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Rank of a Hermitian symmetric space of noncompact type
and Kahler magnetic fields on a product manifold
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Abstract. In this paper we study asymptotic behavior of trajectories for a Kéahler
magnetic fields on a product of complex hyperbolic spaces and investigate the rank of
a Hermitian symmetric space of noncompact type in terms of horocycle trajectories for
Kéahler magnetic fields.
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1. Introduction

On a complete Kéhler manifold (M, J, (, )) with complex structure J,
we have natural uniform magnetic fields which are constant multiples of the
Kahler form B ;. We call them Kdhler magnetic fields. Given a Kéahler mag-
netic field B, = kB of constant xk we say a smooth curve v parameterized
by its arclength to be a trajectory for B, if it satisfies the differential equa-
tion V¥ = xJ7. Trajectories represent motions of unit charged particles
with unit speed under the action of magnetic fields. Without the force of
magnetic fields, which is the case kK = 0, trajectories turn to geodesics. The
author hence consider trajectories for Kéahler magnetic fields are natural ex-
tension of geodesics when we study Kéahler manifolds from real Riemannian
geometric point of view. In this paper we study asymptotic behaviors of
trajectories for Kéhler magnetic fields on a Hermitian symmetric space of
noncompact type.

A Hermitian symmetric space of noncompact type is a typical example
of a Hadamard manifold, which is a simply connected complete Riemannian
manifold of nonpositive curvature. On a Hadamard manifold M we call
two geodesic rays o1, oo of unit speed asymptotic if the distance function
t — d(o1(t),o2(t)) is bounded on [0,00). The ideal boundary OM of M is
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defined as the set of all asymptotic classes of geodesic rays on M. Since
the restriction of the exponential map exp, of the unit tangent space U, M
gives a bijection onto OM at each point z € M, we get a natural com-
pletion M = M U OM of M with a canonical topology which is called
the cone topology ([5, 3]). The notion of the ideal boundary is quite use-
ful in the study of Hadamard manifolds. As some geometric properties of
a Hadamard manifold M are inherited on its ideal boundary, the geometry
of the ideal boundary gives some information on the geometry of M. For
example, Gromov [3] introduced Tits metric on M, which is closely re-
lated to asymptotical flatness of M, and Ohtsuka [7, 8] studied Hadamard
manifolds with compact ideal boundaries.

In view of classification of K&ahler magnetic flows for a complex
Euclidean space C" and a complex hyperbolic space CH" given in [1, 4],
horocycle flows for CH™ have a similar conjugacy property as for geodesic
flow for C". As Ohtsuka and the author [2] studied the dimension of the
Euclidean factor of a Hadamard manifold by the Tits geometry of its ideal
boundary, the author is interested in the relationship between horocycle tra-
jectories for Kéhler magnetic fields and the geometry of a Kahler Hadamard
manifold. In this paper we study the relationship between rank of Hermitian
symmetric spaces of noncompact type and horocycle trajectories. Unfortu-
nately our proof is a bit tiresome, but we carefully study asymptotic behav-
iors of trajectories on products of complex hyperbolic spaces.

2. Rank of a Hermitian symmetric space

We call a smooth curve v parameterized by its arclength on a Hadamard
manifold M wunbounded in both directions if both of the sets v([0,00)) and
~v(—00,0]) are unbounded sets. For such a curve v we define its limit points
at infinity by

7(e0) = lim (), y(=oc) = lim ~(t) € OM
——00

t—o00

if they exist in the ideal boundary OM of M. We shall call v a horocycle if

the following conditions hold:
i) it has a single limit point; y(oc0) = v(—00),
ii) if v crosses a geodesic o with o(c0) = 7(00), then they cross orthogo-
nally at their crossing point.

We here put our main results in this paper, which will be proved in the
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following sections.

Theorem 1 Let M be a Hermitian symmetric space of noncompact type.
(1) The minimum of the sectional curvature of M coincides with

—max{x?|B,. has a horocycle trajectory}.
(2) The number

max{x? | B, has a horocycle trajectory}

min{x?2 | B, has a horocycle trajectory }

s an integer and coincides with the rank of M.
(3) If each of Kdhler magnetic fields By, , By, (|k1| < |k2|) has a horocycle
trajectory on M, then the rank of M is not smaller than (ka/k1)?.
(4)  Suppose the minimum of the sectional curvature of M is —§. If there
is a Kahler magnetic field B, on M which has a horocycle trajectory,
then the rank of M is not smaller than §/k>.

