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Time regularity
for aperiodic or irreducible random walks on groups

Nick DUNGEY
(Received September 1, 2006)

Abstract. This paper studies time regularity for the random walk governed by a prob-
ability measure p on a locally compact, compactly generated group G. If y is eventually
coset aperiodic on GG and satisfies certain additional conditions, we establish that the
associated Markov operator T}, is analytic in L?(G), that is, one has an estimate ||(I —
TOTE < en~!, n € N, in L? operator norm. Alternatively, if p is irreducible with
period d and satisfies certain conditions, we show that T;il is analytic in L2(G). To obtain
these results, we develop a number of interesting algebraic and spectral properties of coset
aperiodic or irreducible measures on groups.

Key words: Locally compact group, probability measure, convolution operator, irre-
ducible, random walk.

1. Introduction and statement of results

This paper continues the study of a fundamental question about time
regularity for random walks on a locally compact group G. Namely, if T},
denotes the Markov operator, acting in L?(G), associated with a probability
measure p on G, one asks: for which 1 does an estimate

(I = T,)T}} 20—z < en™!

hold for all n € N := {1, 2, 3, ...}? Here, || - |[p—p denotes the operator
norm for operators in LP(G), 1 < p < oo. Note that, more generally,
a bounded linear operator S € £(X) in a Banach space X is said to be
analytic (see [6, 4]) if ||(I —S)S™|| < en~! for some ¢ > 0 and all n € N. For
example, it is well known that if the Markov operator 7, is symmetric then
(T,)?* is analytic in L?(G) (this is a consequence of the spectral theorem
for self-adjoint operators). Our aim, though, is to consider more general
non-symmetric random walks.

The author recently studied analyticity of T}, in [7] and [8], with the
most comprehensive results being obtained in [8]. See also [1, 2] for es-
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timates implying analyticity in the particular case of groups which have
polynomial volume growth. In the present paper, we extend the results of
[8] in two new directions, involving coset aperiodic or irreducible probability
measures. OQur main theorems state that if u is eventually coset aperiodic,
(or irreducible of period d € N) and certain extra conditions hold, then T},
(or respectively, Tﬁl) is analytic in L2.

The hypotheses of these theorems are easy to check in particular cases,
and the theorems apply in great generality on locally compact, compactly
generated groups. We therefore feel that the current paper is a significant
advance on [8].

Moreover, the algebraic and spectral properties of coset aperiodic or
irreducible measures on groups, developed in the present paper, are of in-
dependent interest and might be useful in other studies.

To state our main results precisely we fix some notation (for further
background material, see [14, 9, 8, 7]). Throughout the paper, G will be
a compactly generated locally compact group and P(G) the set of regu-
lar Borel probability measures on G. For u € P(G), the (right-invariant)
Markov operator T}, is defined by the convolution

(Tuf)(h) = (ux f)(h) = /G du(9)f(g~'h)

for h € G and f € LP := LP(G;dg), 1 < p < oo, where dg is a fixed left
invariant Haar measure on G. Note that ||7),|/,—p < 1 and
T0f = "% f = Ty f

for n € N, where p” := p* % - - - % y denotes the n-th convolution power of
1b.

For Borel measures v1, 15 on G, the notation v; > v5 will mean that
V1 — vy is a positive measure. One says that p € P(G) is spread out if there
exist n € N, ¢ > 0 and a non-empty open set V C G such that u™ > cxy
(here, xy denotes the characteristic function of V' or, more precisely, the
measure yy (g)dg on G).

Since G is compactly generated, we may fix an open, relatively compact

neighborhood U of the identity e € G which is symmetric (that is, U = U~1)
and generates G. The modulus p = py: G — N is defined by

p(g) =inf{n e N: g € U™}, g¢ge€G@G,
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where U" := {g192- " gn: 91, ---, gn € U}.
One says that u € P(G) is centered if

/ dyu(g)n(g) = 0
G

for all n € Hom(G, R), where Hom(G, R) is the set of all continuous group
homomorphisms 77: G — R, and the integral is assumed to converge abso-
lutely.

Let ¢, denote the probability measure concentrated at a point g € G,
and for p € P(G) define the involute p* € P(G) by u*(A) = u(A~1) for
Borel sets A C G. One says that p is symmetric if p = p*; it is easy to see
that any symmetric ¢ which satisfies fG dup < oo is centered, but centered
measures need not be symmetric in general.

