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Necessary and sufficient conditions for boundedness
of commutators of fractional integral operators
on classical Morrey spaces
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Abstract. We prove that b is in BMO(R™) if and only if the commutator [b, I»] of the
multiplication operator by b and the fractional integral operator I, is bounded from the
classical Morrey space LP*(R?) to LLH(R™), where 1 < p < 00, 0 < a <n, 0 < A<
n—ap, 1/g=1/p—a/n and A\/p = p/q. Also we will show that b is in Ag(R™) if and
only if the commutator [b, I,] is bounded from the classical Morrey space LP*(R™) to
L%H#(R™ or from LP*(R™) to LL*(R™), where o and 3 satisfy some conditions.

Key words: commutator, fractional integral operator, the classical Morrey space, higher

order commutator.

1. Introduction

Let I,, 0 < a < n, be the fractional integral operator of order «,
defined by

I, f(x) ::/R &dy.

n |z =yl

For a locally integrable function b, the commutator is defined by

[0, 1a]f (z) := b(x)Iaf(z) — La(bf)().

The commutator [b, I,] was introduced by Chanillo [2].

Adams [1] showed that the fractional integral operator is bounded from
the classical Morrey space LPA(R™) to L9*(R"™). Chiarenza and Frasca [3]
gave an another proof of the previous result.

Recently, Di Fazio and Ragusa [6] showed that if b is in BMO(R"),
then the commutator [b,I,] is bounded from the classical Morrey space
LPA(R™) to L9*(R™), and conversely, under some restricted condition on a,
if the commutator [b, I,] is bounded from LPA(R™) to L%*(R™), then b €
BMO(R™).
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Moreover Paluszyniski [14] showed that if p < n/(a + (), then b is in
the (homogeneous) Lipschitz space Ag(R”) if and only if the commutator
[b, I,] is bounded from LP(R"™) to L"(R"), 1/p — 1/r = (a + ) /n.

The aim of this paper is to prove that b € BMO(R") if and only if
the commutator [b, I,] is bounded from the classical Morrey space LP(R™)
to LT*(R™) for some appropriate indices p, ¢, A, ¢ and . Therefore our
result will mean to remove some restriction from the result of Di Fazio and
Ragusa [6].

Also we show that b € Ag(R") if and only if the commutator [b, I,,]
is bounded from the classical Morrey space LP*(R") to L9*(R") or from
LPA(R™) to L9*(R™) for some appropriate indices p, ¢, A, p, a and £3.

We will give an answer to a problem posed by Yasuo Komori and
Takahiro Mizuhara [10, Problem 1, p.352].

The author would like to express his gratitude to his advisors, Professor
Takahiro Mizuhara and Professor Enji Sato for their assistance. And the
author would like to thank the referee for most helpful suggestions.

2. Definitions and notation

Throughout this paper all notation is standard or will be defined as
needed. All cubes are assumed to have their sides parallel to the coordinate
axes. () = Q(xo,t) denotes the cube centered at zo with side length t. Given
a Lebesgue measurable set E, x 5 will denote the characteristic function of £/
and |E| is the Lebesgue measure of E. The letter C' will be used for various
constants, and may change from one occurrence to another.

Definition 2.1 (classical Morrey space) Let 1 < p < oo, 0 < A. We
define the classical Morrey space by

LPAR") = {f € L, (R™): [|fl| o < 00},

loc

where

1 1/p
s = s (5 [ itapas)
g \P Jotne

For the classical Morrey space LP*(R"), the next results are well-known:

If 1 < p < o0, then we have LPO(R") = LP(R™) and LP"(R") = L>°(R")
when A = n, and if n < ), then we have LP*(R™) = {0}. Therefore we
consider the case only 0 < A < n.
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Definition 2.2 (John-Nirenberg space) BMO(R")is the John-Nirenberg
space. That is, BMO(R"™) is a Banach space, modulo constants, with the
norm || - ||« defined by

1
1Bl o= sup = / b(z) — bo| dz,
Qo Q] Jg

1
bq = M/Qb(y) dy

and the supremum is taken over all cubes @ in R".

where

Definition 2.3 (Lipschitz space) We define the (homogeneous) Lipschitz
space of order 3,0 < § < 1, by

AR = {/f: |f(2) = f(y)] < Clz —y|”}
and the smallest constant C' > 0 is the Lipschitz norm || - || Ay
We recall the definitions of some maximal functions.

