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On the normal forms for Pfaffian systems

Tomomi HONDA
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Abstract. We discuss local normal forms of Pfaffian systems and obtain a necessary
and sufficient condition, in terms of relative polarizations, for the local generators of
a Pfaffian system to convert to the contact system on the jet manifold J” (R",R9), or to
the Pfaffian system associated to a system of partial differential equations. This result
generalizes the Darboux theorem on a Pfaffian equation of constant class.
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1. Introduction

On the jet manifold J"(R",RY) = (24,,2% 2% ,..., 2 there is

1
a1 al"'aqﬂ)
a canonical Pfaffian system, called the contact system, which is the Pfaffian

system generated by the 1-forms

h
w'=dz' — E 20, AT,y
a;=1
h
i g0 i
We, = dzg, — E Zoyan ATasy, .
aam1 (1)
h
Wayap_1 = dzoér"ar—l B 2oy dza,.
\ Q=

<1§Z§q7 1§a17"'7a7’—1§h)

The contact system restricted to a submanifold of J"(R" RY) is called the
Pfaffian system associated to a system of partial differential equations.
The study of local normal forms of Pfaffian systems seems to have been
initiated by Darboux [1], who showed that a Pfaffian equation w = 0 of
constant class 2h 4 1 (that is, w A (dw)” # 0 and w A (dw)"*' = 0) can be

2000 Mathematics Subject Classification : Primary 37J55, 58A17, 58A20; Secondary
37J40, 7T0HOT.



816 T. Honda

transformed locally into the contact form

h
w=dz— Zyidazi,
i=1

on the jet manifold J'(R" R) (called the Darbouz theorem on a Pfaffian
equation of constant class). Many works have been done concerning lo-
cal normal forms of Pfaffian systems in various cases. Engel [4], von We-
ber [13], Bryant [2], Goze-Haraguchi [6], and Kumpera-Rubin [7] gave a nec-
essary and sufficient condition for the local generators of a Pfaffian sys-
tem to be transformed into the contact system on J?(R,R) (called the
Engel normal form), the contact system on J"(R,R) (called the Cartan-
von Weber model), the contact system on J'(R" RY), ¢ > 3 (called the
Bryant normal form), the contact system on J!(R" RY), and the contact
system on J"(R,RY) (called the extended von Weber model) respectively.
Yamaguchi [14] gave a general criterion for a Pfaffian system to be trans-
formed into the contact system on J"(R" R?) using the theory of exterior
differential systems.

The aim of this paper is to give a necessary and sufficient condition for
a Pfaffian system to be transformed into the contact system on J"(R" RY)
or into the Pfaffian system associated to a system of partial differential
equations. To prove this result, we use the properties of relative polarization
(see in Lemma 3.1 and Lemma 3.2).

In Section 2, we prepare some basic definitions from the theory of
Pfaffian systems, and recall Pfaffian systems on jet manifolds (the contact
system and the Pfaffian system associated to a system of partial differential
equations).

In Section 3, we define the relative polarization of a Pfaffian system
according to Libermann [9], and discuss the Pfaffian systems with relative
polarizations. We note that there is not always the relative polarization of
a Pfaffian system (see in Proposition 3.3). Given a Pfaffian system with
relative polarization, we can choose local coordinates to simplify the local
generators of a Pfaffian system. We also evaluate the class and the Engel
invariant, which are the invaiants of a Pfaffian system, using the existence
of relative polarization.

In Section 4, we prove that under the existence of relative polarization
and the condition on the type and the class of a Pfaffian system, the local
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generators of a Pfaffian system can be transformed into the contact sys-
tem (1) above, or into the contact system restricted to a submanifold of
J"(R", RY) (see in Theorem 4.1).

2. Pfaffian systems

Let M be a C°°-manifold of dimension n and T*M its cotangent bun-
dle. Let C°°(M) denote the ring of C*°-functions on M and I'(T*M) the
C*°(M)-module of global C*°-sections of T*M.

A Pfaffian system S on M is a C°°(M)-submodule of I'(T*M). The
system S is said to have rank q at x € M if the values of elements of S
(at z) form a g-dimensional subspace of T M. If the rank of S is constant
on M, S is a space of C'*°-sections of a subbundle of T*M. We usually
consider locally, and assume that S is of constant rank and spanned by
1-forms w!, ..., wi.

Let QF(M) be the space of k-forms on M, Q*(M) = &}_,QF(M) the
exterior algebra of differential forms on M, and . the ideal generated by S.

Definition 1 The FEngel invariant of a Pfaffian system .S is the non-
negative integer so defined as

so =min{s € Z (> 0)| (dw)*™ = 0mod .7, w € S}.

Let S be a Pfaffian system on M of rank q and {w!,... w9} a local
basis of S. We define Char, S by

Char, S = {X € T,M |w'(X) =0, 1x dw’'=0mod .7, 1<i<q},

where (x is the interior product with respect to the vector X. We denote
the annihilator of Char, S by C'(S);. Note that the dimension of C(S5), is
not necessarily constant even if the rank of S is constant on M. However,
we always consider the case where C(S), is of constant dimension on M
throughout this paper. Then C(S) := UzepC(S), (called the Cartan sys-
tem of S) is a space of C*°-sections of a subbundle of T*M.

Definition 2 The class of S is the rank of C(S).

The following theorem shows that the class of a Pfaffian system is the
minimum number of variables necessary for describing local generators of
the system.
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Theorem 2.1 (Cartan [3]) Let S be a Pfaffian system of constant rank.
The Cartan system C(S) is the smallest completely integrable Pfaffian sys-
tem with the property such that if (z1,...,xp) is a local system of the first
integrals of C(S), then there exist local generators of S, which depend only
on (z1,...,xp) and their differentials.

The first derived system of S is defined as
S1={ne€S|dn=0mod.¥}.

Definition 3 We say that a Pfaffian system S is totally reqular if there is
a decreasing sequence

of Pfaffian systems of constant rank, where Sy, 1 < k < r, is the first derived
system of Si_1 (called the kth derived system of S).