We recall (compare [9, 13]) some standard concepts involving the sup-
port supp(p) of p. One says that p € P(G) is adapted (respectively, irre-
ducible) if the smallest closed subgroup (respectively, the smallest closed
sub-semigroup) of G containing supp(u) equals G. Clearly, an irreducible
measure is adapted. Irreducibility is equivalent to the condition that

o0
G = | J (supp(p)" (1)
n=1
where the bar denotes topological closure.

Next, we say that u € P(G) is coset aperiodic if there do not exist gy € G
and a proper closed subgroup H of G such that supp(u) is contained in go H
(proper means that H # G). Since goH = (goHgy *)go, one can equivalently
use right cosets H gg in place of left cosets goH in this definition. Lastly, say
that u € P(G) is eventually coset aperiodic if u™° is coset aperiodic for some
ng € N. A probability measure which is eventually coset aperiodic must be
adapted (for if 1 were not adapted, one would have | J77 ; supp(u™) C H for
some proper closed subgroup H C (). However, simple examples show that
(eventual) coset aperiodicity neither implies nor is implied by irreducibility:
consider the measures p1 := 27(6g + 61), p2 := 271(d1 +J_1) on the group
Z of integers.

The most important results of [8] can be summarized in the following
theorem. Let D := {z € C: |z| < 1} be the open unit disc in C, and denote
by o72(S) the L? spectrum of an operator S € £(L?).
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Theorem 1.1 Let u € P(G) be centered, adapted, spread out, and such
that fG dup? < oo. Then the semigroup (e_t(I_T“))tZO is bounded analytic
in L?, in the sense that one has an estimate

e =T oy + (I = T)e T pmp < c

uniformly for all t > 0.
If, in addition, o12(T,) C DU {1}, then T, is analytic in L*.

The second part of Theorem 1.1 follows immediately from the first part
together with a general theorem of Nevanlinna (see [11, Theorem 4.5.4],
[12, Theorem 2.1, and [4, 5]) about analytic operators. Indeed, Nevan-
linna’s theorem states that an operator S € L£(X) is analytic and power-
bounded in the complex Banach space X (where power-bounded means that
SUpen ||[S™]| < 00) if, and only if, the semigroup (e~*/=%));5¢ is bounded
analytic and the spectrum of S is contained in D U {1}.

Our main theorem for eventually coset aperiodic measures is the fol-
lowing.

Theorem 1.2 Let u € P(G) be spread out and eventually coset aperiodic.
Then or2(T,) CDU{1}.

If, in addition, u is centered and fG dp p? < oo, then T, is analytic in
L?.

Observe that the second statement of Theorem 1.2 follows immediately
from the first statement together with Theorem 1.1.

When G is connected, we will see that every spread out probability
measure on G is eventually coset aperiodic (see Remark (3) in Section 2
below). Hence Theorem 1.2 implies the following result, which seems to be
new.

Corollary 1.3 Let G be connected and let pn € P(G) be spread out. Then
or2(T,) CDU{1}.

If, in addition, p is centered and fG dup? < oo, then T, is analytic in
L2

We mention that our results may fail for non-spread out measures. For
example, let © € P(R) be a measure on R such that supp(u) = {—1, 21/2
31/ 21, Then p is coset aperiodic, but straightforward arguments using the
Fourier transform (compare [8, Section 5]) show that {z € C: |z| = 1} C
or2(Ty).
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Let us now consider irreducible measures. If p € P(G) is irreducible
and spread out, one may show (see Lemma 3.1 below) that e € supp(u™)
for some n € N; hence the period

d = d(p) = ged{n € N: e € supp(u")} (2)

of p is a well-defined positive integer, where gcd(A) denotes the greatest
common divisor of a non-empty set A C N.

The basic properties of periods are well known in the situation of ir-
reducible Markov chains on discrete spaces (for example, see [15]). In our
setting, however, the group G need not be discrete and so some of the theory
needs to be re-developed.

Our main analyticity result for irreducible measures on groups is the
following.

Theorem 1.4 Let pn € P(G) be centered, irreducible and spread out, such
that fG dup? < co. Then Tg is analytic in L?, where d is the period of y.
Hence one has an estimate

I =TT l2—2 < en™
for alln € N.