The similar results hold for a product of complex hyperbolic spaces and
a complex Euclidean space.

Theorem 2 Let M be a product of complex space forms of nonpositive
curvature.
(1) The minimum of the sectional curvature of M coincides with

—max{x?|B, has a horocycle trajectory}.
(2) The manifold M has a complex Fuclidean factor if and only if
inf{x?| B, has a horocycle trajectory} = 0.

When we investigate these theorems Ikawa’s basic study on trajectories
for Kéhler magnetic fields on Hermitian symmetric spaces plays an impor-
tant role. It should be noted that he call our K&hler magnetic fields “elec-
tromagnetic fields” without distinguishing other magnetic fields because
he also treat such magnetic fields on Sasakian manifolds. In his speech
for [6], he pointed out that every trajectory for a Kahler magnetic field on
a Hermitian symmetric space M of noncompact type and of rank r with
minimum sectional curvature —d lies on some totally geodesic r product
N = CH'(=6) x --- x CH' (=) of real hyperbolic planes of curvature —d.
This holds because for each unit tangent vector v € T'M there is a totally
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geodesic complex r product N of complex hyperbolic lines with v € T'N.
Taking account of this result, we study trajectories on products of complex
hyperbolic spaces in the following sections.

3. Trajectories on a complex hyperbolic space

In order to show our results we begin by recalling some features of
trajectories on a complex hyperbolic space CH™. Though the author gave
in [1] their explicit expressions, we need to study them a bit different point
of view to investigate asymptotic behavior of trajectories on a product of
complex hyperbolic spaces.

Let w: Hf"+1 — CH™ be a Hopf fibration of an anti-de Sitter space
HZ = {3 e €™ | ((4,2) = —1}, where a Hermitian form ({ , )) on C**!
is defined by

n
(&,9) = —Zofo + > _ &59;

j=1
for & = (%0,...,%n), ¥ = (Y0,...,9n) € C"T. The tangent space T,CH"
at x is identified with the horizontal subspace H; = {(2,4)|a € C"'L,
(a,2) = 0} at & € H? ™ with w(&) = x. Since a geodesic ¢ with initial
unit vector ¢(0) = u € T,CH"™ on a complex hyperbolic space CH"(—4)
of constant holomorphic sectional curvature —4 is expressed as o(t) =
w(& cosht + usinht), where w(z) = x and (#,4) € Hz with dw(Z, 1) = u,
we see the following;:

Lemma 1 On a complex hyperbolic space CH™(—3) of constant holo-
morphic sectional curvature —[(3, the distance d(x,y) between two points
r = w(?) and y = w(j)) satisfies the equality sinh®((2/\/B)d(z,y)) =
(2, gh[* — 1.

The following was shown in [1] by use of the expression of trajectories
on the ball model of CH™(—4).

Proposition 1 We consider a Kihler magnetic field B, on CH™(—/3).

(1) If || < /B, every trajectory for B, has two distinct points at infinity.

(2)  Every trajectory for B /3 is a horocycle.

(3) If |k| < /B, for arbitrary distinct points z, w € OCH™(—03), we have
a unique trajectory vy for B, with y(—o0) = z and y(00) = w up to the
translation of parameter.
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(4) If |k| < /B, for arbitrary points x € CH"(—3) and = € OCH"(—[3)
we have a unique trajectory v for B, with v(0) = z and vy(o0) = 2.

