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Grassmann geometry
on the 3-dimensional Heisenberg group

Jun-ichi INnoGucHI, Kenji KUWABARA and Hiroo NAITOH
(Received July 24, 2003)

Abstract. In this paper the geometries of surfaces in the 3-dimensional Heisenberg
group with a left invariant metric are classified from a stand point of the Grassmann
geometry, and for each of them the existence or nonexistence of surfaces with constant

mean curvature is clarified.
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1. Introduction

Let M be an m-dimensional connected Riemannian manifold and r be
an integer such that 1 < r < m. Given a nonempty subset ¥ in the Grass-
man bundle G"(T'M) over M, which consists of all r-dimensional linear
subspaces of the tangent spaces of M, an r-dimensional connected subman-
ifold S of M is called a Y-submanifold if all tangent spaces of S belong to
the set X, and the collection of such the submanifolds is called a ¥-geometry.
“Grassmann geometry” is a collected name for such a X-geometry. When G
is the identity component of the isometry group of M, it acts on G"(T'M) as
the differentials of isometries and then we have many G-orbits in G (T'M).
If ¥ is given by a G-orbit, 3-geometry is in particular called of orbit type.
If M is a Riemannian homogeneous manifold, such a > is a subbundle of
G"(TM) over M.

In the study of Grassmann geometry, we should first consider whether a
Y-submanifold exists or not for an arbitrary Y-geometry, and next consider
weather the Y-geometry has somewhat canonical Y-submanifolds or not, eg.,
minimal submanifolds, submanifolds with parallel mean curvature vectors,
etc., and, if there do not exist such submanifolds, we would moreover like
to find certain kinds of submanifolds suitable to the ¥-geometry.

In this paper, from this view of points, we will study a local theory of

2000 Mathematics Subject Classification : 53B25, 53C40, 53C30.
The first author was supported by JSPS. KAKENHI(14740053).
The third author was supported by JSPS. KAKENHI(13640077).



376 J. Inoguchi, K. Kuwabara and H. Naitoh

surfaces for the case where M is the 3-dimensional Heisenberg group with
left invariant metrics parametrized by positive numbers ¢ and ¥ is a G-orbit
in G*(TM). First of all, we shall show that the orbit space of the G-action
on G%(TM) is parametrized by the values of the curvature function K,
and K takes values in the closed interval [—3c?/4, ¢2/4]. The Grassmann
geometry defined by the orbit determined by each o € [—3c?/4, ¢ /4] will
be called O(«a)-geometry.
Our results are summarized as follows:
e There exist no surfaces in O(—3c?/4)-geometry.

Surfaces in O(c?/4)-geometry are Hopf cylinders.

For each « such that —3c?/4 < a < c?/4, every surface in O(a)-

geometry is of negative constant curvature a — c? /4 free of geodesic

points. Moreover there exist no surfaces with constant mean curvature.

2. Heisenberg group and its Grassmann geometries

Let H be the 3-dimensional Heisenberg group, which is a 2-step nilpo-
tent Lie group of all the 3 x 3 real matrices with the following form

1
0 , T,y, 2z €R,
0

O = 8
— QW

and let h be the Lie algebra of left invariant vector fields. Moreover take a
left invariant metric (-, -) on H, which induces an inner product on § since,
for X, Y € b, a function (X, Y) is constant on H. Then we can see that
there exists an orthonormal basis {1, Fa, E3} of h and a positive constant
c such that the bracket relations on b are represented in the following

[E1, Eo] = cEs3, [Ey, E3] = [Eq, E3] =0,

where F3 generates the center of h and the constant ¢ is determined by the
left invariant metric (-, -), more precisely, the isometric classes of left in-
variant metrics on H are parametrized by all the positive constants c. (Refer
[7] for the details.) In addition, using the orthonormal basis {Ej, Es, E3}
and the positive constant ¢, we can calculate the Levi-Civita connection V
and the curvature tensor R as follows:

c

c c
Vg Er = §E3, Ve, B3 = §E1, Vi, Bl = —§E27 (2.1)
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VB = 5By, VeE= B, Vil=—- kb,
R(Ey, E3)E, = —R(FEs, E1)E, = 1c2Eg,