Theorem 1.4 is a fundamental result for the L? analysis of irreducible
random walks, and appears to be new even in the well-studied case where
G is a discrete group.

It turns out that irreducibility and coset aperiodicity are linked as fol-
lows (see Proposition 3.3 and Corollary 3.4 below). For p irreducible and
spread out of period d, u? is eventually coset aperiodic in the subgroup of G
generated by supp(u?). This fact will allow us to derive Theorem 1.4 using
Theorem 1.2.

We remark that, whenever p € P(G) is irreducible and spread out of
period d, one has o2(7,) C DU Rq where Ry is the set of complex d-th
roots of unity. See the end of Section 4 for details.

Finally, we should mention that our results only provide useful informa-
tion for groups which are amenable. In fact, if G is non-amenable and u €
P(G) is adapted, it is known (see [3]) that the L? spectral radius r(T},) :=
limnqoo(HTEHg_Q)l/” is strictly less than 1; then the norms [|7}|l2—2 de-
crease exponentially as n — oo, and it follows trivially that T}, is analytic
in L2
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2. Coset aperiodicity and proof of Theorem 1.2

Before beginning the proof of Theorem 1.2, let us record some basic
facts about coset aperiodicity and eventual coset aperiodicity which will be
needed.

We shall often use the fact that supp(v; * v2) = (supp(v1))(supp(v2))
for any probability measures v1, vy € P(G).

Lemma 2.1 Let p € P(G). The following conditions are all equivalent.
(1) w is coset aperiodic.
(IL) 64 * p is adapted for all g € G.
(IIT)  p % 64 is adapted for all g € G.
(IV)  p* x p is adapted.

Moreover, if these conditions are satisfied, then v and p*v are coset
aperiodic elements of P(G) for all v € P(G).

Proof. Given g € G, observe that 0, * p is not adapted if and only if
supp(dg * ) € H for some proper closed subgroup H of G, or in other
words, supp(u) € g~'H. From this one sees that Conditions (I) and (II)
are equivalent.

An analogous argument shows that (I) and (III) are equivalent.

Next, given any v € P(G), let go € supp(v) and note that

supp(dggo * 1) = ggo supp(p) C supp(dy * v * p)

for any g € G. If Condition (II) holds for y, then it follows that &, * v * p is
adapted for all g € G, and hence v * i1 is coset aperiodic, by the equivalence
of Conditions (I) and (II) applied to v * p.

In particular, by setting v = p* we see that (II) implies (IV).

By a similar argument, Condition (IIT) implies that p * v is coset ape-
riodic for any v € P(G).

Finally, if Condition (I) does not hold, then supp(u) C Hg; for some
g1 € G and some proper closed subgroup H of GG. Consequently

supp(u* * p) C (Hg1) "(Hg1) = g7 "Han,

so that p* % p is not adapted. Thus (IV) implies (I), and the lemma is
completely proved. ]

Here are some further useful remarks about coset aperiodicity and even-
tual coset aperiodicity.
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(1) A sufficient (though not necessary) condition for aperiodicity is
the following. If u € P(G) is adapted and e € supp(u) then p is coset
aperiodic. (For, in this case

supp(p) = esupp(u) C supp(u” * p)

which implies that p* * p is adapted. Hence p is coset aperiodic by Lemma
2.1

(2) If p € P(G) is eventually coset aperiodic, that is, pu™ is coset
aperiodic for some nyg € N, then p™ is coset aperiodic for all n > ng (this
remark follows by applying the last statement of Lemma 2.1 to p™0).

(3) If G is connected and p € P(G) is spread out, then pu is eventually
coset aperiodic. (To show this fact, choose ng € N such that p" > cxy
for some ¢ > 0 and some non-empty open set V' C G. One easily deduces
that (u™)* x p™ > ¢ yw for some open neighborhood W of e. Since G is
connected one has G = J;2, W, hence (u™)* * u" is adapted and p™ is
coset aperiodic.)

Note that Corollary 1.3 is a consequence of Theorem 1.2 together with
Remark (3) above.

We now begin the proof of Theorem 1.2. By Theorem 1.1, we only
have to show the inclusion o72(7),) C DU{1}. Our strategy is to first show
this inclusion under the extra assumptions that p is coset aperiodic and
fG dup? < 0o, by a comparison of certain quadratic forms in L?. Then we
shall remove the extra assumptions.