Definition 2.4 Given a locally integrable function f and o, 0 < o < n,
define the fractional maximal function by

Maf(@) = sup o a/n/ £yl dy

when 0 < @ < n. If @ = 0 then Myf = Mf denotes the usual Hardy-
Littlewood maximal function. Also define the sharp maximal function by

Mf(w) = sup o | 11(0) ~ faldy
Q3 ‘Q|

In both definitions, the supremum is taken over all ) containing zx.

Remark As well known, the sharp maximal function was introduced by

Fefferman and Stein [7]. The fractional maximal function was used by
Muckenhoupt and Wheeden [13].

The blocks and the space generated by blocks were introduced by
Long [12]. See also Komori and Mizuhara [10].
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Definition 2.5 Let 1 < ¢ < r < oco. A function g(x) on R" is called
a (g, r)-block, if there exists a cube Q(zo,t) such that

supp(g) C Q(xo,t), |gllzr < /=10,

Definition 2.6 Let 1 < ¢ < r < co. We define the space generated by
blocks by

hqr(R") := {f =Y mjgj: gj are (¢, r)-blocks,
j=1

o0
1l = inf S g < oo},
j=1

where the infimum extends over all representations f = Z;’;l m;g;.

3. Theorems
The LP* theory about the fractional integral operator I, is as follows:

Theorem A (Adams [1]) Let0<a<n,l<p<n/a,0<A<n—ap
and1/q =1/p—a/(n—A). Then there exists a constant C > 0 independent
of f such that

e fllpar < Clfll Lo
for every f € LPA(R™).

This proof depends on the basic idea due to Hedberg [8]. We have the
following theorem from Theorem A using Holder’s inequality, which was
obtained by S. Spanne but published by Peetre [16].

Theorem B Let 0 < aa < n, 1 < p < n/a, 0 < A\ < n—ap. Set
1/g=1/p—a/n and p=nA\/(n — ap) (i.e. \/p = pn/q). Then there exists
a constant C' > 0 independent of f such that

o fllLan < C[[f] Lo
for every f € LPA(R™).

Remark We note that the fractional maximal operator M, is bounded
form LP? to L% or from LP* to L%* since the pointwise inequality
Myf(z) < Io(|f])(z). More generally, M, ,f(z) < Io,(|f])(z), where
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Mo f () = Mar(|f7) ()7 and Lo, (f)(2) = Lar (| f]7) ()17
Note that Theorem B was originally showed for the Morrey-Campanato
spaces on a bounded domain with a more general index A.

Theorem C (Di Fazio and Ragusa [6]) Let 0 < o < mn, 1 < p < n/a,
O<A<n—ap, 1/g=1/p—a/(n—N).

If b is in BMO(R"), then the commutator [b,I,] is bounded from
LPAR™) to LYMR™).

Conversely if n — « is an even integer and [b,1,] is bounded from
LPARY) to LYNR™) for indices p, ¢, X as above, then b € BMO(R™).

In the case of different indices, we have the following results. In the
following, we assume that f € C°(R"™), the space of infinitely differentiable
functions with compact support.

Theorem 3.1 (Main Theorem) Let0 < a<n,1<p<n/a, 0 <A<
n—ap, 1/g=1/p—a/n and p =n\/(n — ap) (i.e. \/p = p/q).
Then the following conditions are equivalent:
(a) b€ BMO(R™).
(b) [b, 1] is bounded from LPMR™) to L9*(R™).

Furthermore we get the following results when o < n(1/p — 1/q).

Theorem 3.2 [Letl < p<qg< o0, 0<a,0<8<1,0<a+8=
n(l/p—1/q¢) <n,0< A <n—(a+pB)p and u/q= \/p.
Then the following conditions are equivalent:
(a) b € Ag(R™).
(b) [b, 1] is bounded from LPNR™) to L9+ (R™).