R(E1, FBy)Ey = —R(Es, Fy)Ey = —ZCQEl,

R(Ey, E3)Ey = —R(Es3, E1)E, = —ECZEQ,

R(Ey, E3)F3 = —R(E3, E1)E3 = %cZEl,

R(Es, E3)Ey = —R(FEs3, E3)Ey = —%c2E3,

R(Es, E3)E3 = —R(Fs3, Ey)Es = %c%:z,

and other Vg, E;’s and R(E;, Ej)E}’s are zero.

Let exp be the exponential mapping of h on H, which induces a diffeo-
morphism of R? onto H by the correspondence h = R? > (uy, ug, u3)
exp(ui E1 + ugEy + usE3) € H. Hence exp~! gives a global coordinates on
H.

We have the following relations between vector fields (cf. [8]):

B 0 c 0 B 0 n c 0 0
= — — —U9— = —_— —U1— = —.
! 8’&1 2 2 OU3 ’ 2 8’LL2 2 ! 8U3 ’ 3 8U3

Next let S?(h) be the unit sphere in h (= R3) centered at the origin.
For an element w = (wi, wa, w3) in S?(h), we can define its orthogonal

plane P(w) in b as follows:
P(w) = {(ul, U9, U3) S Rg; W1U1 + Wau + wyug = 0} CR?= b.

Then, from the above calculations of R, the sectional curvature K(P(w))
of P(w) is given in the following

2 2

K(P(w)) = (=3u} +wf +wf) = (1 4?) (2.2)

where p = |ws| and 0 < p < 1. Here we note that P(w) is a left invariant
plane in h, and so K(P(w)) is well-defined. Now let 79, 6§ € R, be the
orthogonal transformation of h which gives the #-rotation on the ujus-plane
and fixes the ug-axis. Then rg is an isometry of h preserving the bracket
product [-, -], and so it also induces an isometric automorphism of H.
Hence, for two planes P and P’ of b, it holds that K(P) = K(P’) if and
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only if there exists an isometric automorphism ¢ of H such that p(P) = P’.
This fact immediately leads to the following proposition.

Proposition 2.1 Let G*(TH) be the Grassmann bundle over H, and K
be the curvature function on G*(TH) which assigns to a plane its sectional
curvature. Moreover let G be the identity component of the isometry group
of H. Then, it holds that K(P) = K(P') for P, P' € G*(TH) if and only
if G(P) = G(P'). Namely, the orbit space of the G-action on G*(TH) is
parametrized by the values of the curvature function K, where the values of
K moves around on the interval [—3c? /4, ¢ /4].

Proof. Let P, P’ be 2-planes in tangent spaces T, H and Tj H, respec-
tively and assume that K(P) = K(P’). Next translate P and P’ into the
planes Ly 1P and Ly P' in T,H by the left translations L;-1 and Ly -1,
respectively, where e is the unit element of H. Then, since left translations
are isometries, it holds that K(Lj,-1P) = K(Lj,-1P’). By the above fact,
there exists a rotation isometry rg of H such that r¢(L,-1P) = Lp—1P’,
and thus (Lp orgo Lj,-1)P = P’. Noting that Ly, Lj-1, and ry belong to
the identity component G of isometries of H, we have that G(P) = G(P).
The converse is obvious since G acts isometrically on H. Also, the range of
values of K is obvious by (2.2). O

Remark Using Lagrange’s method of indeterminate coefficients, we can
see that the critical values of the curvature function K o P: S%(h) > w —
K(P(w)) € R are only the maximum c¢?/4 and the minimum —3c?/4.

Note that the identity component G of the isometry group of H is
generated by left translations and rotation isometries 79 on H. Hence H
has 4-dimensional isometry group.