Obviously, there exists the smallest non-negative integer r such that
Sr4+p = Sryp+1 for all p > 0. The integer r satisfying the condition is called
the length of S.

Definition 4 Let S be a totally regular Pfaffian system of length r
C(S)DS=8D8DD8_1D8 =8uy1="-.

The type of S is the (r + 2)-tuple of non-negative integers (po,...,Pr+1)
defined by

po = rank S,
pr =rank S,k /Sy_py1, 1 <k <,
pry1 = rank C'(S5)/S.

The rank of each derived system S,_, 1 < k < r, and the class of S
easily seen to be

k r+1
rank S,_p = Zpi, class S = Zpi.
i=0 i=0
Let J"(R",R%) be the manifold of r-jets of maps from R" to R? and
X = (Ialvziv Zézlv R Zgl---ar)lﬁiﬁq, 1<a1,...,ar<h

the canonical coordinate system of J”(R" ,R?), where (z,) € R", (2*) € RY,
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i i
and 2o+ 1 ey

On J"(R",RY), there is a canonical Pfaffian system, called the contact sys-

are symmetric with respect to the subscript aq,. .., a,.

tem, which is given as follows.

Definition 5 The contact system on J"(R" RY) is the Pfaffian system

i i
generated by the 1-forms w*, wy,,...,wy, 4 _,» Where
( h
i g0 i
w'i=dz" — g 2oy Aoy s
a1=1
h
i g0 i
We, 1= dzg, — E Zoyan ATy,

as=1 (2)

h
Waywap_y *= dzal"'arfl - E : Raq dza,.

\ ar=1

(1§ZSQ7 1§a17"'7a7“71§h)

We denote this contact system on J"(R" R?) by Q" (R" R?). We note

that the 1-forms wélmak, 2 <k <r—1, are symmetric with respect to the
subscript aq, ..., ax. Namely, (aq,...,ax) is the same index as (51, ..., Ok)

i

as a set, then we,,

and w® are coincident.
B1..-Br

Example 1 Q" (R" RY) is a totally regular Pfaffian system of length 7.
The derived system of Q"(R"”,RY) is computed as follows:

Q" (R",R?); = span{w’, ... ,wél,_,aPQ} =" QLR RY),
O"(R",RY)y = span{w’, ..., Wiy, .0, o } = T 0@ (R, RY),

Q" (R" RY),_; = span{w'} = 77*QY(R", RY),
Q" (R" RY), = {0},
where 7f: J"(RP,RY) — JF(R" RY) is the natural projection. The rank,

the class, and the Engel invariant of each derived system are

) — 1
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b
class Q" (R" RY),._; :h+q< ;—‘]>,

sr—j=h, (1<j<r-—1)
where () stands for the binomial coefficients. The type of Q" (R" RY) is

(p07p1a cee 7p7“ap7"+1) = (07 gy, q(Zi::?)»(I(hZi;l))

We define the Pfaffian system associated to a system of partial differ-
ential equations (PDEs for short). By a system of rth order PDEs in R"
and R? of codimension o, we mean a submanifold .2} of J"(R" RY)
defined locally by

ZLipy = {x € J'®",RY) | Fj(x) =0, 1 < j <o},

where we require the following regularity condition

o(Fy,...,Fy)
Ozt 4y, 2 c 2 )

Y FQy Q)

rank =o0.

Let ¥ be an open subset of R!, | = dim J"(R",R?) — ¢, and +: ¥ — Ly
a C'°°-map of maximal rank.

Definition 6 The Pfaffian system on ¥ associated to Z{p; is the
pull back 2*Q"(R",RY) of Q"(R" RY) to ¥. We denote this system by
Q(E((f’h’q)) — Z*QT(Rh,Rq).

Example 2 (Libermann [10]) Consider the Cauchy-Riemann equation
Ly = {x € JNR:R?) |2{ —25 =0, 2 + 27 = 0}.

Take X = RS = {(z1, 72, 2%, 2%, 2}, 22)}. We have the map 1: ¥ — JL(R? R?)
defined by

1.2 1 .1 1.2 .1 .1 1.1
Z(xla:EQaz y 2 azlaz2) = (1:171"232 ) < ,21,22,—22,21)-
Therefore
Q(n122y _ *wl = d2t — 2t dry — 23 dxy
(25 )= % 2 7.2 1 _ 1
v'w* = dz® + zy dr — 27 dxa.

Example 3 (Gardner [5]) Consider the Monge-Ampere equation

L ={x € JP(R*,R)| (21; — f1) (232 — f3) — (21s — f2)* = 0},
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where f; is a function of variables (1,72, 2%, 21, 23) of J2(R?,R) — J!(R% R).
Take ¥ = {(x1, 29, 2%, 21, 23,u,v) € R7| (u,v) # (0,0)}. We have the map
10 ¥ — J2(R% R) defined by

z(wl,xg,zl,z%,zé,u,v) = (1‘1,.%'2,21,2%,2%,‘]01 +vu2,f2—|—vu,f3+v).
Therefore
wt = dzt — 2 dry — 2 dy
92(2’271): *1:d1_ 2d o d
( 1 ) LWy 21 — (fi +vu”)dzy (fa + vu) dzo
v*wd = dzd — (f2 +vu)dzy — (f3 +v) dzo.

3. Pfaffian systems with relative polarizations

In this section we discuss totally regular Pfaffian systems with rela-
tive polarizations. A relative polarization, which was introduced by
Libermann [9], is a useful notion in our discussion (called pivot by Lutz [11]
and it is the anologue of polarization introduced by Molino [12]). There
does not always exist such a relative polarization for every totally regular
Pfaffian system. Given a totally regular Pfaffian system with relative po-
larization, we can choose local coordinates to simplify the local genelators
of a Pfaffian system. Also, we evaluate the Engel invariant and the class,
which is the minimum number of variables necessary in order to describe
the local generators of a Pfaffian system. Here we start with the definition
of relative polarizations for totally regular Pfaffian systems.

Definition 7 Let S be a totally regular Pfaffian system on M of length r.

