. For z € C\ [Ep(A), c0), note that
(AT —2) ' T@ P = (A T+ AN T® H, —2) ' I® R. (4.13)
From (4.13), we have

CAART + AN T H,—2)7!
=CAART—2) " T@P + CA(AQRT + N’ T@ Hy, — 2) ' T (I - P).
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By Lemma 3.2, it follows that

s- lim Cx(A® T+ AT @ Hy —2)" 1 ® (I~ Py) =0.

Thus, it is sufficient to prove

s lim CA(ART—2)'T®@Py =C(A—-2)"'® P, (4.14)

By Proposition 4.3, CA(A® I — 2) "} (I ® Py) is uniformly bounded with
respect to A. Since D is a core for A, (A — 2)D is a dense subspace of
L?(RY). Thus, to prove (4.14), we only to prove

Jim OAART—2) TR PV =C(A—-2)"'® PV, (4.15)

for all U € (A — 2)D ® F,(L?(RY)).
Let 1 € D and ¢ € F,(L?(R?)). By Lemma 4.8, we have

(CA(A@T =27 I@P) - C(A-2)"" 0 R)((A-2)¢®¢)
=(Cr—C) Y@ Pp) —0 as A — oo.

Thus, (4.15) is proved. Therefore, (4.14) follows. This completes the proof
of the proposition. O

4.3. Proof of Theorem 2.9

By Proposition 4.3 and the Kato-Rellich theorem, the operator A® I +
A%I ® Hy, + C, is self-adjoint for sufficiently large A. Therefore, from (4.8)
and Lemma 4.2, we obtain the following theorem.

Theorem 4.9 Suppose (A.1)-(A.4) and (v.1)—(v.2) hold. Then, A® I +
A%I ® Hy, + Cy is self-adjoint on D(A® I) N D(I ® Hy) and the following
operator equality holds:

UQ/MNHNMNU/A) P =Ax + AT ® Hy, + Cy. (4.16)
We are now in position to prove Theorem 2.9.

Proof of Theorem 2.9. By Proposition 4.3 and 4.4, we can apply Theorem
3.3 to our case. To apply Theorem 3.4, we need to calculate the partial
expectation of the operator C with respect to the Fock vacuum ().
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On Dy N D(I ® Hy,), we have

1
C= —§<<v/w,v>>.

Therefore, for any uy,us € L2(RY), we obtain

(1 ® Q, Clus ® Q) = —%<u1 20, (v/w, ) (us Q)

1

= =5 (u1, (v/w, vjous).

Hence, the partial expectation of the operator C' with respect to the Fock

vacuum €2 is equal to —1/2{(v/w, v))g. Therefore, we obtain

s-lim (AQT+NT@H,+Ch—2) = (A+Veg—2) ' @B (4.17)

— 00

On the other hand, by (4.16), we have
U/A)(HA) —2) 'WA/A) " = (Ao T+ A T@ Hy,—Ch —2) .
Therefore, we obtain

s- lim (H(A) —2) ' = s lim (AT + A T@H,+Cy—2) . (4.18)

A—oo A—oo0

Since

- }E)I(l) Ut) =1,
(4.17) and (4.18) imply (2.9). This completes the proof of Theorem 2.9. O

5. Example

As an application of our theory developed in the present paper, we
consider a scaling limit for the Nelson model, which describes an interaction
between quantum particles and a quantum scalar field. In this section, we
write an element x € R by z = (2, ... ,Tp), Lj € R4,

We consider a quantum system consisting of n quantum particles with
mass m > 0 moving in the Euclidean space R? under the influence of a
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potential V. A Hamiltonian of such a system is given by

A=Yt 4V,

Jj=1

where A, is the Laplacian with respect to the variable z;. In what follows,
we assume that the operator A satisfies the assumption (A.1)—(A.4).
We define a function w on R¢ by

w(k) = /12 + KT,

where ¢ > 0 is the mass of a boson. The function w denotes the kinetic

energy of a boson with momentum k.
Let g; € L?(RY) with wg; € L*(R?) and g;/w € L2(RY) (j = 1,...,n).
We define a function vneison on R x R¢ by

n
vNelson x, k E € —iwyk
J=1

where z; - k£ denote the Euclidean inner product of z; and k. It is easily
verified that vnelson satisfies the assumption (v.1)—(v.2).