Define the difference operators 8, by (9,f)(h) := f(g~'h) — f(h) for
g, h € G and functions f: G — C. The “Dirichlet norm” T’y is defined by

ra(f) = ([ dulousiz)”

for all f € L%, The following quadratic form estimates are variations of
estimates found in [8, 7] and [14, Chapter VII].

Proposition 2.2 Let u € P(G).
(1) If p is adapted and spread out, then there exists ¢ > 0 such that

Re((I = T,)f, f) > ¢ 'T2(f)?
for all f € L?.
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(I1) If [, dup? < oo, then there exists ¢ > 0 such that
Re((I = Tp)f, f) < ¢Ta(f)?
for all f € L?.

Proof.  For part (I), see [8, Proposition 3.3].
To obtain part (II), one observes that

Re((I =Tu)f, f) = (I =Tu)f, f)
for f € L?, where i € P(G) is defined by 7z := 27!(u + p*). A standard
calculation using the symmetry (@)* = & of 1 yields

(=T =2 | dallo,fI5:
Then by the standard estimate (see [14, Proposition VII.3.2])

10,115 < cp(g)°T2(f)?

forall g € G, f € L?, since [ dpp* = [, dup* < oo we obtain the estimate
of part (II). O

The next lemma establishes a special case of Theorem 1.2. For a
bounded linear operator S € £(L?), one defines the “numerical range”

OS) = {(Sf, /): fe L’ |flz=1} CC.
It is a standard fact (see [10, Corollary V.3.3]) that

or2(S) C O(5)
where the bar denotes closure in C.

Lemma 2.3 Let pn € P(G) be coset aperiodic. Suppose that [ dup? < oo
and that > cxy for some ¢ > 0 and some non-empty open set V C G.
Then or2(T,) € ©(T,) CDU{1}.

Proof. The hypotheses imply that the symmetric measure p* * u is spread
out and, by Lemma 2.1, adapted. Thus Proposition 2.2 (I) yields an esti-
mate

Re((I — Tu**u)ﬂ [ =~ Tu**u)ﬂ f)
=Iflla = 1Tuf113 = ¢ 'Ta(f)*
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for all f € L2. Also, Re((I —T},)f, f) < ¢Ta(f)? by Proposition 2.2 (II).
Hence for some b > 0 we have

IF113 = I T fl3 > bRe((I — T,)f, f)

for all f € L?. Taking || f||2 = 1, and noting that ||T,,f||3 > [(T.f, f)|* by
Cauchy-Schwartz, it follows that

O(T,) C Ty

where by definition T, := {z € C: |2] < L and 1 — |22 > b(1 — Re(2))}.
Since Ty is closed in C, and I', € DU {1}, the lemma follows. O

Remark The last part of the proof of Lemma 2.3 is a quite general obser-

vation: for a bounded operator S in L? (or more generally in Hilbert space)
with ||S|| < 1, a quadratic form estimate of the type

IF1I3 = 1S fI3 = bRe((I = S)f, f), feL?

implies that o72(S) C ©(S) C DU {1}.

The following comparison lemma (which is a generalization of [8, The-
orem 1.7]) will allow us to extend the result of Lemma 2.3.

Lemma 2.4 Let u, v € P(G) satisfy p > av for some constant o > 0. If
O(T,) CDU{1}, then or2(T,) C O(T,) CDU{1}.

Proof. Consider the operator S := T), — a7}, which acts by Sf = (u —
av)* f for all f € L2. Since yu— av is a positive measure by hypothesis, and
(i —av)(G) =1 — a, it follows that a € (0, 1] and that || S]j2—2 < 1 — .
For f € L? with ||f||2 = 1, we have

(Tuf, 1) = (Sf, )+ a(lLf, ) e{z€C: |z <1 —a} +aO(T)).

As a consequence,

O(T,)C{z€C: |z2| <1—-a}+aO(T))
C{zeC:|z|<1—a}+aDu{l}) CDU{1},

where the last inclusion used that « € (0, 1]. g

The next lemma is elementary and not new, but we give a proof for the
convenience of the reader.
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Lemma 2.5 (See [8, Lemma 4.1]) Let u, v € P(G) and go, ho € G. Sup-
pose that gy € supp(p) and that v > cxy for some ¢ > 0 and some relatively
compact open set V. with hg € V. Then there exists ¢ > 0 and a relatively
compact open set W such that gohg € W and pu*xv > ' xw. Moreover, W
can be chosen to depend only on gg, hg and V.