Theorem 3.3 Letl <p<g<oo,0<a,0<f8<landd<a+f=
(1/p=1/g)(n = A) <n.
Then the following conditions are equivalent:
(a) be Aﬁ(Rn).
(b) [b, 1] is bounded from LPMR™) to LI (R™).

Theorem D (Komori and Mizuhara [10]) Let 0 < o <n, 1 < p < n/a,
O<A<n—apandl/g=1/p—a/(n—N).
Then the following conditions are equivalent:
(a) b€ BMO(R™).
(b) [b, 1] is bounded from LPMR™) to LIA(R™).
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Remark Our proof is an another proof of Theorem D due to Komori and
Mizuhara [10]. Our method is direct, but there have used the factorization
theorem for H!(R").

4. Technical lemmas
We need some lemmas in order to prove our theorems.

Lemma 4.1 The following are true:
(1) For each p, 1 < p < oo, there exists a constant C, such that

1 1/p
sup</ b(x) — bol? da:) < Cpl[b]|«-
Q \IQlJg

(2) Given a, 0 < a < n, there exists a constant C such that for any
cube @ and a nonnegative function f

/Iaf(:p) dz < C|QI*"™ | f(z)da. (4.1)
Q R"

The first follows from the John-Nirenberg lemma. For a detailed
proof of (1), for example, see [5, Chapter 6]. For a proof of (2), see [4,
Lemma 5.2.(1)].

As well known, the idea of relating commutators with the sharp maxi-
mal operator is due to Stromberg (cf. [9]).

Lemma 4.2 Let0<a<n,1<r<ooandbe BMO(R"™). Then there
exists a constant C > 0 independent of b and f such that

ME([b, La] () (x) < Cllbll{Ta(1F) (@) + Lo (1F) (@)} (4.2)
for almost all © and every f € C°(R™).
This lemma is similar to the result due to Cruz-Uribe and Fiorenza [4].

Proof. We first note that I,(|f]) is in the Muckenhoupt class A; (see
Sawyer [17]); there exists a constant C such that M(I,(]f]))(z) <
CI.(|f])(x) for almost every x. Therefore it satisfies the reverse Holder
inequality for some index s > 1. Fix z € R" and fix a cube () contain-
ing x. Then it will suffice to prove for some complex constant cg that there
exists C' such that

1 |1l =l dy <L) )+ L (D) (43
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Decompose f as fi+ fa, where f1 = fxo+ and Q* is the cube with the same
center as () whose sides are 3/n times as long. Let cg = I,((b—bg-+) f2)(z0).
Since [b, 1] f = [(b— bg+), 1] f, we have

@ /Q 110, L] (y) — co| dy

< fo1 b~ el 1a5 ) v+ i | 11006 = b)) )

+ Clg‘/Q\Ia((b —bge) f2)(y) — Tn((b — bor) f2)(x0)| dy
= T4 114 IIL

We estimate each integral in turn. For I, using Holder’s inequality with
exponent s satisfying the reverse Holder inequality, Lemma 4.1 (1) and
I,(|f]) € A1 we have

1< (@ / b(y) — b dy>1/8/ (@ /Q !Iaf(y)lsdy>1/s
<l (i / Dy )

< Cl[bll M (La (] 1)) ()
< Cllpll+La ([ f)(2)-

To estimate II, we apply Hoder’s inequality with exponemt r and (4.1).
Then we have

n<ml2| Lu(|(b = bg) f1]) () dy
< C\QW"@ / 1b(y) — bor| 1) dy
Qe

o /b ) — boe| 1)) dy

1/r 1 1/r
<C *a/n( b _b*r’d> < rd>
<P (g [ ) —bertdn) (1 [ 15w

< C|b[[« Mo f ()
< C|blleLan ([ 1) ().
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The last inequality follows from the remark below Theorem B.
Finally, we estimate the third integral. By the mean value theorem, if
|z| > 2|y| then there exists v, 0 < v < 1, such that

1 1
jz[rme e+ oyl

|y ly|
|$_|_,7y|nfa+1 — ‘x|nfa+1'