In the following sections, we will study the Grassmann geometries on
H of orbit type. According to the parameterization of the orbit space
G\G?*(TH) by the values a of K, we put

Y ={Pc G*TH); K(P) = a}

for each a such that a € [~3c%/4, ¢%/4], and call the Grassmann geometry
defined by this orbit the O(a)-geometry. Here a = (c?/4)(1 — 4p?). To
study each O(«)-geometry, we prepare the following lemma, which plays
important roles in the following arguments.
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Lemma 2.2 Let S be an O(«)-surface of H and p be a point in S. Then
there exists a local involutive distribution D of H around p such that S is a
local leaf and the leaves of D are all O(«)-surfaces.

Proof. Since H is a Riemannian homogeneous space, we can locally and
isometrically deform S around p for the direction normal to the tangent
space T),S. Then the collection of deformed surfaces defines a desired invo-
lutive distribution D around p. ([l

We first consider the O(—3c?/4)-geometry. Then we can easily see the
following theorem.

Theorem 2.3 There exists no O(—3c?/4)-surface.

Proof. Assume that there exists an O(—3c¢?/4)-surface S. Then, by Lemma
2.2, there exists a local involutive distribution D whose leaves are all

O(—3c?/4)-surfaces. In this case D is generated by the left invariant vector
fields E1 and Fs, since O(—3c¢2/4)NG?(T.H) consists of only the plane gen-
erated by the vectors (F;)e and (Ey)., where G?(T,H) denotes the Grass-
man manifold over T, H of 2-planes. Moreover, since D is involutive, it
follows that [Eq, Es] belongs to D, but it holds that [Ey, E2] = cE3 by the
bracket relation. This is a contradiction. |

Remark This result can be proved alternatively as follows: Denote by w
the left invariant 1-form dual to F3. Then w is a left invariant contact form
on H. The distribution D is spanned by E; and Es. Hence D is the contact
distribution defined by w = 0 and hence D is non-integrable. The vector
field E3 is a unit Killing vector field. The flows of Fj3 is called the Reeb
flows of (H, w). The formulas (2.1) imply that Reeb flows are geodesics.

Let S be a general surface of H. For a point ¢ in .S, there exists a
unique left invariant 2-plane P(q) in h such that (P(q)), = T,S. Hence we
can consider the Gauss mapping x: S > ¢ — P(q) € G*(h) where G?(b)
denotes the Grassmann manifold over h of 2-planes. As an application of
Theorem 2.3, we then have the following.

Corollary 2.4 Let S be a general surface of H and put
Sing(S) = {p € S; k(p) = the ujua-plane}.

Then, the set Sing(S) has no interior.
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Proof. If Sing(S) has an inner point, the interior of Sing(.S) is an O(—3c?/4)
-surface. This contradicts to Theorem 2.3. O

3. O(c?/4)-geometry

In this section we study the O(c?/4)-geomety. The orbit O(c?/4) consits
of all the planes P with the following form:;

P=R-(E3)q+R- (cosO(E1)q + sinb(Ez),),

where ¢ € H and 6 € R. For a local smooth function 6 = 0(uy, ua, uz) on
H, define a local distribution D? on H as follows:

(D")g =R (E3)g + R - (cos0(q)(Er)q + sin0(q)(E2),),

where ¢ = (uq, ug, ug). We will find local functions # such that D? is
involutive. The integrability condition [D?, D?] ¢ DY induces the following:

[E3, cos 0F) + sin 0y = (E30)(—sin0F) + cos 0E;) € D’.

Since the smooth vector field —sin #E; + cos 8 F» is orthogonal to DY the
distribution DY is involutive if and only if E36 = 0, and moreover, since F3 =
0/0us, this implies that 6(u1, ug, uz) is independent on the variable uz. In
particular we can see that the O(c?/4)-geometry has many O(c?/4)-surfaces,
and each O(c?/4)-surface is realized as a part of the inverse image 7= !(7)
of a curve 7 in the ujus-plane by the projection 7: R® > (ug, ug, uz) —
(u1, ug) € R2. This inverse image is called a Hopf cylinder over ~. The
Hopf cylinder over « is flat and whose mean curvature is the half of the
curvature of . See [5], p. 22.