We say that S has a relative polarization H if there exists a Pfaffian sys-

tem H of constant rank, satisfying the following conditions:

(i) SN H =0y (zero section),

(i) H and S; ® H, 0 < i < r, are completely integrable, where S; is the
ith derived system of .S,

(iii) H is minimal, that is, if a subbundle H C H satisfies the conditions (i)
and (ii), then H = H.

Example 4 Consider the contact system Q7 (R" R?) on the jet manifold
JT(R" RY). The exterior derivatives of (2) can be written as
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h
dw' = Z dzq, /\(.uf)l1 mod .7 _1,

a1=1

h
i _ i
dwgy, ..o = Z dre, AW ay i mod .%_;_1,

ajp1=1

h
i — i
dwey, ..o, = g dra, Ndzy, .., i a, mod &
ar=1

(1<i<qg 1<Ii<r—-21<aj,...,a, <h)
It can be verified that Q"(R" R?) has a relative polarization
H = span{dzx1,...,dxp}.
We note that H is the pull back of T*R" by the source projection
JT(RM RY) — R

Example 5 (Libermann [10]) Consider the Pfaffian system S on R7 of

1

rank 5 defined by 1-forms w',...,w, satisfying

dw' =W AWl + W AW, (3)
dw? = wt Aw" 4 w3 A WP, (4)
dw® = w® AWE, (5)
dwt = WP AW, (6)
dw® =W AW, (7)
where w! A -+ Aw” # 0. Then S is a totally regular Pfaffian system of
length 3 and the derived systems are

Sy =span{w!,...,w!}, So =span{w!,w?}, S3={0}.

The system S has a relative polarization H = span{w®,w"} of rank 2.
Indeed, differentiating (3)~(7) we have

0=w!Adw®+w?Ado, (8)
0=w*ANdw” +wd A dub, 9)
0= w’ A dwb, (10)
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0=uw’Adw, (11)
0=dwS Aw — Wb AduT. (12)

From (10) and (11) there exist two 1-forms 6%, §7 € Q'(R") such that
do® =W A05, dw" =W’ A6 (13)

Put the 1-forms 0 (i = 6,7) as 0" := 37_) flw’, fi € QO(R7). Substi-
tuting (13) into (8), (9), and (12), we can see that §° = fSw®, 07 = fIwS.
Therefore

dw® = dw” = 0.

Thus the system H is completely integrable. Since S; & H, 0 < i < 2, are
also completely integrable by (8)~(12), it is easy to see that H satisfies the
conditions (i)~(iii).

Let us consider a totally regular Pfaffian system S of length r with
relative polarization of rank h. We have the following lemmas on S. The
main theorem in Section 4 can be obtained by using these properties. Let

M be a C°°-manifold of dimension n, where n is sufficiently big. In the
next lemma, due to Libermann [10], we use

€T = (1}17...,.’11'}1), y(k) = (ygk)’7 1(7];:))’
u = (Ula cen 7un—(h+p1+'“+pr))

to denote local coordinates of M, where (po,...,pr41) is the type of S and
k=1,...,r.

Lemma 3.1 (Libermann) Let S be a totally reqular Pfaffian system on M
of length r with S, = {0}. If S has a relative polarization H of rank h,

then there exist local coordinates (x, gy, u) around each point in M
such that S is generated by 1-forms
h
i 1 i
wd) = dygl) — Z Al (1) dzq,
a=1
(14)
) h
| vl = ) = 3 AL ) do

(1§Z1 Splw-'algir Sp'r)
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~ Each derwed system Sy_j, 1 < k <r —1, is generated by the 1-forms
wa)v . ,wz’,z), and each AQC(]@) is a function

Ak (k) = A% (k) (2,9, g™y D),

Proof. By the integrability of H and S,_1 ® H, let (z1,...,xp) be a fam-

ily of the first integrals generating H and (ygl), ey Z(J?—Fh) a family of the

first integrals generating S,_1 @ H. Then we can choose, by changing num-
bering if needed, the local basis {w(ll), W )} of S,_1 such that w(l) =
™ (dygl)),. ?11) =m (dy,(ﬁ)), where m: S,_1 ® H — S,_1 is the natural
projection. Therefore we have

dy'? = wit +ZA“ Ydza, 1< <pi,

where Al(1) € Q°(M). Thus the (r — 1)st derived system S,_; is locally
generated by the 1-forms

h
( )= dy(l) ZAZO}(l)dl‘a, 1 <1 <pr.

a=1

To consider the (r — 2)nd derived system S,_s, we take any Pfaffian sys-

tem T,._1 satisfying S,_o = 5,_1 @ T,_1. By the integrability of S, _o & H,

let (y?), e ,yg)_i_p2+h) be a family of the first integrals generating S,_o® H.

Then we can choose, by changing numbering if needed, the local basis

{7](12),...,772322)} of T,_1 such that 7](12) = 7r2(dy§2)),...,77](?22) = Ty (dy,gg)),
where m9: S,_o @ H — T,_1 is the natural projection. Therefore we have

dy;; —77(2)+Z:f’2 Wi} +ZA” Jdwa,  1<iy<ps,

i1=1

where f”, A2(2) € QY(M). Putting wg) = 172 % il 1f “ ); We can
see that S,_s is locally generated by the 1-forms

h
Wiy = dyj)) ~ ZA“( ) da,

(2) = dy@ ZAZQ ) d2q. (1<ip <p1, 1 <ip <po)
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After r—2 times application of this manipulation, we obtain the local normal
form (14) of S. By the definition of the derived system of S,_j, we have

dwz’;) A w( HAA wﬁl)

From (14), this implies

1 Pk ;
AWy A AWy =0, 1<i<py.

h
S (dza AdAE(K)) Ady A AdySOA - Ady I A dylED =0,
a=1
Therefore A% (k) is a function of the coordinates z, y™),...,y*+1) as
desired. 0

Lemma 3.2 Let S be a totally reqular Pfaffian system on M of length r. If
S has a relative polarization H of rank h, then the set of exterior derivatives
of elements of S,_, 1 <k <r, satisfies the inclusion

dS,_pmod . _, C NS k_1, (15)
where S_1 stands for the Cartan system C(S) of S.