Proof. Note that (u* xv)(g) = u(gV 1) for all g € G. By continuity of
the group multiplication, we can choose relatively compact open sets W, W’
with goho € W, go € W' and (W')~'W C V. It follows that gV ~! O W’
for all g € W, and setting € := p(W') > 0 we have

(nxxv)(g) = p(gV ") > e
forall g € W. Then pxv > c(pu* xv) > cexw. g

Proof of Theorem 1.2. Let pu € P(G) be spread out and eventually coset
aperiodic. Since pu is spread out and by using Lemma 2.5, there exists an
n1 € N such that

Mn Z C”X‘/:IL

for all n > ny, where ¢, > 0 are constants and V;, C GG are non-empty open
sets. Also, by Remark (2) after Lemma 2.1 we may choose an ny € N such
that u™ is coset aperiodic for all n > ns.

Now set N := max{ni, no}, and take an arbitrary n € N with n > N.
Consider the measure

vi=p 2",

where the constant v := ([, du™p™2)"1 > 0 is such that v € P(G). Then

2

fG dvp? < 0o, and since the function g — p(g)~? is strictly positive on G, it

is clear that the measure v satisfies all the hypotheses of Lemma 2.3. Hence
O(T,) C DU {1} by Lemma 2.3. Because p~2 < 1 we have u" > v v, so
that applying Lemma 2.4 yields

o12(T0) CDU{1}.

But the spectral mapping theorem for bounded linear operators (see for
example [16, Section VIIL.7]) implies that or2(T)}) = {\": A € o72(Tp)}-
Therefore

O-LQ(TM) Q DURn
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for any n € N with n > N, where R, := {7 € C: 7" = 1} denotes the set of
n-th roots of unity. Since Ry N Ry4+1 = {1}, we conclude that o72(7),) C
DU {1}. The proof of Theorem 1.2 is complete. O

We end this section with a simple example for which p? is coset aperi-
odic although u is not coset aperiodic. This demonstrates that, in general,
coset aperiodicity is a stronger condition than eventual coset aperiodicity.

In what follows, for m € N we use the notation Z,, := {0, 1, ..., m—1}
for the finite cyclic group of integers modulo m, under the operation +,, of
addition modulo m.

Example Fix an odd integer m > 3, and let G be the semidirect product
of Z,, with Zy with respect to the action 7v: Zy — Aut(Z,,) defined by

10)s =5, y(1)s=—s

for all s € Zy,, where —s denotes the Z,-inverse of s. Thus G = {(s, z): s €
Zm, z € 72} is a finite solvable discrete group with product (s, z)(s', 2’) =
(s+my(2)s', z+22"). In fact, G is the dihedral group of motions of a regular
m-gon.

Consider the subgroup H = {(0, 0), (0, 1)} of G, let go := (1, 0) € G,
and let u € P(G) be such that

supp(,u) =goH = {(1’ 0)7 (1’ 1)}

Thus p is not coset aperiodic. But one computes that

supp(,uz) = (QOH)(QOH) - {(07 0)7 (27 0)7 (2, 1)7 (07 1)}

Since m is odd, the element (2, 0) generates the subgroup {(s, 0): s € Z,}
of G. One easily deduces that the set supp(u?) generates G, and since
e = (0, 0) € supp(u?) we conclude from Remark (1) above that u? is coset
aperiodic.

3. Irreducible measures

In this section, we develop the basic properties of irreducible, spread out
measures on GG. The key result is Proposition 3.3 below, which gives a finite
partition of G into cosets such that, roughly speaking, the random walk on
G governed by p moves cyclically between the elements of the partition. The
existence of such a partition is already well known for irreducible Markov
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chains on discrete spaces (see for example [15, p.3]).
Before giving Proposition 3.3, we need some lemmas. Adopt the con-
vention that u° := 6, for any p € P(G).

Lemma 3.1 Let u € P(G) be irreducible and spread out. Then for any
g € G, there exist n € N, ¢ > 0, and a non-empty open neighborhood V of
g, such that

p" > exy.

As a consequence,

G = | supp(p™). (3)

neN

Lemma 3.1 implies that {n € N: e € supp(u™)} is non-empty, so that
the period d of u is well defined (see (2)).