Next we detail about geometric properties of O(c?/4)-surfaces. We set
0 = 0(uy, ug) and calculate the Riemannian connection V¢, the curvature
tensor RY, and the second fundamental form I1? of DY. The restrictions of
them onto each leaf of DY give the Levi-Civita connection, the curvature
tensor, and the second fundamental form of the leaf, respectively. The
following lemma can be easily calculated by using (2.1) and the fact that
Es6 = 0.

Lemma 3.1 Let (D%)* denote the orthogonal distribution of D, and put
X =F3,Y =cosOF; +sinfE; € D, and N = sinfFE; — cos0E, € (D?)*.
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Then it holds that
VX =ViYy =V%Y = Vi X =0, (3.3)
and thus R? = 0. Moreover
(X, X) =0, I°X,Y)= gN, (3.4)
(Y, Y) = —{cos §(FE,0) + sin §(F10) } N.

Here we note that {X, Y, N} is a local frame of orthonomal vector
fields on H, and moreover it holds E10 = 06/0u; and Es0 = 00/dus since
00/0us = 0. Then, together with Lemma 3.1, we have the following theo-
rem.

Theorem 3.2 Let S be an O(c?/4)-surface of H. Then, it satisfies the

following geometric properties:

(1) S is a flat surface;

(2) S has no geodesic point,

(3) S is a minimal surface if and only if it is a part of a Hopf cylinder
over a straight line in the uijus-plane;

(4) S is a surface with nonzero constant mean curvature if and only if it
is a part of a Hopf cylinder over a circle in the uius-plane.

Proof. The claims (1) and (2) are obvious by (3.3) and (3.4), respectively.
We show the claims (3) and (4). We consider a local involutive distribution
D? as described in the above and then assume by virtue of Lemma 2.2 that
the leaves of DY are all congruent and one of them locally contains S. Then,
since X and Y are an orthonormal frame in DY, the mean curvature vector
fields along the leaves of D? are given by —{cos §(E16) +sin 0(E20)} N, and
thus the leaves have the same constant mean curvature k with respect to
the normal N if and only if —{cos0(E10) +sin6(E20)} = k/2, equivalently,

cosﬁaajl —|—sin98852 = —g (3.5)
since E10 = 00/0u; and E20 = 00 /0us.

Now regard the ujusus-space R3 as the commutative Lie group with
flat metric such that 0/0u;’s are orthonormal left invariant vector fields
and construct the distribution (D’)? on the flat space R3 by using the same
local function 6 as given in the above, provided that the vector fields X, Y,
and N read 0/0us, cos00/0u; + sin00/Jusg, and sin #0/0u; — cos 00 /Ous,



382 J. Inoguchi, K. Kuwabara and H. Naitoh

respectively. Denote by X', Y/, and N’ the latter vector fields, respectively.
Then, we can observe that D? and (D’)? define the same distribution since
the planes generated by X and Y coincide with those generated by X’ and
Y’. Moreover, we can observe by the same way as done for the case of H
that, in the flat space R3, the leaves of (D’ )9 have the same constant mean
curvature k if and only if the function 6 satisfies the equation (3.5). By
these observations, it follows that if S is a surface of H with constant mean
curvature k, it is also such a surface of the flat space R®. Hence, by the
theory of surfaces of R3, our claims (3) and (4) are proved. O

Remark Under the assumption that S is generally a Hopf cylinder of H,
this theorem is already known by using another method (cf. [5], p. 22). Here
we remark that the O(c?/4)-surfaces are nothing but the Hopf cylinders.

One can check that integral curves of the vector field Y = cos0F; +
sin @ Ey are Legendre curves of constant torsion ¢/2. Thus every O(c?/4)-
surface S is foliated by Legendre curves (curves orthogonal to F3) of con-
stant torsion and geodesics (Reeb flows). In particular, every O(c?/4)-
surface with constant mean curvature is foliated by Legendre helices and
Reeb flows. Compare with O(a)-surfaces with —3c?/4 < a < ¢?/4 (Theo-
rem 4.6).