Proof. We first consider the case of 1 < k < r—1. Let (po, ..., pr+1) denote

the type of S. Let {w(lk p r } be a local basis of any complementary

Pk+1
subspace of S,_gy1 in S, and {w (k1) -

(k+1)} a local basis of any
complementary subspace of S,_j in S._—1. According to the previous
lemma, the exterior derivative of w( iy 1 < i, < pg, can be written in the

form

dw'* = Z dze N dA%(E)

(k) =
a=1
Pk+1
8Az ch+1 AZk
—Z Z (k+1 “ln T Z a$lg
a= 1Jk+1 10 Yies a,f=1
DA™ (k i QAR (K)
+Z a(” A W+ >0 o A5 ()
Jji=1 Jr=1 Yy,

k+1
Jh+1= 1 Jk+1

Pr+1 8AZ )
+ Z A]ﬁ'“+1 (k+ 1)) dze Ndzg mod 7.

Since dwéz) vanishes mod .%._j_1, the terms of dz, Adzg, 1 < o, 8 < h, do
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vanish. Hence we have

Pk+1 Azk

dw“c Z Z k+1 dxa A wé’,ifl) mod .7, _}. (16)

a=lig 1= 1 zk+1

Since the 1-forms dx1, ..., dz, and w(kﬂ) (k+1) are the local basis of H
and of S, _p_1/S,_k respectlvely, we obtaln (15) as claimed. Consider the
case of k = r. Let {duy, ..., duy,,_p} bealocal basis of any complementary

subspace of So @ H in S_;. The exterior derivative of wz;), 1 <i. <p,, can
be written in the form

h DPr4+1— —h

dwz’" Z Z g;l dzo N duy

h irT p1 irT‘ )
+ Z <8Aa( )+ZaAa( )AE(I)_’_

1
oz,,B:l 8%5 J1=1 83/](1)
A“
+ Z 9 )>d$a/\d$5 mod yo.
Jr=1 ]

We obtain the desired inclusion (15) in the same way of the case of 1 < i <
r—1. i

Proposition 3.1 Let S be a totally reqular Pfaffian system of length r
with S, = {0}. If S has a relative polarization of rank h, then the Engel
invariant s,_ of each derived system S,_i, 1 < k < r — 1, satisfies the
inequality

Sp—k < h.

Proof. Let {w 1y

of S,_; and {w k1)

|1<i1 Spl,...,lgikgpk} be a local basis

{JISH)} a local basis of any complementary sub-

space of S,_j in Sr k—1- Then, by the definition of the derived system
of S,_j, we have

ik
“k)

dwﬁ) = 0 mod Yr,k,

dwzk 1) _Omod 7
dwz;z)?_é()mOdyr—k- (1§i1§p1,...,1§ik§pk)
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Let {dz1,.. .,dxh,wﬁ), e 12111)} be a local basis of S,_,_1 ® H. Then
by (16) and linear independence of {dml, e dxp,w (1), .. ,wéifl)} we can
see that
Pk+1 i 7
i \h_ OA (k)  0Ay (k) i i
(dw(;)) =+ Z o D D AXAW] ) A AW
J1semnin=19Yj; Yin,
Z 0 mod. Y g,
where dx stands for a A-form dx = dx1 A - - - A dxj,. Therefore
h+1 __ Q
(dw(k)) = (dwy; Wik )) /\dw(’“)
= (dwip)" A Z dzo A dAY (k)
a=1
=0 mod.¥_p.
This proves Proposition 3.1. (]

The following proposition means that the existence of relative polar-
izations allows us to evaluate the number of variables necessary in order to
describe the local generators of each derived system S, _j.

Proposition 3.2 Let S be a totally reqular Pfaffian system on M of
length r with S, = {0}. If S has a relative polarization H of rank h,
then the class of each derived system S,_p, 1 < k < r — 1, satisfies the
mequality

class S,_p < rank S,_p_1 + h.

Proof. From Lemma 3.1, we know that there exist local coordinates
(x, y Oy, u) in M such that S is generated by the 1-forms

h
i 1 i
wd) = dygl) — ZAal(l) dz,
a=1
. h‘ .
K dy!" Z_;Agf(r) da, (1<t <p1,.. 1<, < py)

and the (r — k)th derived system S,_j is generated by the 1-forms
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wéi), e ,wz’]z). By the definition of S,_j; and Lemma 3.2 the exterior deriva-
tives dwﬁ), odw (; ~)» and dwg’;), of S,_, satisfy

dwﬁ) = 0 mod .Y, _y,

dwzkl)—OmOdc% ks (1<ii<p1,..., 1 <ig1 < pgp-1)

and

Pk+1

i Azk Tk41

k

dw Z Z k+1 d a/\w(k+1)
a=1lig1=1 Zk+1

#0 mod Sy, 1 <ip < pg.

Hence the condition ¢ deéz) = 0 mod .%,_ implies

Pe+1
8A““ 7 7
Z Z k+1) <d$a( Jw (2111) W(Zrn(X)dma) =0.

a= 1Zk+1 1 Zk+1

The linear independence of {da;l, oo dxy, w(lkﬂ), ey
represent the formula above as
tAl da:l (X)
. 0 :
tAPk dxp, (X) 0
Al Wles) (X) 7
0 : :
AP Wity (X)

where A%, 1 < i < py, is a h X pp,1 matrix

Ai e BAE(]C)
' 8y(.k+1) 1<a<h
J 1<G<pr+1

Pk+1

w(k+1)} allows us to

and A’ is the transposed matrix of A*. The rank of the coefficient matrix
is clearly less than or equal to h + pri1. The class of S, _g is equal to the
number of independent equations on the vectors X € T'M, wa)(X )= =
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WEZ)(X) =0(1<4 <p1,...,1 <ir <pg),and (17). So we have

class S, < (p1+ -+ pr) + (b + pet1),
which is the desired inequality. U

We end this section by giving an example of totally regular Pfaffian
system which does not have relative polarization. The following proposition
gives a necessary condition for the existence of relative polarizations. We
define the reduced derived system S,_j of S,_j by