We define an operator Hyelson 01 a Hilbert space Fyelson := L2(R") ®
Fo(L*(R?)) by

Hyetson := A® I + 1@ Hy, + d(vNelson)-
For A > 0, we define the scaled Hamiltonian by
Hyelson(A) == A® I 4+ AT ® Hy, + Ad(vneson)-
In this case, we have

<vNelson (a:, k)/w(k), UNelson (.CL', k)>L2 (Rz)

z(xz—x7) -k

= > [ s wa (51)

4,j=1

We set the right hand side of (5.1) by E(z). The multiplication operator by
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the function E on L?(R") is denoted by the same symbol E. Therefore, we
obtain

{(v/w,v)o = E.

By Theorem 2.9, we obtain the following theorem.

Theorem 5.1 Let A, vNelson and E as above. Then, for z € C\ R or
z < 0 with |z| sufficiently large,

s—Alim (Hyetson(A) —2) ' = (A+E—2)"' @ P
holds.

A. Weyl relations for ¢(v)

In this appendix, we derive the Weyl relations for ¢(v) (Theorem A.4).
As a corollary of the Weyl relations, we obtain a necessary and sufficient
condition that ¢(v) and ¢(w) strongly commute.

Lemma A.1 Let A be an algebra and X,Y, Z be elments of A. Suppose
that Z commutes with X and Y, and that X and Y satisfy the following
commutation relation:

X,Y]=Z. (A1)

Then, the following equation holds:

klr!
k=0 k,r>0,k+2r=n

zn:nckxn—kyk: > ! (i)r(X+Y)k. (A.2)

Proof. One can easily verify the lemma by induction. So we omit the
proof. O

The following lemma is important to prove the Weyl relations for ¢(v).
It is proved in the same way as in the proof of Theorem 2.3.

Lemma A.2 Forany z € C,v € Dy and v,w € L2, ez&(”)@b s an entire
vector for ¢p(w). Moreover, for any ¢ € C,
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Wy = 5 2 g g gymy, (A.3)

n,m=0

Here, the right hand side of (A.3) is absolutely convergent.
Proposition A.3

(1) Let ¢ € Dy and z € C. Then,

ez&(v—}-w)w _ e—izzlm«v,w))/Qequ(v)ezé(w)w'
(2) The following operator equalities hold:
pib(vtw) _ ez‘lm«uw))/zew?(v)ez‘&(w)7 (A.4)

(10(0) id(w) _ =il {(ow) id(w) 4id(v) (A.5)

Proof.

(1) Direct calculations by using Lemmas A.1 and A.2.
(2) (2) follows from (1). O

Theorem A.4 (Weyl relations for ¢(v))  For all s,t € R,
eisq;(v) eitdz(w) — eisﬂm((v,w)} 6itq§(w)ei5(z>(v) ) (A6)

Proof. Replacing v with sv and w with tw respectively in (A.5), we obtain
(A.6). O

We would like to seek a necessary and sufficient condition that <z~5(v) and
gg(w) strongly commute. Remember that two self-adjoint operators strongly
commute if and only if their spectral measures commute. This condition is
rephrased by the condition that thier strongly one-parameter unitary groups
commute. Therefore, we obtain the following corollary of Theorem A.4.

Corollary A.5 Let v,w € L>2. Then qg(v) and (;z(w) strongly commute
if and only if (v(z, k), w(x,k))L2re) € R for almost every x € RY.
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B. Relative Boundedness of ¢(v)(w)

In this appendix, we establish a relative boundedness of ¢(v)p(w)
(v,w € L>?) with respect to I ® Hy,. To do so, we need a lemma.

Lemma B.1
(i) Forv € L>? with v/\/w € L2, D(I ® Hy,) C D(I®Hé/2d(v)) and
for € D(I ® Hy),
16 B 60| < o/ vBlil © Hll

(ii) Forv € L*2 with \/wv,v/\/w € L2, D(IQHy) C D(I®Hé/2&*(v))
and for ¢ € D(I @ Hy,),

11 ® H @ (o)

< (1+ &) (o/VoIPIT @ Hodll? + [[o]]2]|7 © HY2y|?)
N (1 + 1) (Il @ EY26| + Vol 112).

where € is an arbitrary positive constant.

Proof.  Direct calculations. O

The desired relative estimate of ¢(v)¢(w) immediately follows from
Lemma B.1

Theorem B.2 For v € L2 with v/\/w € L>? and w € L°? with

Vow,w/y/w € L%, D(¢(v)p(w)) D D(I @ Hy) and there exist constants
a(v,w),b(v,w) > 0 such that for ¢ € D(I ® Hy,)

[@(0)é(w)y|| < alv,w)| I © Hyl + b(v, w)|[]]

holds.
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