We here study this result a bit more precisely by comparing asymptotic
behaviors of trajectories and geodesics. For a Kahler magnetic field B, on
a Kéhler manifold M, we define the Kahler magnetic flow B, p; on the unit
tangent bundle UM of M by B.yi(v) = A, (t), where v, denotes the tra-
jectory for B, with 4,(0) = v. It was also shown in [1] that for CH"(—f)
a Kiahler magnetic flow B,y with |x| < /B and the geodesic flow ¢; are
smoothly conjugate in the strong sense: There exists a diffeomorphism g,, =
gr,p of UCH™ with By 0 gx = gk © go\/mt. When § = 4, this diffeo-
morphism is given by

gra(dw(2,9))=dw (a; (ke '3 —V=1exd), a;,  (V—1exd + ke, 1))

with a, = 271/2(4 — k2)"/* and €, = (2 — V4 — k2)"'/2. For general f3
the diffeomorphism g, g is derived from the diffeomorphism gy, ,/34. Let
p: UCH™ — CH™ be the canonical projection and f; = f, g be the inverse
map of g, 3. One can easily find by use of Lemma 1 that the distance
between p(v) and p(g.(v)) does not depend on v € UCH". For a unit
tangent vector v, we denote by o, the geodesic with initial vector ¢,(0) = v.

Lemma 2 For each trajectory vy, for B, with |k| < /B on CH™(—/), the
function t — d(y(t), 05, ) (V1 — (k¥/B)t)) is constant on R.

Proof. As we have
dfn(v)( 11— ’{'2//61;) = <P\/mt o fli(v) = ffi OBH@t(U) = fn(%(t)),
the distance

d(V(t), 05y (V1 = (K%/B)1)) = d(]?(%(t)),p(fn(%(t))))
does not depend on ¢. O

This Lemma shows that the geodesic 0y, and the trajectory v, () for B,
satisfy 0,(00) = 74, (v)(00), 0u(—00) = 7y, (v)(—00) for every unit tangent
vector v € UCH™. Since CH"(—p3) is of strictly negative curvature, it is
known that arbitrary distinct points in the ideal boundary can be joined by
a geodesic, hence we can reprove the third assertion of Proposition 1.

On a Hadamard manifold M the exponential map restricted on the unit
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tangent space at an arbitrary point gives a bijection to the ideal boundary.
So it is clear that there exists a unique geodesic joining arbitrary x € M
and z € M(oc0). The fourth assertion of Proposition 1 says that the same
property holds for unbounded trajectories. In order to reprove this prop-
erty, we define for xk with |x| < v/ an endomorphism ¥,.: TCH"(-3) —
TCH™(—p) of the tangent bundle by
@ ot

U.(v) =4/l — v+ — Ju.

: g VB

Lemma 3 For each trajectory vy, for B, with |k| < /8 on CH"(—03), the
distance function t — d(%(t), O'g}n(v)( 1 — (k?%3) t)) is bounded for t > 0.
Hence 7,(00) = oy, (4)(00).

Proof. We are enough to show the assertion in the case 8 = 4. If p(v) =
w(z) and v = dw(&,0) with (&,0) € Hz, it was shown in [1] that
1
Yo(t) = w<cosh2 4—rK2t- 2
+ L 'hl 4—rK2t- (20 — V-1 A))

————sinh -4 — k%t (20 — V—1k2) |.

V4 — K2 2
Therefore by Lemma 1 we have

sinh d(’yv (t)a O-‘I/N(U)( 1- (’{2/4) t))

K 1 1 1
= ———sinh—v/4 — k2 t|cosh=v/4 — k2t —sinh —\/4 — k2t
N/ i) 2 2

<k(4—rK?71%2

for t > 0, and get the assertion. O

Next we study the case K = £+/3. We should note that magnetic flows
B, et on CH"™(—p) are horocycle flows and are not conjugate to the
geodesic flow. We here note that ¥, z(v) = £Jv, hence ¥, z = —V_ 3.
If v is a trajectory for B,, then the curve p(t) = v(—t) being reversed the
parameter is a trajectory for B_,. Therefore we only need to treat the case

Kk =/p.

Lemma 4 For a trajectory v, for a Kdahler magnetic field B gz on
CH"™(—[3) we have the following for s > 0:
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d(7(£2//B)sinh /B 5/2),7(0)) = s, (3.1)
s < d(’yv(:t(Q/\fﬁ) sinh \/BS/Q),JW\/B(U)(S)> <s+2//B, (3.2)

and

v (i(Q/\/B) sinh \/38/2) = O—vi(s)(s)7 (3'3)

with v4(s) = (£14+/—1sinh s) cosh ™! s-v. Hence we see v, (00) =7, (—00) =
0w 5(0)(00).
Proof. We also study only the case 3 = 4, and hence k = 2. If p(v) =
w(z) and v = dw(&,0) with (z,0) € H;, it was shown in [1] that ~,(t) =
w((l —v-1t)z + t@). By Lemma 1 we have sinh? d(v(t),1(0)) = =1 +
‘1 — -1 t‘Q = t2, hence get the equality (3.1). Similarly as we have

sinh? d('yv(:lz sinh s), oy, () (s))