S/',:/k = {w €S 11 }dw =0mod .7 1+ (Lr—k2N Yz)}

Proposition 3.3 (cf. Libermann [9]) Let S be a totally reqular Pfaffian
system on M of length r. If the system S has a relative polarization H,
then it satisfies the condition

Sp k=S g, 0<k<r—2

Proof. Since S,_j C §:_/k holds, it is sufficient to show that S,_, D
S,_r. We take an element @ of S,_;. Then w € S,_;_; and dw mod
T 1 € Frpo N2 Let {al,...,a"} be a local basis of H and
{w(lk by 7‘“‘)1(01513)} a local basis of any complementary subspace of S, _j_1
in S,_r_o. By Lemma 3.2 dw can be written

h Pk+2

dw mod yr—k’—l = Z Z fjl ai A w€k+2)a

i=1 j=1
where f; € QY(M). The condition (i) of the relative polarization gives
al A w{k”) ¢ .72, and hence
al A w€k+2) ¢ oS
Therefore we have
do=0 mod.%__1.

This proves Proposition 3.3. U
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Example 6 (Kumpera-Ruiz [8]) Consider the Pfaffian system S on R =
(t, 1, 2, x3,24) of rank 3, defined by 1-forms

wh =dxy — zo dt,
w? = dwy — w3 dt, (18)
w3 = dt — x4 dxs.
The system S does not have a relative polarization.
Indeed, put 1-forms w?*, w® as w* := dz3 and w® := dzy4. Differentiating

(18) we have

dw! = —wW? Awd — 24 w? Aw?,
dw? = —w* A W3,
dw? = —w® A wt.

The system S is a totally regular Pfaffian system of length 3 and the derived
systems are

S = span{w!,w?}, Sy =span{w'}, S3={0}.
Note that the ideals .72, .7}, and .% are

3 3
F? = {ZZaéAwi/\wj

i=1 j=1
A= {oz1 Aw! +a? A w? ‘ ol € Q*(R5)},
Sy = {a/\wl ‘ o€ Q*(R5)}.

al € Q*UR5)},

2 3
We have also .% N .2 = {ZZO&; AWt AW
i=1 j=1

aé e 0* (R5)}. Hence

w2/\w3€,710,5’2,
WAt ¢ S, WAt ¢ A NS
Therefore
dol = 0mod % + (A NS?), ifwy=0,
T | zawt Aw? mod S + (A NS, ifxy £0,

and hence Sj3 is

T span{w'}, if x4 =0,
B0}, ifay #£0.
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Thus we have S3 # /S\; and S does not have a relative polarization by
Proposition 3.3.

4. The main theorem

Fixing integers h, m, p1, r € N with m > p; (h+:_1), we take a mani-
fold M of dimension n = h + p; (hM) + m, and consider local coordinates

of M, x, z, 2(1), z(k), 1 <k <r, in the following way:

—

Ty - .fL'h)
zl . zpl)

)
z(k ) (-5 Zay g - - )1<i<pr, 1<an,sap <hs

X .

—~

zZ

where zal g 2 < k < 7, is symmetric with respect to the subscript

at,...,ak. Let z( ) denote the coordinates z(r) with some o coordinate
functions deleted for & > 0. We note that the number of elements of the
coordinates z(k) and z(r) are pp (h+k 1) and py (hw 1)

In Theorem 4.1 below, we prove the following. Under the existence

o.

of relative polarizations and the condition on the type and the class of
a Pfaffian system, there exist local coordinates (z, z, 2(1), ..., z(r — 1), z(r),

ULy ..., U in M such that the Pfaffian system can be trans-

1 ("7 o)
formed locally into the normal form

h
w'=dz" — E 2o, AT oy s
1= 1
w E zma2 Aoy,
Otg 1
(19)
h
i g i
wal Q2 dzal Q-2 Z ZC\(1 (679 1d'/I:047‘—17
Olr—lzl
i _
Wagoapq — Oél 1 E 061 ar Ty...,U1,.. ) dmar,
\ ar=1

(1<i<p,1<aq,...,00-1 <h)

where Fél_,_% is a function on M, symmetric with respect to the subscript
ai,...,a., and satisfies the condition
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Ao ) <h+7~_1)
:pl — 0

rank —
r

9(=(r))

The Pfaffian system (19) is just the Pfaffian system Q(Eg’h’p 1)) associ-
ated to a system of rth order PDEs in R” and RP! of codimension . When
o =0, it is just the contact system Q"(R"? RP1) on J"(R" RP1).

Theorem 4.1 For h, m, n, p1, r, o as above, let S be a Pfaffian system
on M. There exist local coordinates (a:,z,z(l),...,z(r - 1), 2(r),u,. ..,

U htr—1 ) in M such that S can be transformed locally into the normal
m—p1 (") 4o

form (19) if and only if S satisfies the following conditions:
(i) S is a totally regular Pfaffian system of length r with S, = {0}, that
18, there is a decreasing sequence of derived systems

S=5>285D>2--D28-1D25 ={0},

(ii) S has a relative polarization of rank h,
(iii) the type (po,--.,pr+1) of S satisfies

[0, ifi=0,
PEAm (), f1<i<n,

(iv) for each derived system S,_j, 1 <j<r—1, and S,

h+p ("), f1<j<r—1,

h—l—pl(hH) —0o, ifj=mr.

T

class S;_; = {

Proof.  Assume that S admits locally the normal form (19). Then by Exam-
ple 1 and Example 4, it is easy to see that S satisfies the conditions (i)~(iv).
Now, assuming S is a Pfaffian system satisfying the conditions (i)~(iv), we
prove that S can be transformed locally into the normal form (19). From
Lemma 3.1 we know that there exist local coordinates (:zr,y(l), . ,y(r),u)
in M such that S is generated by the 1-forms

h
Wity = dyl) = > AR (1) dza,

a=1
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where z := (1, ..., z3), y*) = (ygk), cel, I(,i)), 1<k<r,u:=(ul,...,uUn),
h+>"5_, prtm = n, and A% (k) is a function A% (k)= A% (z,yM), ... yF+D).