Proof of Lemma 3.1. Since p is spread out, one has p™' > cyw for some
n1 € N, ¢ > 0 and a non-empty open set W. Because pu is irreducible, by
(1) there exists an ny € N such that giW =1 N supp(u"2) is non-empty. By
choosing a w € W such that gw~! € supp(p"™2), and writing g = (gw™")w,
we see from Lemma 2.5 that p"1+"2 > ¢’y for some open set V containing
g. ]

Lemma 3.2 Let p € P(G) be irreducible and spread out with period d. Let
k,1€Ng:={0,1,2,...} and let g, h € G with g € supp(u*), h € supp(u!).
Then gh € supp(,ukH), and there exists an n € N such that nd > k and
g~ ! € supp(u™=F). If, in addition, g € supp(uk/) for some k' € Ny, then
k' —k = md for some m € Z.

Proof. That gh € supp(u**?) is clear. Next, by (3) we have g~1 € supp(p/)
for some j € N. Then

e=gg~' € supp(uF),

and it follows from the definition of the period that d divides k + j. Thus
i = nd — k for some n € N, as desired.

Finally, suppose also that g € supp(u” ). By what was just proved, we
have g~' € supp(u*?~*') for some s € N with sd > k. Then e = gg~' €
supp(uk“'Sd_kl) and consequently d divides k — &/, as required. O

")
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Proposition 3.3 Let p € P(G) be irreducible and spread out with period
d. Define G' := Unen, supp(u"®). Then G’ is an open normal subgroup of
G, supp(u?) C G, and G/G' = Zg.

Let y € supp(p). Then yG' generates the group G/G', and G/G' =
{y/G": j=0,1,...,d—1}. Moreover, supp(u) C yG".

If f € LP and supp(f) C v/G" for some j € {0,1,...,d — 1}, then
supp(p™ * f) C y" 4G’ for all n € Ny (where +4 denotes addition modulo
d).

When regarded as an element of P(G'), the measure u? is irreducible
and spread out with period 1, and eventually coset aperiodic.

Proof of Proposition 3.3. For each j € {0, 1, ..., d — 1} define a subset
Y; C G by
Y = U supp(p"dt),
neNg

and put G’ := Y. Then G = U;l;é Y; by Lemma 3.1, and the Yj’s are
pairwise disjoint by the last statement of Lemma 3.2. Lemma 3.2 also
implies that

Yo=Yy, Y;l'=Yiy
for j € {1, ..., d — 1}, and that
YiYir C Vi a

for all k, ¥’ € {0, 1, ..., d — 1}, where +4 denotes addition modulo d. In
particular, it follows that G’ = Y; is a subgroup of G. Since u¢ is spread
out, G’ has non-empty interior and is therefore an open subgroup of G.

Fix an element y € supp(u). For j € {1, ..., d — 1}, since ¢/ € Y; and
y e Y4—j, we find that

Y'Yy CY;Y, C Y =4/ (y77Y;) C oYy,

proving that Y; = /Y. A similar argument yields that Y; = Yoy/. We
conclude that G’ =Y} is a normal subgroup of G, and that the group G/G’
consists of the d distinct elements y/G’, j € {0, 1, ..., d — 1}. Thus yG’ €
G/G" generates G/G', and G/G’ = Zy.

Next, it is obvious from the definitions that supp(u¢) C Yy = G’ and
supp(p) C Y7 = yG’'. The statement about supp(u” * f) follows easily from
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what we have already proved.
It is clear that u? is spread out and irreducible as an element of P(G).
Moreover, the definition of d implies that ged(S’) = 1, where by definition

S":={n € N: e € supp(u"?)}.

Thus p? has period 1 as an element of P(G’).

Finally, we show that u? is eventually coset aperiodic in G'. Now S’ has
the semigroup property that n, n’ € S” implies n 4+ n’ € S’; since ged(S’) =
1, it follows that there exist ni, ns € S’ with ng —nq = 1. Then

supp(p?) = esupp(p?) C supp(u™?) supp(p?) C supp(p"2?),

and it follows that p"2? is adapted in G’. But e € supp(u™%), so by Re-

nad

mark (1) in Section 2, p"2% is coset aperiodic in G'. O

Corollary 3.4 Let p € P(G) be irreducible and spread out with period d.
Then p is eventually coset aperiodic in G if and only if d = 1.