=1+ ‘(—1 + v/ —1sinhs)coshs F v—1 sinhssinhs}2
= (1+ e 2%)sinh?s

and v/2sinh s < sinh(s + 1) for s > 0, we get the estimate (3.2). By the
expression of v, one can easily see (3.3). Thus we obtain the last assertion
on asymptotic behaviour of v, in view of the definition of cone topology
on CH"™. We should note that (3.1) and (3.2) also show the asymptotic
behavior of v, because CH" is of strictly negative curvature. O

Since the ideal boundary is naturally identified with the unit tangent
space by the exponential map, we can reprove the fourth assertion of Propo-
sition 1 by Lemmas 3 and 4.

4. Asymptotic behavior of trajectories on a product manifold

We now study asymptotic behavior of trajectories on a product of com-
plex hyperbolic spaces. Suppose a smooth curve v which is not necessarily
parameterized by its arclength on a Ké&hler manifold (M, J) satisfies the
equation V4% = kJ7 with some constant x. Then it has constant speed
because

d. . . .
%IIVIIQ = 2(Vs4,4) = 26(J¥,%) = 0.

When 7 is not a point curve, we put A = ||| (# 0), and define a smooth
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curve 4 which is parameterized by its arclength by 7(t) = v(¢/A). Since it
satisfies
Vii = 5 Vit = e h = 34,

it is a trajectory for a Kéhler magnetic field B,,,. This trivial property
makes our study rich. If v = (y1,...,7,) is a trajectory for a Kéhler mag-
netic field B, on a product M = M x - - - x M, of Kéhler manifolds (M;, J),
i =1,...,q, where 7; is a smooth curve on M;, then we see Vs,4; = kJ7;,
i=1,...,q. Thus v is of the form y(t) = (1 (Mt),...,%4(Agt)), where 7; is
either a trajectory for a Kahler magnetic field B/, on M; when A; # 0, or
a point curve 7;(t) = ;(0) when A; = 0.

We now restrict ourselves on a product of complex hyperbolic spaces.
We shall show the following which corresponds to Proposition 1 in the pre-
vious section.

Theorem 3 Let v = (71,...,7¢) be a trajectory for a Kdihler magnetic

field B,, on M = CH™ (—[31) x --- x CH™(—[3,).

(1) It is unbounded in both directions if and only if ||V || > |k|/\/Biy for
some 1g.

(2) If ||%ill > |KI/N/Bis for some ig, then v has distinct points at infinity.

() If %ol = |KI/\/Biy for some io and ||3il| < ||/ for every i, then

v is a horocycle.

By the first and the second assertion of Proposition 1, the first assertion
of Theorem 3 is trivial. Also one can easily guess the second and the third.
To see these precisely we study the asymptotic behavior of trajectories. Let
B, be a Kéhler magnetic field on M = CH™ (—3;) x --- x CH"(—f3;). For
a unit tangent vector v = (vy,...,v,) € UM satisfying

i) vl = \n|/\/ﬁT] forj=1,...,a (a > 1),
i) vl < |s|VBi for i # ij,
we set 7 = {Z';:l HvinQ}l/Q and ¥, (v) = (wi, ..., wy) with

n~'sgn(k)Ju;,, wheni=ij;for1<j<a,
w; =
’ 0, otherwise.

We should note that x? D=1 1/Bi; =375 v |? and ¥, (v) is orthogonal
to v.
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Lemma 5 Under the above situation there are constants c1, ca (which do
not depend on s) with

s < d (7 ((2/ 1)) sinb 1]/ (20)),70(0)) < s +e1,
s < d(’yv (+(2/|~|) sinh |n|s/(277)),0%(v)(s)> <s+c

for s > 0. Hence 7,(00) = 7,(—00) = 0y, (»)(00) and 7, is a horocycle.