4. O(a)-geometry (—3c?/4 < a < c?/4)

Next we consider the O(a)-geometry such that —3c?/4 < a < c?/4.
Fix such an « and set p = (1/¢)/(¢?/4) — «, where 0 < p < 1. Then the
orbit O(a) consists of all planes P with the following form:

P=R- (sinf(Ey); — cosb(L2),)
+ R (pcosO(Er) g+ psind(Ez)q — V1 — p*(E3)q),

where ¢ € H and # € R. By the same way as in the case of O(c?/4)-
geometry, we define a local distribution D? on H for a local smooth function
0 = 0(uy, ug, uz) on H as follows:

0
(D%)y=R-X,+R Y,

for ¢ = (u1, u2, ug), where Xy = pcos6(q)(E1)q+psinb(q)(E2)q — /1 — p?
X(E3)q and Yy = sinf(q)(E1)q — cosb(q)(E2)q. Then, the integrability
condition of D? is given in the following form:
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(1 — p?)(E30) — p\/1 — p2 cos (E1H) (4.6)
— pV/1 = p?sin@(Eqf) + p*c =0, ie.,
00 .06
pvV 1 —p?cos@— + p\/1— p?sinf— (4.7)
ouq Oua
0
+ {gp 1 — p2uysinf — gp\/l — p2ug cosh — (1 — p2)}8(9
u3
—p?c=0.

We will give ourselves to study this 1st order PDE (4.7). The characteristic
ODE’s of (4.7) are given in the following:

dur _ pvV 1 — p?cosb, (4.8)

dt

d
w2 _ pvV 1 —p?sinb,

dt

d

% = %p 1 — p2u;sinf — %p\/l — p2ugcosh — (1 — p?),
o,

% = pcC.

Take an initial surface P as P = {(0, a, b); a,b € R} and denote by ¢(a, b)
an arbitrary initial function on P. Moreover let uy(t, a, b), ua(t, a, b),
us(t, a, b), and 6(t, a, b) be the solution of (4.8) such that u;(0, a, b) =
0, uz(0, a, b) = a, uz(0, a, b) = b, and 0(0, a, b) = ¢(a, b). Then, it follows
that 0(t, a, b) = p*ct + ¢(a, b) and

8u1/8t 8”&1/8@ aul/ab
det | Qua/0t Oua/0a Ouz/0b | (0, a, b)
OU3/at 8’&3/8@ aug/(’)b

p\/1— p?cosp(a, b) 00
= det pV/ 1 — p?sinp(a, b) 10
01

—(¢/2)py/1 = pracos p(a, b) — (1 - p?)
= p\/1—p?cosp(a, b).

If ¢ satisfies that cos p(ag, bg) # 0 at a point (ag, by), we can see by the
inverse mapping theorem that the variables ¢, a, and b are solved by the
variables u;’s around (0, ag, bp) and consequently the PDE (4.7) has a local
solution 6 = p?ct(w;) + p(a(w;), b(w;)) around (0, ag, by). For example,
taking a constant function ¢ = k where cosk # 0, we can produce local
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O(a)-surfaces and thus have the following.

Theorem 4.1 For any a such that —3c?/4 < o < ¢? /4, there exist O(a)-
surfaces of H.

Next we study geometric properties of O(«)-surfaces. Take a local
function 6 on H satisfying the equation (4.6) and consider the involutive
distribution D?. There DY is spanned by the orthonormal vector fields X
and Y given at the beginning of this section. Then, we have the following
lemma.

Lemma 4.2 Put N = /1 — p2cosOE;++/1 — p2sin@Ey+ pE3 and F =
sin §(E10) — cos 0(F»0), where N is a unit vector field of D?. Then it holds
that

VX =— <p 1— p2(Es0) — Cp)Y, (4.9)

V1-—p?
VyY = /1—p2F'N + pFX,
Vy X = gN — pFYy,

VxY = SN+ <p 1— p2(Es6) — C”)X

2 /1= p2
In paticular the second fundamental form TI° of D is given as follows:

(X, X) =0, I%(Y, V) = /1 - p2F'N, TI’(X, Y) = %N.(4.10)

Moreover the sectional curvature K of DY is a negative constant —p>c?.