If y € Q and z € R™\ 28Q*, then |zg — 2| > 2FFly — 2| by geometric
observation. Hence we can control III pointwise by

| Za (b = bg+) f2) () — Ta((b = bg+) f2) (o))

</ 1 | ) — bl 17 d
RmM\Q*

_ Z’n—oz o ’330 _ z’n—a
Yy—x
<cz/ )—bQ*|f(Z)|‘xo‘_z‘7£LhL1dz

k+1Q \QkQ*

_— b
Z ’2k+1Q*|1 a/n /Zk‘HQ | (Z)

k=

1 ) 1/r
<oy g b(:) — b "z )

k=0 |2k+1Q*| 2k+1Q*

1 1/r
(T fungr 1)
< O[bll« Mo, f ()
< Obll Lo (1f1)(2),
where we have uesed Holder’s inequality. The last inequality follows from

the remark below Theorem B. Combining these estimates, we get the de-
sired pointwise inequality. ]

f(2)ldz

Lemma 4.3 (Di Fazio and Ragusa [6]) Let1 <p < oo, 0 <A <n. Then
there exists a constant C' > 0 independent of f such that

1Ml por < CIMEf oo
for every f € LPAR™).

Lemma 4.4 (Komori and Mizuhara [10]) Let1 <p <oo, 0 <A <n and
1<qg<r<oo. Then we have
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||XQ(9[;O¢)HL10>A < Cnt(n_/\)/pa ||XQ(xo,t)||hq,r < Cpt™e
where Cp, > 0 depends only on n.

Lemma 4.5 (Komori and Mizuhara [10], Long [12]) Let1 < ¢ < p' < oo,
qg=np/(np—n+ ) and 1/p+ 1/p' = 1. Then the Banach space dual of
hg (R™) is isomorphic to LPA(R™).

See Komori and Mizuhara [10] for Lemmas 4.4 and 4.5. The following
lemma can be found in [14, Lemma 1.5.].

Lemma 4.6 (cf. Paluszyniski [14]) For 0 < f <1 and 1 < q < oo, we
have

1
11, 50 s | 1) — Jolda

1 1 g l/q
ANSUp ——— | — — d
bgp|Q|5/,1<Q|/Q|f(~’6) fql x> ,

for q = oo the formula should be interpreted appropriately, where the supre-
mum s taken over all cubes @ in R™.

5. Proof of theorems

Proof of Theorem 3.1. (a) = (b): Let 1 < r < p. From Lemmas 4.2 and
4.3 we get

11, La] fl| Lo < IM([b, L) (f)) || Lo
< C|M¥([b, La] (f))l| o
< ClIolANMa (1 f Dl awe + Har ([ f Dl Lan }

= Clpll-{ I Dll o + W ar (LN s §
< Ol

The last inequality follows from Theorem B. This completes the proof of
(a) = (b).

(b) = (a): We use the same argument as Janson [9]. Choose 0 # 2y €
R™ such that 0 ¢ Q(z0,2). Then for z € Q(z0,2), |z|""* € C*(Q(z0,2)).
Hence, considering a cut function on the cube Q(zg,2 + 0) for sufficiently
small 6 > 0, |z|""% can be written as the absolutely convergent Fourier
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series;

‘x|n—o¢ _ Z amei<vm7x>

mezZmn

with > |am| < oo, where the exact form of the vectors vy, is unrelated.
For any xp € R™ and t > 0, let Q = Q(z0,t) and Q* = Q(zo + 20t,1).

Let s(z) :sgn(fQZO(b(x)—b(y)) dy). If z€@ and y € Q*, then (y —z)/t €
Q(20,2). Hence we get

1
@/Q |b(z) — bgeo| dx

- Gias Ll 0 =y
- @ ( /Q L 00a) = bl = g1 = g dy ) d

% ‘ dy) dx

dx

tn—a

=S [ (] 0 st =yl
=t " Z am/Qs(x)

mezZm"

X (/Q (b(l’) _ b(y))!m _ y|a—nei<vm7y/t> dy) e—i(vm,z/t) dx
=)

< S | 5@ Tl xgroe /) @) g o)
meZ™ "