Proof. Let 7;; be a trajectory for Bsgn(n)\/[T on CH™ (=Bi,). We find by
ij

Lemma 4 that the trajectory v, = (71,...,7,) satisfies

(i, ((2/ ] sinh ||/ (20)). 7, (0))
= a(%, (£/V/By ) sinh |r]s/(20)), 5, 0)) = [lvg s/

Since 7; with ¢ # i; is bounded, we get the first estimate. Similarly, we
obtain

lvi, lls/m < d(vi, (£(2/|s]) sinh |k]s/(20)), 0w, jw,, ) (w3, ]]s))
< |lvi,lls/n + 2/v/Bi;.

hence get the second estimate. Since M is a product of Hadamard manifolds
of strictly negative curvature, we see these estimates show the asymptotic
behavior of ~,. O

The third assertion of Theorem 3 is a direct consequence of Lemma 5.
Next we study the case for the second assertion of Theorem 3. For a unit
tangent vector v = (v1,...,vq) € UM satisfying

i) il > |&|/\/Bi, for £=1,...,b (b>1)
i) vl < |k|/N/Bi for i # iy,
we set £ = {2221{”%@”2 — (n2/5i£)}}1/2 and define F.(v) = (w1, ..., wWq) as

& sl = 2B 150, L (g )

Wi = when i = iy for 1 < £ < b,
0, otherwise,

where fﬁ“ denotes the diffeomorphism of UCH™ defined in Section 3.
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Clearly Fy(v) = F,(v') if and only if

197

v, = U for 1 < ¢ <b,
Jvill < [6[AV/B, Nlvill < |k| /B, fori# i

hold.

Lemma 6 For a unit tangent vector v € UM satisfying the above con-
ditions i) and ii), the distance function t w— d(v,(t), 0F, (v)(Et)) is bounded
on R. Hence

Y(00) = 0, (1)(20),  W(=00) = T, (v)(—0)
and v, has distinct points at infinity.
Proof. Let 7;, be a trajectory for BK/HUi[H on CH"e(—f;,). As v, (t) =

¥i,(|vi, ||t), we find by Lemma 2 that d(’m(t),auig (\/HUWH2 — (k% Bi,) t)) is
()

a constant function, where u;, = (vi,/||vi,|]). Since 7; with @ # iy is

K/ llvigl
bounded, and the geodesic o, (,y = (01, ...,04) is of the form
ity < [ VIRP =T, when =i
' ai(0), otherwise,
we obtain the assertion. O

Remark 1 Corresponding to Lemmas 3 and 5, we define ¥, (v) =
(w1, ..., wq) for v € UM satisfying the above conditions i) and ii) by

e il = B0 Y 200, ().
w; = when i =iy for 1 < /2 <b,
0, otherwise,

where !I/,Si) denotes the endomorphism on TCH™ defined in Section 3. Then
the distance function ¢ — d(7,(t), 0w, (»)(£t)) is also bounded on R.

Finally we study a unit tangent vector v = (vy,...,v,) € UM satisfying
i) il = [kl VB;; for j=1,...,a (a>1),
i) i, |l > |&l/\/Bi, for £=a+1,...,a+b(b>1)
i) ol < [l A/ for i # i, i
For such a unit tangent vector v we define ¥, (v) just the same way as for
a unit tangent vector in Remark 1: We set £ = {Z‘ZIZH{ l|vi, HQ—(/@Q/@-Z)}}V2
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and define ¥, (v) = (w1, ...,w,) as
_ vi
& llowll? — oyl (),
Wi = when i =iy fora+1</¢<a-+b,
0, otherwise.

Lemma 7 For a unit tangent vector v € UM satisfying the above con-
ditions 1), ii) and iii), there is a constant ¢ (which does not depend on t)

satisfying d(vy(t), 1 (0)) > &t — ¢ and

245 {1og (|t + V282 + )/2} < P (o (t), o ) (€1))
< 246 {log |klt + VK282 + )/2} +c.