Proof. The equations (4.9) follow by the same way as done for the O(c?/4)-
geometry together with (2.1), and the equations (4.10) are obvious by (4.9).
The sectional curvature K? is caluculated by using the Gauss equation of
surfaces as follows:

K0:a+ <H9(X7 X)> HG(Y> Y)> - |H6(X7 Y)’2

By this lemma the following follows directly.
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Proposition 4.3 For a such that —3c?/4 < a < ¢/4, an O(a)-surface
of H is always a surface of constant negative curvature o — c?/4 without
geodesic points.

Corollary 4.4 The 3-dimensional Heisenberg group has no totally geodesic
surface.

Proof. Assume that the Heisenberg group H has a totally geodesic surface
S. Then, since H is a Riemannian homogeneous manifold, S is locally Rie-
mannian homogeneous. Hence, if S is connected, it has constant sectional
curvature, denoted by A. Moreover, since S is totally geodesic, the Gauss
equation of S implies that sectional curvatures K(7,5), p € S, of H equal
to the constant A\. Then S is an O(\)-surface. Hence, by Theorems 2.3,
3.2, and the above proposition, S has no geodesic points. This is a contra-
diction. O

We here remark that the result of this corollary is well-known (cf. [3],
[9]) but our proof stand on the Grassmann geometry.

Next, for any « such that —3¢2/4 < o < ¢?/4, we will show the non-
existence of O(a)-surfaces with constant mean curvature. Our way is to
solve the 1st order PDE (4.7) locally and to show that the distributions
D? associated with the solutions # don’t have any leaves of constant mean
curvature.

We return to the argument done in the above of Theorem 4.1. Then,
for the initial surface P (= (0, a, b); a, b € R}) and an arbitrary initial
function ¢ on P, the solution (uj, ug, us, 6) of the characteristic ODE’s
(4.8) is given in the following way:

ui(t, a, b)=——"— L=p” {Sln(p ct+¢(a, b)) —sinp(a, b)}, (4.11)
us(t, a, b)= Vl r

{—cos(p*ct+p(a, b)) +cosp(a, b)} +a,

1 1 1—p?
us(t, a, b)= —§{t+ 20 sinp%t} - %Sin(p%t—i—go(a, b))

1— p2
+ %Sing@(a, b)+0,

0(t, a, b)=p*ct +(a, b). (4.12)
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We here remark the following; if we fix a, b and consider the curve 7(t)
in the ujugus-space defined by v(t) = (u1(t, a, b), ua(t, a, b), us(t, a, b) +
t), it is the geodesic of H such that v(0) = (0, a, b) and dv/dt(0) =
(p\/1 — p2cosp(a, b), p\/1 — p?sinp(a, b), p?). (cf. See [8].)

We next calculate the Jacobian A of the transformation (¢, a, b) —
(u1, ug, ug), and then the entries 9t/0u;, da/Ou;, and Ob/Ju; in the inverse
of the Jacobi matrix where A 2 0. At first the entries in the Jacobi matrix
are given as follows:

0

% =p\/1—p? COS(pQCt + ¢(a, b)),

%ul \/1_7{cos(p ct + ¢(a, b)) — cos p(a, b) }

a
1 _

Ouy \/;{cos(p ct + ¢(a, b)) — cos p(a, b) &P

b ob’

0

% = pV/1— p?sin(p’ct + ¢(a, b)),

%@;2 ﬁ{sm(p ct + p(a, b)) —sinp(a, b>}g +1,

aau; \/1_7{51n(p ct + ¢(a, b)) —siny(a, b) }

1_ 2

% == 2p (1 + cos p*ct) — %p 1= p? cos(p’ct + (a, b)),

Ouz a\/l—i I

5o = {cos(p ct + ¢(a, b)) — cos p(a, b)} da’

1 _

Dug _ aﬁ {eos(pPet + pla, ) —cos pla, )} 2L 11,

Therefore the Jacobian A is given as follows:
9
A = L= sinp%ta—@
C Oa
_2\3/2
+ (125){00s(p ct + ¢(a, b)) — cosp(a, b) (1 + cosp%t)aasg

+ pV/1 — p2cos(p’ct + ¢(a, b)).