Let us consider the (r — 1)st derived system S,_j. According to
Lemma 3.2 the exterior derivatives dwa), 1 <1 < pq, of elements of S,_1
can be written in the form

h  p2 ;

i 0AZ (1) i

dwd) = E g 5 @ d:na/\wé) mod .%_1.
a=1 i2=1 y’LQ

Thus the condition ¢ deﬁ) = 0 mod .%,_1 is equivalent to

h  p2 ;
A4 (1) ; ; _
Z Z e (dfna(X)wé) — wé) (X) dxa) =0.
a=1liz=1 yZQ

By the linear independence of {wég), dxa} we have

h .
A (1

E 0 ()dfﬁa(X)ZO, I<ip <p1, 1 <i2 <po,
o (2)

a=1 yiQ

p2 i1

g Mw”(X)zO, 1<i1 <py, 1<a<h.
9,2 @

in=1 OU,

So the class of S,_1 is equal to the number of independent equations on the

vectors X € TM, wﬁ)(X) =0,1<1 <p1, and

tAl dxl (X)
: 0 :
tAP1 dzp(X) 0
AL w0
0 : :
an )\ )

where A1, 1 < i; < pq, is a h X pp matrix

Oy@) 1§q1§h’
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and A" is the transposed matrix of A". By the assumption that
class S,_1 = h + p1 + p1h and py = p1h, we can see that the rank of the
coefficient matrix is equal to h + p1h. The upper left part of the coeffi-
cient matrix is a p1po X h matrix, so the rank of the upper left part is less
than or equal to h. Hence the pjh-square matrix t(A!--. AP1) should be
nonsingular. Therefore we have

dAT(L) A -+ AdAR (1) = £det /(AL - - APY) dy§2) A A dyz(,z)
£ 0.
Let dx, dy®, 1 < k < r, and du denote differential forms

dx :=dxi A--- Ndzp, dy(k) = dyik) ARRRWAY dyz(,i),
du:=duj A --- Aduy,
respectively. Since we have
dx AdyD AdAL 1) A= AdAP () Ady® A+ Ady™ Adu
=+det’ (A" AP dx Ady®M AdyP Ady@ A--Ady™ Adu
0,

the functions z, y), Ag}l(l) (1<ii<p,1<a; <h),y®,. .. y" andu
(1)

form local coordinates in M. Put the 1-forms wﬁ) and the functions y; 7,

Al (1) as W' = wﬁ), 21 = yfll), and 2%} := A% (1). Then we can choose
local coordinates (z, z, z(l),y(?’), e ,y("),u) in M such that S,_1 is locally

generated by the 1-forms

h
W = dz — Z zé}l dze,, 1< <py. (20)

a1=1

Let us consider the (r—2)nd derived system S,_s = S,_1 @Span{wg)} in
the new coordinates (z, z, 2(1),y®, ..., y"), u) of M. Since A is a function
of the variables x, y(l), y(2) on the coordinates (z, y(l), y(2), y(3), . ,y(r), w)
and *(A!--. AP1) is nonsingular, we can see that %(22) = yg) (z,2,2(1)) on
the new coordinates (x,z,2(1), y® oy, u) of M. Hence the local basis
{wg)}, of any complementary subspace of S,_; in S,_2 can be written in
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the form

h
Wity = dy? =3 A Q) (@, 2,2(1),yP) dra, 1< iz <po.

a=1

Note that dyg) is generated by dx,,, w', and dz?, ,» hence wzg) are expressed
as

w(12) wl dz dzq
: =Xi| | +X : -R1 ],
w‘f;) wP1 d=1 dxy,

where X and X5 are a ps X p; matrix and a ps X p1h matrix

ou® ouy?
X1 = ym» , Xo:= yZ? ’
92" ) 1<iy<ps Oz, L<iz<ps

1<i<p1 1<i<pi,1<oa<h

respectively, and R is a ps X h matrix. Since X is the inverse matrix of

t(Al .. Apl)’ we can replace t(w(12)7 s 7"‘)?22)) by
Wia) w!
x5! L%
Wis) o

Then we have

W) dz{ xp - @) dy
= : - : : (21)
wg) dzp" zh? zh? dzp,

where (z2)) := X, 'R. We put

Wey = wg),
A?xlag = 1'22. (lgigpl,lgal,mgh),

Then the formula (21) can be written in the form
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1 1 1 1
Wi dzy Ay o Alh
1 1 1 1
W, dzj, Ay o Ap dzq
= : o : (22)
D1 p1 P1 P1
Wi dzy A o A dp
D1 p1 pP1 P1
wp, dz), Ayy o A

By Lemma 3.2 and (22) the exterior derivative dw® can be written

h
Z Joy dTay N we,

dw' =
a1=1
h h
=) £l dza, A (dzg” = AL, d%) mod .%,_1,
ar=1 as=1

where f%, € QY(M). Comparing the coefficients between the formulae above

and the exterior derivatives of (20), we have
A~ AL =0. (1<i<p, 1<ag, as<h) (23)

ajag aza

Therefore S,_9 is locally generated by the 1-forms

h
i i i
w'=dz' — E Z ATay s

a;=1
L (24)
i g i - i gi
Wo, = dzg, — E Abian ATay  With A 0 = AL
az=1

(I1<i<p, 1< <h)

where Aioéloé2 is a function Aiala2 = Aflla2 (z, 2, z(l),y(3)),
Let us show that the functions z, =z, 2(1), A, (I <i < p,