Hence these trajectory v, and geodesic oy, ) satisfy

Yu(00) = 0, (1)(00),  Yw(—00) = 0y, (v)(—00),
and v, has distinct points at infinity.
Proof.  Let 7;; be a trajectory for Bsgn(n)\/ﬁf- on (CH"’ij(—ﬁij) for j =
ij

1,...,a, and ;, be a trajectory for IEBH/”W” on CH"i¢(—f3;,) for £ = a+1,...,
a—+b. Along the same lines as in the proof of Lemma 6 we see the function
d(’m O, (v/llvi, I = (k¥ B;,) t)) is constant for a+1 < £ < a+ b, where

_ Q’gl/é”)v ”(v”/va |). On the other hand, we have

d('yij (t)77ij (0)) = d(:yl](HvZ]Ht)’:YZ] (0))
= 2@;1/2 log(|x[t + Vr*2+4) /2

for 1 < j < a by Lemma 4, hence we obtain our assertion. ([l

We obtain the second assertion of Theorem 3 by Lemmas 6 and 7, and
complete the proof of Theorem 3.
As a direct consequence of Theorem 3 we obtain the following:

Corollary 1  For a product M = (CHT”( B1) X ---x CH™(—f,) of com-

plex hyperbolic spaces we put § = 1/( l/ﬂz)
(1) If |s| > maxi<i<qV/Bi, every tmjectory for B, on M is bounded.
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(2) If |k| < /B, every trajectory for B, on M is unbounded in both direc-
tions.

We now focus our attention on horocycle trajectories. By Theorem 3
we see a trajectory 7, for B, on M = CH™ (—(1) x --- x CH"(—f,) with
a unit vector v = (v1,...,v4) is horocycle if and only if the vector v satisfies

i) vy, |l = |&IAVBi; for j=1,...,a with a > 1,
i) il < [KIA/F for i # ;.

We hence obtain the following:

Corollary 2 There is a horocycle trajectory for B, on M =
CH™ (=) x --- x CH™(—=f3,) if and only if § < K2 < maxi<i<q [3i, where
B=1/(L11/8:).

5. Hyperbolic and Euclidean factors

Our study on horocycle trajectories on a product of complex hyperbolic
spaces gives some information on hyperbolic and Euclidean factors for some
Kéhler manifolds. We are now in the position to prove Theorems 1 and 2
in Section 2.

Proof of Theorem 1. Let M be a Hermitian symmetric space of noncom-
pact type and of rank r with minimum sectional curvature —Jj. As we
mentioned in Section 2, every trajectory for a Kéhler magnetic field on M
lies on some totally geodesic r product CH!(—4) x - -+ x CH*(—6) of real
hyperbolic planes of curvature —§. Therefore, by Corollary 2, we see that
there is a horocycle trajectory for B, if and only if §/r < x? < §. Thus
we find the first and the second assertions in Theorem 1 hold. Other two
assertions of Theorem 1 follow these assertions. O

Here we also study a Ké&hler Hadamard manifold with complex
Euclidean factor. On a complex Euclidean space C", every trajectory for By
(k # 0) is a circle of radius 1/|k| in the sense of Euclidean geometry, hence
it is bounded. For a Kéahler Hadamard manifold with complex Euclidean
factor we have the following:

Theorem 4 Let N be a Kdhler Hadamard manifold. If there is a horocycle
trajectory for a Kahler magnetic field By, on N with some positive kg, then
for every k with 0 < k < kg there exists a horocycle trajectory for a Kdahler
magnetic field B, on a product C" x N.
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Proof. Let 9 be a horocycle trajectory for B,, on N. For x with 0 <
k < Ko, we find that every trajectory for B, on C" x N with initial vector

(u, (k/K0)%0(0)) is a horocycle, where u € TC" satisfies ||ul| = /1 — (k/ko)?.
([

In particular, the same results as for Corollaries 1 and 2 hold for
a Kéahler Hadamard manifold with complex Euclidean factor.

Corollary 3 For a product C" x CH™ (—f) x --- x CH"(—f,) we have

the following:

(1) If |k| > maxi<i<q \/Bi, every trajectory for B, is bounded.

(2) There exists a horocycle trajectories for B, if and only if 0 < k? <
maxlgigq Bz

One can easily see that this Corollary guarantees Theorem 2.

By the definition of cone topology we find Theorem 3 and the proof
of Theorem 4 show the following on a horocycle trajectories on a Kéahler
manifold with complex hyperbolic factors.