Proof of Corollary 3.4. 1If d = 1, the statement of the corollary is contained
in Proposition 3.3. If d > 2, then it is clear from Proposition 3.3 that for
every n € N, 1™ is not adapted in G, hence p cannot be eventually coset
aperiodic in G (see Remark (2) in Section 2). O

We remark that in the example at the end of Section 2, u € P(G) is
irreducible and spread out with period 1, eventually coset aperiodic but not
coset aperiodic.

Corollary 3.5 Let p € P(G) be irreducible and spread out with period d.
If G is connected, then d = 1.

Proof. By Remark (3) in Section 2, p is eventually coset aperiodic, and
hence d = 1 by Corollary 3.4. g

The following positivity result (which is not used in the rest of the
paper) gives further information on the convolution powers of an irreducible
measure.

Proposition 3.6 Adopt the hypotheses and notation of Proposition 3.3.
If K is any compact subset of G', then there exists an N € N and numbers
cn, > 0 such that

Mnd > Cn XK (4)
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for alln € N withn > N.

Proof. Since p? is irreducible in the group G’ with period 1, we will assume
without loss of generality that d =1 and G’ = G.

Let ny be as in the proof of Proposition 3.3, so that e € supp(u™) and
e € supp(pu™*1). For n € N with n > n?, by division

n=qni+r=_(q—r)ny+r(ng+1)
for some integers ¢, r with ¢ > n; and 0 < r < ny. It follows that

e € supp(u")

for all n > n?. Combining this result with Lemmas 3.1 and 2.5, it is easy
to argue that for any g € G there exist an open neighborhood Vj of g and
N(g) € N such that

pt > e(n, g)xv,

for all n > N(g) and some numbers c¢(n, g) > 0. The Proposition then
follows by compactness of K. O

4. Proof of Theorem 1.4

Essentially, Theorem 1.4 will be derived by applying Theorem 1.2 to
the measure p® where d is the period. To see that u? is centered in the
subgroup of G generated by supp(u?), we will need the following non-trivial
result, whose proof is deferred until Section 5.

Theorem 4.1 Let G’ be an open, normal subgroup of G such that G/G' =
Zq for some d € N. Fiz y € G such that the element yG' € G/G’ generates
the group G/G', and let p € P(G) with supp(p) C yG'. Then supp(p?) C
G', so that we may regard p? as an element of P(G).

If, in addition, fG dpp < oo and p is centered in G, then p? is centered
in G'.

Note that in the statement of Theorem 4.1, p is not assumed to be
irreducible and the integer d need not be the period.

Let us prove Theorem 1.4. Take p € P(G) as in the hypothesis of the
Theorem, with period d, and let G’ be defined as in Proposition 3.3. Fix an
element y € supp(i). By Proposition 3.3, u? € P(G") is irreducible, spread
out, and eventually coset aperiodic on G’. Theorem 4.1 shows that u? is
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centered in G'.
Fix a modulus function p’: G’ — N for the compactly generated group
G'. Since G/G' is finite, it is easy to see that for some ¢ > 0 one has

¢ 'og") < p'(d) < epld) (5)

for all ¢ € G'. From the assumption [, dup® < oo it is then easy to
deduce that fG’ du®(p')? < oo. Thus u? satisfies all of the hypotheses of
Theorem 1.2 on the group G’, so by Theorem 1.2 T),q is analytic in L*(G"),
that is,

I(I = THT fllr2ery < en™ ' fllz2(an (6)
for all n € N and f € L?(G).

Since G’ is an open subgroup of G, we may identify L?(G’) with the
subspace of L?(G) consisting of functions with support contained in G’ (to
justify this, note that left Haar measure on G’ is just the restriction to
G’ of left Haar measure dg on (). Define the right translation operators
R(g) € L(L*(@)), g € G, by (R(9)f)(h) := f(hg), f € L*(G), h € G. For
any f € L?(Q), since G is the disjoint union of the sets /G’ = G'y’ for
j€{0,1,...,d—1}, we can write

where
fi =Ry ) (xye f) € L*(G') C L*(G).