Moreover, if A = 0, the entries in the inverse matrix are given as follows:
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ot 1{<1+ﬂ

) (sin* — sin @),

B

ouq pc
_ a\/ﬁ(cos* —COSSO)‘Pb},
881; — i{_\/lpzipz(cos* — cosgo)cpa}a
861; - i{—\/?(cos* — cosgo)cpb},
8851 N %{ B wsinp?cwb —pV1—p?sinx
_ (1_2;?3/2(&11 * — sin)(1 + cos p2Ct)S0b}7
oa 1
Bus = Z{PMCOS*
+ (1_2220)3/2(008* — cos ¢)(1 + cos p2Ct)<,0b},
8853 = %{—1 v SianCtSOb}v
8851 = i{d(lQ—pQ) sin p?ctgq
+ (125?3/2(3111 % — sin @) (1 + cos pPct) @,
+ 1 _2'0 (1 + cos p’ct) +7\/7PCOS*}
;52 — %{ _ (1_22?3/2(005* —cos)(1+ COS,O2C7f)SOa},
885 i{p 1—p2cos*+1_cp251n,020t<ﬁa}a

where for convenience we use *, ¢, ¢,, and ¢, in place of p’ct + ¢(a, b),
o(a, b), Op/da, and /b, respectively.

If A # 0, using these calculations, we can represent the derivatives £10
(= 00/0u; — (1/2)cu200/0usz) and Eq0 (= 00/0us + (1/2)cu100/0us) by
the variables ¢, a, b. Then, the constant mean curvature equation

sin @(F16) — cos0(Eq0) = k (4.13)
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with a nonnegative constant k is represented by the variables ¢, a, b as

follows:
cp? sin(pQCt + ¢(a, b)) — p\V/1 — p2p, cos p2ct (4.14)
1— 2
+ P pp{sin(pct + ¢(a, b)) + sin pct }
1 2 3/2
= k[ cp @q sin p?et + (1 - g?) (cos(p?ct + p(a, b))

— cos p(a, b)) (1 + cos pPet) + py/1 — p? Cos(p2ct + ¢(a, b))}

We here recall that if the initial function ¢ satisfies that cosp(a, b) # 0,
A # 0 when t = 0 and therefore A # 0 for all £ near 0. Under this condition,
we put r = sin p?ct. Then r also takes all values near 0 and it holds that
cos p?ct = /1 — 2. Rewrite the equation (4.14) as follows:

Ar+ B -1 +C=DV1-12+ Ery/1-12

where

k(1 — p? k(1 — p?
A=cp?cosp— ( p)goa— ( p)singotpb+kp\/1—p23ing0,

c 2pc
1— 2 k(1 — 2\3/2
B= i gobsincp—%cosgotpb,
2pc
k(1 — p2)3/2
CZMCOW%
2pc
1— 2
D:—c,oQSin(p—i—p 1—p2p04 — P sin ey, + kpy/ 1 — p2 cos @,
1— 2 k(1 — 2\3/2
E=—-_"F @bcosw—wsinwpb.
2pc

If we take the square of both sides in the above equality, we have a polyno-
mial with one variable r. Then, comparing the coefficients of the polynomial
with each other, we obtain that A= B =C =D = F = 0, and it follows
by the equation £ = 0 that ¢, = 0 and moreover by the equations A =
D = 0 that ¢, is constant. Again from the equations A = D = 0 it follows
that ¢ is constant and thus ¢, = 0. This induces that cp? = 0, which
is a contradiction. Summing up these arguments, we have the following
theorem.
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Theorem 4.5 For a such that —3c%/4 < a < ¢2/4, there exist no O(a)-
surfaces with constant mean curvature, and in particular there exist no min-
imal O(«)-surfaces.