Theorem 5 Let N be a Kdhler Hadamard manifold. If there is a horocycle
trajectory for a Kdhler magnetic field By, on N with some positive Ko,

then for every k with /ﬁ()\/ﬁ/(/ﬁ% +0) < k < Ko there exists a horocycle
tragectory for a Kdahler magnetic field By, on a product NxCH™ (—f1)x- - -X

CH"1(—f3,), where B =1/(31_,1/5).

The author is interested in a relationship between the existence of
horocycle trajectories and hyperbolic and Euclidean factors of a Hadamard
Kahler manifold under a curvature condition from below.

6. Trajectories and the ideal boundary

We devote this section to study trajectories joining an interior point
and a point at infinity, and trajectories joining two points at infinity. As
we see in Proposition 1, on a complex hyperbolic space CH"(—0) for each
Kéhler magnetic field B, with |x| < /3, there exists a unique trajectory -
for B, with v(0) =  and ~y(c0) = z for arbitrary x € CH™, z € 0CH™. We
first study this property on a product manifold.

Let M = CH™(—f1) x --- x CH™(—f,) be a product of complex
hyperbolic spaces. We consider a dense open subset S of the unit tangent
bundle UM given by
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S — S(CH™,...,CH")
={v=(v1,...,09) €EUM|v; e TCH™, v; #0, 1<i<q},

and put S(oco) the set {o,(c0)|v € S} of all limit points at infinity of
geodesics with initial vector contained in S.

Proposition 2 Let B, be a Kdihler magnetic field with |k| < v/ on a prod-

uct M = CH™ (—f1) x --- x CH™(—0,), where } = 1/(2?:1 l/ﬂi).

(1)  For arbitrary points x € M and z € OM, there is a trajectory v for B,
on M with v(0) = z and y(c0) = z.

(2) If z€ S(0), then such a trajectory is unique.

Proof. First we show the existence of trajectories. We define a smooth
map A = (A1,...,A): S — R? by

= V{1 = (WOl + (v%B),  i=1.....q

We should note that the Euclidean vector A(u) satisfies |[A(u)| =1 and
|61/ Bi < Xilw) < 1+ (5%5;) = (R¥5) (< 1).

We also define an endomorphism @) of TCH™ for each v with lv] < B; by

. 2 v
D) = J1 - L — 2
v () B VB
This is the inverse of the endomorphism W,Ei) of TCH™ defined in Section 3,
and preserves the norm (i.e. ||Q5,(,Z) (ui)]| = |lus||). By using these we define
for each k with |k| < /B a map ®,: S — S which preserve each fiber by

_ ) u %) —
Py (u) = (Al(u)@m/h(u)<”u1”)’”">\ ()& K/ A (u)<||uq||>>

where u = (u1,...,u4) with u; € TCH™. For a unit tangent vector u €
S we put v = (v1,...,04) = Px(u), and denote by o, = (01,...,04) the
geodesic with 6,(0) = w and by v, = (71,...,7¢) the trajectory for B,
with 4,(0) = v. Let 6; be the geodesic with initial vector u;/||u;|, and
7i be a smooth curve defined by 7;(t) = 7;(t/Xi(u)), which is a trajectory
for B,/ (u) on CH" with 7:(0) = v /||vi].

When |k| < /B, as |&|/Ni(u) < \/Bi, we see by Lemma 3 that the

J’U,Z‘.
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distance function
tr d(5:(VT= I/ Ou (@B} 1), 3(1))
is bounded for ¢ > 0. Since
Ao (V1= (78)1),7(0))
= d (& (Jullv/T= (7B) 1), 5 i(w)t))
= d(&(V1T= TR @B} A(w)t) i i(w)t)),

we see the distance function ¢ — d(oy, (/1 — (k¥/8) t),74(t)) is bounded for
t > 0, hence oy (00) = v,(00). When k = £/, as ||v;|| = \i(u) = +/B/0i,

we find by Lemma 5 that 0,(0c0) = 7,(00). In both cases, as we have

UM = <UUCH7“> u < U S(@}[%@]{%))

11 <12

U---US(CH™,... CH™),

we obtain the first assertion.