1<ai,ay;<h),y?®,... .y andu form local coordinates of M. From (24)
and the linear independence of {d:va,wzg)} the condition ¢ dezu = 0 mod
Y9 is equivalent to
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h i

oA ,
5 o dra, (X) =0, 1 <z < ps,
ay
0(2:1 13
% aAi1 2 1
A2 B (X) =0, 1 <ay<h.
Z 8yz-(§’) 3)

i3=1
Hence the class of S,_» is equal to the number of independent equations on
the vectors X € TM, w'(X) =w}, (X)=0(1<i<p;,1<a <h),and

tAl dx1(X)
Clo :
A dn(X) |
A || w0 |7
0 : :
Aj! W?é?)(X)

where A, is a h x p3 matrix

Al = LAZWQ .
o 8y(3) 1<as<h

' 1<i3<ps3

. h41 h41 h+1
By the assumption that class S,_o = pl( T )+h—|—p1( ; ) and p3 = pl( ; ),
we can see that the rank of the coefficient matrix is equal to h + p; (h'QH).
The upper left part of the coefficient matrix is a p1hps X h matrix, so the

rank of the upper left part is less than or equal to h. Hence we should be

rankt(A% e Azl) =m (h;rl).

Let ¢(A} - - - AP') be any matrix consisting of p3 independent rows of p; h? x ps3

matrix (A} - -- AP'). Since p3 = p1 (h;ﬁ), we can see that the p; (h;rl)-square

matrix ?(A] - - A") is nonsingular. Hence, for all the functions A% . with

. ; [ Re D)
Alrar = Abpay, (1 <0< p1,1 <y, ag < h), we have
dAI A - ANdADS = £ dett(AL--- AP dy®)
£ 0.

Let dz and dz(1) denote differential forms

dz :=dz' A--- Ad2P' and dz(1) :=dzi Ao Adzl, A Adz)

a1
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Since we have

dxAdzAdz(1) AdAL (1) A--- AdAYS (1) Ady™® A~ Ady™ Adu

=+dett(A}-- AP )dxAdzAdz(1) Ady® A Ady™ Adu
#0,

the functions z, z, z(1), A (1<i<p,1l<ag,a<h), y@® Ly

Q102
7

and u form local coordinates of M. Put the functions Af, ., as 23, 4, =
A’L

arag”

in M such that S,_5 is locally generated by the 1-forms

Then we can choose local coordinates (x, z, z(1),2(2),y¥, ...,y u)

h
i i i
w'=dz" — E 2oy ATay
a1=1
h
i g i ST A |
Wo, = d2g, — E Zoyan ATay  With 24 (0 = 24,4,
as=1

1<i<p, 1<a1<h)

After r — 3 reiteration of the same manipulation, we can get local coor-
dinates (x, z, 2(1),..., z(r—1),u) in M such that the first derived system .S;
is locally generated by the 1-forms

( h
w'=dz" — E 24y ATay s
ar1=1
(25)
h
i O 1 )
Wayarg = QZayea,_g — E : Zoyap_1 Tayy;s

, 2 ._, are symmetric with respect to the

where the coordinates z” oo

Lo
subscript aq, ..., Q1.
Let us consider the system S = 51 ® span{wz;)} in the new coordinates

(z,2,2(1),...,2(r — 1),u) of M. Since A, .., , is a function of the vari-

ables z, y™M, ...,y 4y on the coordinates (z,y™,...,y"1 y) v)

and the matrix (- .‘Agl'”ar—Q --+) is nonsingular, we can see that yg) =
(r)

Yy; (z,2,2(1),...,2(r — 1)) on the coordinates (z,z,2(1),...,2(r — 1),u)
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of M. Hence the local basis {wé;)}, of any complementary subspace of 51
in .S can be written in the form

h
wz:‘) - dyl(:d) - ZAZ(T) dwa, 1<, < Drs

a=1

where A% (r) = Al (x, 2,2(1),...,2(r — 1),u). Note that dy(r) is generated

ir

by dzga,, W', wé&l"‘ak’ 1<k<r—2, and Z(in-~~ar_1’ hence the 1-forms wz;)
are expressed as
1 1 1
w(r) w Wi...q
: =Xi| @ |+ + X
wgf wht W;}DL.I..h
dzf,,l drq
+X [ =R ],
dzﬁ.l“h dzxy,

where X7 and Xj, (2 < k <r), are a p, X p; matrix and a p, X py matrix

") oy,
X = . , X = Y R— ,
92 1<ir<pr azar"akﬂ 1<ir<pr

1<i<py 1<i<p1, 1<an, .. ,a—1<h

and R is a p, X h matrix. Since X, is nonsingular, we can replace
t 1 Dr
(i) Dy

w(lr) w! W11
X N e Sl N . el I
w@f wht Whe
Then we have
DN [\ (e e e\ ([ dn
= : - : : : ;o (26)
wz(j;) d=1" amoee dxy,

where (217 ) := X 'R. We put
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a1—1
. . h+r—2 h+r—1—k
bp = (1—1)( jil )+ > (+Tr—1 1)+"'
ki=1
ar—3—1 Mtk ap_2—2
+ 2 (") 4+ X (h— k) +ar,
‘ kr,3=1‘ kr_2=1
wzn eQp—1 _‘wE;)’
Al g, =l 1<i<p, 1<ay,...,ar <h)

Then the formula (26) can be written in the form

N Z Al o (@ 2(r = 1) u) dzg,. (27)

ar=1
Let us show that the functions A%, L-a, are symmetric with respect to
the subscript a1,...,a,. By Lemma 3.2 and (27) the exterior derivative
clcuél__%_2 can be written
dwé“l"'ar—2 = Z fé(l QU — 1d'r05'r 1 ;L)él---ar_l
ar_1=1
h
= D fhar o,
Ay — 1:1
A < 2, Z Al dxar> mod .7,
ar=1
where f% ., . € Q°(M). Comparing the coefficients between the formulae

above and the exterior derivatives of (25), we can see that

Al — A =0. (1<i<py, 1<ag,...,ap <h)