Proof. Let S be an O(«)-surface of the Heisenberg group H and take a
point p in S. Moreover, deform S for a direction transversal to the tangent
space T},5 locally and isometrically by a left translation, and construct an
involutive distribution D around p whose leaves are O(«a)-surfaces. We
here assume that S has constant mean curvature k and thus D has the
same property. Also, we may suppose that p is the origin of H and take
a smooth function @ around the origin p such that D = DY. Let ¢ be the
restriction of # into the usus-plane in the ujusus-cordinate space of H, i.e.,
0(0, a, b) = p(a, b). Then, if there exists a point (0, a, b) near the origin
such that cosp(a, b) # 0, we have a contradiction by applying the above
argument to the restriction of 6 into a sufficientlly small neighbourhood
around the point (0, a, b). Hence we may assume that cos¢ = 0 around
(0, 0). This implies that 6 is constant along the ugus-plane. Selecting the
direction of the deformation of S as a direction transversal to S, we may
moreover assume that € is constant on a neighbourhood around the origin,
since the deformation of S is done by a left translation. Particularly, the
vector fields X and Y defined in the first of this section are left invariant
and it holds that X = £pEs — /1 — p?E3 and Y = +E;. Since [X,Y] =
—pcEs, the distribution D is not involutive. This is a contradiction. ([

We last seek typical examples of the O(a)-geometries where —3c?/4 <
a < c?/4. We consider an involutive distribution D for a local function 6
which satisfies that E36 = 0. Then, by using (4.9), it holds that

Py, vyY =%IN P

/1*,02 2 B /1*P2

X, VxN=-Sy,

VxX = 5

namely,

VxX 0 ep//1=p2 0 X

VxY | = | —ep//1 - p? 0 c/2 Y
VxN 0 —¢/2 0/ \W

Hence the integral curves of X is a helix in the Heisenberg group H with
curvature ¢p/4/1 — p? and torsion ¢/2. Moreover, since
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vix =" Y, VhY =- P__x

V1—p /1— p2 ’
it is a circle in each leaf S of D? with curvature cp/+/1 — p2.

Next assume that the initial function ¢ of 6 at the initial usus-plane
¥ satisfies that cos p(a, b) # 0 for variables a and b. Then we can see that
E30 = 0 if and only if ¢, = 0, namely, ¢ is independent on the variable b. In
fact, by the assumption, we can locally exchange the (u1, ug, us)-cordinates
of H to the (t, a, b)-cordinates under the correspondence (4.11). Then, it
holds that

00 ot 90  Oda 00  0b 00
E30:7:77+77+77~
Oug Ouz Ot Ouszda  Ous Jb
We here note that § = p?ct + p(a, b) by (4.12). Assume first that E3f =
0 and substitute 0 as t into the above equation. Then, from the explicit
expression of the inverse of Jacobi matrix of the mapping (4.11), it follows
that 0t/O0ug|i—o = da/Ousli—o = 0, and 0b/Jus|t—o = 1, and thus it holds
that ¢, = 0. Assume next that ¢, = 0. Then, again by the expression
of the inverse of Jacobi matrix, it follows that 0t/0us = 0a/0us = 0, and
moreover 00/0b = ¢, = 0. These imply that E36 = 0. Summing up these
arguments, we have the following theorem.

Theorem 4.6 For any « such that —3c¢?/4 < o < ¢?/4, there exist local
O(a)-surfaces foliated by circles of curvature cp/+/1 — p? which are helices
of H with the same curvature cp/+/1 — p? and the torsion c/2.

Remark Surfaces in the Heisenberg group H which are invariant under
1-parameter subgroups of G are called helicoidal surfaces. In particular,
surfaces which are invariant under rotational isometries are called rotational
surfaces. Rotational surfaces with constant mean curvature are classified
by Caddeo, Piu and Ratto [1] and Tomter [10]. Figueroa, Mercuri and
Pedorosa [4] classified helicoidal surfaces with constant mean curvature in
H. Rotational surfaces of constant curvature are clasified in [2].

For more informations and elementary examples of minimal surfaces in
H, we refer to [5].
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