Next we study the uniqueness. If a trajectory v = (y1,...,7,) for
a Kihler magnetic field B, (|x] < /B) on M satisfies v(o0) € S(c0),
then each ~; should be unbounded, hence it satisfies ||¥;|| > |x|/v/Bi. Since
II7|l = 1, we find for each i that

5l AV/B: < 1ill < V/1+ (5% 5i) — (w%B)-

When r = +v/3, we see ||4;|| = +/3/6i, hence 7; is a horocycle for all i.
Thus the uniqueness follows from the uniqueness of horocycle trajectories

joining an interior point and a point at infinity on complex hyperbolic
spaces (Proposition 1 (4)). When |k| < /B, we see ||[¥;,| > £/\/Bi, for
some 1ig, hence 7;, is not a horocycle. Therefore, as y(oc0) € S(o0), we get
by Lemma 7 that 7; is not a horocycle for all i, hence ||%;|| > x/\/B; for
all . Thus we find the initial vector of v is contained in the image of ®,.

Therefore we obtain the second assertion because @,; is injective. ([

Remark 2 Under the situation in Proposition 2, there exist infinitely
many trajectories for B, joining z and z when z ¢ S(cc). For example, we
consider the case M = CH™ (—f31) x CH™(—[33). For a unit tangent vector
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v = (v1,0) € UyM at a point x = (x1,x2), we have v,(c0) € OCH™ C
OM. Given a tangent vector ug € T,,CH™ with 0 < ||uz| < |k|/\/ B2 we
put u = (\/1 — H'LLQ”Q'Ul,UQ) € U,M. We find that the distance between

Yo (/1 = |luz]|?t) and ~,(¢) is bounded, hence 7, (00) = 7, (00).

In the last stage we study the property joining two points in the ideal
boundary of M. Although two distinct points in the ideal boundary of
a Hadamard manifold of strictly negative curvature can be joined by some
geodesic, such property does not necessarily hold for a Hadamard manifold
in general. We shall call two points z and w in OM are antipodal if there
exists a geodesic o with o(c0) = z and o(—00) = w. On a product M; x My
of Hadamard manifolds, it is clear that if two points z, w are antipodal
and z € S(Mj, Ms)(co) then w is also contained in S(M;, Ma)(o0). Corre-
sponding to the third assertion of Proposition 1, we have the following for
a product of complex hyperbolic spaces.

Proposition 3 We consider a Kihler magnetic field B, with |x| < /B on

a product M = CH™ (=) x --- x CH™(—[3;), where f = 1/( 7 1/@).

(1) Two points z, w € M are antipodal if and only if there is a trajectory -y
for B, with y(c0) = z and y(—o0) = w.

(2) If two trajectories v = (y1,...,7) and p = (p1,..., pg) satisfy
v(00) = p(o0), v(—00) = p(—o0) and these points at infinity are con-
tained in S(00), then there exists a vector (ti,...,tq) with p;i(t) =
’}/i(t-i-ti), 1= 1,...,(].

Proof. We are enough to show the first assertion in the case z, w € S(c0),
because

UM = (UUCH’“) U ( U S((CH”il,CH%)>

11 <12

U---US(CH™,... ,CH™).

We define an injective map G.: S — S by

_ (1) U1 (q) Uq
Gu(u) = <)\1(U)g,€/>\l(u) <||u1| ) e 7)‘q(u)9;@/>\q(u) ( H“q”))a

where gl(,i) denotes the diffeomorphism of UCH™: defined in Section 3 and
A=(A1,...,20¢): S — (0,1) x--- x (0,1) is given by
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Ai(w) = VAL = (W8 w2 + (8¥5:),  i=1,....q.

As \i(u) > |k|/\/Bi, we find that Fy, oG is the identity map with the map F,
defined in Section 4. As a matter of fact on G (S) we see F}; is given as

_ (1 v1 (9) v
Fe(v) = <”1(“>fn/||v1|| <Hle> o2 (O g (H'L}ZH))
with = (p1,..., 1)1 Gu(S) — (0,1) x --- x (0,1) defined by

wi() =\l l2 = 8011 - B}, G=1....q,

and the diffeomorphism fﬁj ) = (gl(,j ) )~!. Therefore Lemma 6 guarantees the

assertion.

The second assertion follows directly from the third assertion of Propo-
sition 1. O

Remark 3 When z, w ¢ S(c0), we have infinitely many trajectories join-
ing them.
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