< e Z ’am’ H[b’ Ia](XQZO eZ(UMN/w)HLw ’ HXQthq/(nq—n-Ht),q’
meZ™

S tinia Z |am| H [b) Ia] ||Lp,A*>Lq,u ’ ”XQZO ||L;D,>\ : HXQthq/(nq7n+u),q’
meZ™

< e Z |am| H[l% Ia]||Lp,>\_>Lq»u ' Cnt(n_k)/p ’ C;Lt(nq—n—l—u)/q
mezZ"

= CH [b7 Ia]HLPaA—J/q,w

The second inequality follows from Lemma 4.5, the third inequality follows
from Lemma 4.4. Therefore we get

1 2
— [ |b(x) — bo|dz < — — boe
\Q|/Q'($> | $§1Q|/Q'b(x) ol dr
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< QCH[b, Ia”|LPA_>Lq,u.

This implies that b € BMO(R") and ||b]|. < C||[b, Ia]||p.r— ., and the
proof of the theorem is completed. O

Proof of Theorem 3.2. (a) = (b): Let b € Ag(R™). Then we get

b, o] f ()| = / n(b(ﬁ = ’;ﬁ’_)j(y) dy‘
b@) = bW - 7wl 4,
~ JRrn |z —y|P—@

, |f ()l _ ,
< Clply, [y Ay = Clbl T (1) 2)
for almost all x € R™. Therefore we have, from Theorem B

116, Lol fllzaw < ClIbll 4, ot ([ Dllan < ClBIIA Il Loa-

(b) = (a): We can prove using an argument similar to the proof of Theo-
rem 3.1. For completeness we give a proof.

Let @ and Q* be same cubes as the proof of (b) = (a) in Theorem 3.1.
Then we have

LCIQ\ /Q 1b(x) — b | da
~ g L@ ([ ¥ = ol =yl =y
=S [ ([ 0 st =t [FE T s

t

<073 | Iy Tl g - GNP Cpna=n10/
mezZm

= C||[b, Ia)ll or  Lant’.

Therefore
1 _ 9
Q[ +B/m be(x) ~ boldz < Q[+ Q!b(w) — bg=o|dzx
< QCH[bJa”|LP»A—>Lq,u-

From Lemma 4.6, we have b € Ag(R") and HbHAB < C|l[b, Lol LA — pasm -
This complete the proof. O
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Theorem 3.3 is shown in the same argument as the proof of Theorem 3.2.
We omit this proof.

6. Boundedness of higher order commutator on classical Morrey
spaces

We will consider a higher order commutator operator defined by
AFp h
b1t o) = [ S g,
where
Abb(z) = Apb(z) = b(x + h) — b(x),
AFb(z) = Afb(x) — Afb(y), k> 1.
Let 0 < 8 < k < n, k an integer and n be the dimension of the whole space.

We now try to define the Lipschitz space Ag(R”) again. For 8 > 0, we say
be Aﬁ(Rn) if

_ |Afb(x)]
I, = e S <o k2L
T£h

Theorem 6.1 Suppose the same condition as Theorem 3.2. The following
conditions are equivalent:

(a) b = by + P, where by € Ag(R™) and P is a polynomial of degree less
than k.

(b) [b, I]F is bounded from LP(R™) to LIH(R™).

If k = [8] + 1, then (a) of theorem says that b € Ag(R™).

The proof of (a) = (b) will be omitted since we can prove the same
argument as Theorem 3.2. The part of (b) = (a) is based on the following
results for the Besov spaces.

Lemma 6.2 (Paluszynski and Taibleson [15]) Let 0 < 5 < k, with k an
integer. Suppose f € S’OLIIOC(]R"). The following conditions are equivalent:
(a) f= fi+ P, where fi € B&OO(R") (= Ag(R™) and P is a polynomial of
degree less than k.

(b) There exists zo € R™ such that



Commutators on Morrey space 695

supt*[3 sup L
t>0 zoER™ |Q|

1
g (L)L @b psennfar) < <o

where Q = Q(xo,t), and Q* = Q(xg + 20t,1).

If these conditions hold then | f|| g, is comparable with the best possi-

ble C in (b).
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