Q1 Qp—1Qp QO Qp—1

Note that the 1-forms w?, .,
Qi,...,0._1, hence the functlons A"Oq,“%,

system S is locally generated by the 1-forms (25) and

, are symmetric with respect to the subscript
are also symmetric. Therefore the

i — §
Wayap1 = al Q1 Aozl Qi dxar’

ar=1

(1§l§p17 ].SOél,-..,OlrSh)

where At

t1-a, 18 a function on M and symmetric with respect to the sub-
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script arq, ..., Q. '
-, = 0mod .7, it is easy to see that

the class of S is equal to the number of independent equations on the vectors

By the computation of ¢xdw

XeTM,w(X)==w .o (X)=01<i<p;,1<a,...,ar_1 <h),
and
: 0 :
tAI}?,.h dwh(X) —0
Al 4 duy (X)
* : :
AP, A, (X)
where A}, ., . is an h x m matrix
Ai — 8"431...0(7“71&7‘
arn=1 s Ouy, 1<ar<h
1<k<m
By the assumption that classS = p; (hjle) +h+p (th:*l) — o and
rank .S = p; (hjifl), we can see that the rank of the coefficient matrix
is equal to h + py (H:*l) — 0. The upper left part of the coefficient matrix
is a p; (h+:_1)m X h matrix, so we have
4 h -1
rank {(Al |- Ap e AV ) =1 < r > — 0. (28)
r
Let A be any matrix consisting of the p; (h+:_1) —o independent rows of the
pr ("N hxm matrix (AL - AL L oo ALY Let dAL A- - AdARY

be p1 (h+:_1) — o independent differential forms excluding ¢ 1-forms from
dA}.4 Ao NdAL L, N oo AdAY . Then we can see that the
{p1 (h+:71) — a}—square matrix A is nonsingular. Hence, for all the func-
tions A* (1<i<p, 1<aiq,...,a, <h), we have

apar

e

dAL A+ ANdAP! = £ det Adu,,
# 0.

7p1(h+:71)+0_+1 Ao N dugy,
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Let du and du denote differential forms

{ du = dum_pl(h+:_1)+a+1 A A dugy,,
du = dul A--- A dum—pl <h+:—1>+a_.

Let Z(\r/) be p; (h+;_1) —o independent functions excluding o functions from

(- AL, aps - - +). Since we have

e

dxAdzAdz(1)A--- Adz(r — 1) AdA] | A--- ANdAD' , Adu
= +det Adx Adz Adz(1) A---dz(r — 1) AduAdu

# 0,
the functions z, z,...,z(r—1), A(r),uy, ... YUy (M7 1) 4o form local coor-
dinates in M. Therefore we can get local coordinates (1:, z,2(1),...,2(r=1),

P

A(r),uq, ... ,um_pl(h+r_1>+0) in M such that S is locally generated by the
1-forms (25) and

h
i g _ i
Weyoapy = 2oy apy g A (3:, . ,Um_pl(h+:—1)+0_) dz,,.,
ar=1

1<i<p, 1<o,...,a,_1 <h)

By (28), the function A’ satisfies

o
(‘)(...,Agl_.ar,...) (h—l—r—l)
rank —— = — 0.
9(A(r)) "
This completes the proof of Theorem 4.1. O

Corollary 4.2 Let S be a Pfaffian system on M. Then there exist local

coordinates (x,z,2(1),...,2(k—1), z(k), y§k+1), ey y;kzrhllk_2)+ Ly
1 g

k—1
y(’"), u) in M such that the (r —k)th derived system S,_j can be transformed
locally into the Pfaffian sysytem Q(ng’h’pl)) associated to a system of kth
order PDEs in R" and RP' of codimension o, if and only if S satisfies the
following conditions:
(i) S is a totally reqular Pfaffian system of length r with S, = {0},
(ii) S has a relative polarization of rank h,
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(iii) the type (po,...,pr+1) of S satisfies

0, ifi=0,
P m (D), H1<i<k+,

(iv) for each derived system S,_j, 1 < j <k,

h+p ("), f1<ji<k-1,

class S,_; =
’ {h—kpl(hzk)—ff, if j =k.

Proof. Assume that the (r — k)th derived system S,_; of S admits
Q(zﬁ,k’h”’ 1)). Then by Example 1 and Example 4, it is easy to see that
S satisfies the conditions (i)~(iv). Now, assuming S is a Pfaffian system
satisfying the conditions (i)~(iv), we prove that S,_; can be transformed
locally into the normal form Q(Egk’h’pl)). From Lemma 3.1 we know that
there exist local coordinates (m,y(l), . ,y(’“),u) in M such that S is gen-
erated by the 1-forms (14). Applying Theorem 4.1 to the (r — k + 1)st
derived system S, _j1, there exist local coordinates (z, z, z(1),...,z(k—1),
yBtD) oy, u) in M such that S, _j41 is generated by the 1-forms

( h
i 7 7
w'=dz" — E 2o, ATqy
a1=1
h
i g - i
Way-ap_a = dzal'“ak—2 Z fag-ag_1 dwak—l’
L ak,1—1

where the coordinates 2 z are symmetric with respect to

Qi Fan oo
the subscript aq,...,ar—1. Let us consider the system S,_j = S,_jyr1 D
span{wé’,;)} in the new coordinates (z, z, (1), ..., z(k—1),y*+D ..y w)
of M. The proof is completely analogous to that of the construction of S =

S1® Span{wé;)} on Theorem 4.1 (pp. 838-842). O

Example 7 We consider Example 5 in Section 3 again. Applying Corol-
lary 4.2 to So = span{w!, w?}, we have coordinates (1:1, T, 2L, 22, 23, 24, ygg))
in R” such that Sy can be transformed into the Pfaffian system 9(2872,2))’

which is a Pfaffian system associated to a system of first order PDEs in R?
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and R2 of codimension 2:

with

1_ .1 1 1,2 .3 4
wh=dz' — F} (21,22, 2", 2%, 23, 24) dxq

1 1 .2
- F2 (.’El,l’Q,Z y % 723724) d[l?g,

S, —
2 w? = dz? — F2(x1, 19,24, 22,23, 24) doy
— F2(z1, 19, 2%, 22, 23, 2%) dao,
O(FL, Fl F2 F?
rank (7 2L 2):2. (29)

(23, %)
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