Because |R(g)F|lz = A(g)~Y?||F|; for any F € L*(G), g € G, where
A: G — (0, ) is the modular function of G, one has

1 £illz < cllfll2

where ¢ > 0 is a constant independent of f. By these observations, together
with (6) and the fact that R(y’) commutes with 7),, we obtain an estimate

(T =TTl —HZR ) =TT
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T
)

<Y T =TT fill2

<.
Il
o

d—1
<en™' Y il < dn7tif Nl

j=0
for all f € L?(G) and n € N. This proves Theorem 1.4. O

Remark For any p € P(G) which is irreducible and spread out with period
d, one has

o12(T,) CDU Ry

where Ry = {r € C: 7¢ = 1}. To see this, first apply Theorem 1.2 to the
measure u? € P(G') to obtain that

O'LQ(G/) (T,Lbd) g DU {]_}

But by reasoning similar to the last part of the proof of Theorem 1.4, one
can show that o2 (T,a) = or2()(T,e). Then the claimed result follows
by the spectral mapping theorem.

Note that for irreducible random walks on discrete spaces, related spec-
tral results are given in, for example, [15, p. 94-96].

5. Proof of Theorem 4.1

In this section, we shall assume the hypotheses of Theorem 4.1. In
particular, G’ is an open normal subgroup of G with G/G’ = Z; for some
de N, and y € G is a fixed element such that yG’ generates G/G'.

The first statement of Theorem 4.1 is easy to prove: for p € P(G) with
supp(p) C yG', one has

supp(u?) € (yG)! =G’ =&

as claimed, using the fact that y? € G'.

It is not trivial, however, to show that u¢ is centered in G’. The reason
is that a probability measure on G’ need not be centered in G’ even if it is
centered in G (it is easy to find examples of this where G is a finite extension
of G’ = R? for some s).

Recall that Hom(H, R) denotes the vector space of continuous homo-
morphisms from a locally compact group H into R. To compare centered-
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ness on G and on G’, the following concept is useful. An element 7 €
Hom(G’, R) is said to be G-invariant if

n(gzg~") = n(x)

for all z € G’ and g € G. The G-invariant elements form a vector subspace,
denoted Homg(G', R), of Hom(G', R).

Lemma 5.1 Given n € Hom(G', R), the following two conditions are
equivalent.
(I) There exists an 7] € Hom(G, R) which is an extension of n, that is,
n(x) = n(z) for all x € G'.
(IT1) n is G-invariant.
Moreover, if these conditions are satisfied, then the extension 7 €
Hom(G, R) of n is unique.

Remark Lemma 5.1 implies that Hom(G, R) is isomorphic as a vector

space with Homg (G, R).

Proof of Lemma 5.1. If Condition (I) holds then (gxg~!) = %(z) for all
x € G’ and g € G, because 7] € Hom(G, R). Thus (II) holds.
Conversely, to prove that (II) implies (I), let n € Hom(G’, R) be G-

invariant. Since G is the disjoint union of the sets y/G’ for j € {0, 1, ..., d—
1}, we may define 7: G — R by

n(y’z) = jd 'n(y?) +n(x) (7)
for j€{0,1,...,d—1} and z € G'. By taking j = 0, it is clear that 7 is
an extension of 7. To show that 7 € Hom(G, R), we shall check that

1((y'2) (v w)) = 7y’ 2) + 7(y*w) (8)
forall j, k€ {0,1,...,d—1} and 2z, w € G'. One writes

(v 2) (y*w) = T ((y "2 )w)
incase j+k<d—1, or
j-‘rk—d(yd(

(v 2)(yFw) =y y PP )w)

in case j + k > d, and uses the G-invariance of 7 to see that both sides of
(8) are equal to

(7 + k) n(y?) +n(2) + n(w)
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(we leave the details to the reader). Thus 77 € Hom(G, R), proving that (II)
implies (I).

For the final statement of the lemma, observe that if 7; € Hom(G, R)
is an extension of n € Hom(G’, R) then 7 is uniquely determined by the
formula

m(g) = d 'm(g?) = d"'n(g?)
for all g € G, because g% € G'. O

The idea of the next result is that by averaging with respect to the
action of the finite group G/G’, we can associate a G-invariant element
with any element of Hom(G’, R).

Lemma 5.2 Given n € Hom(G', R), there exists a unique element 1 €
Hom(G, R) such that

d—1

() = 5 S n(ey™) )

=0
forall x € G'.

Proof. Define a map 7: G’ — R by equation (9), and note that 7 €
Hom(G’, R). Because y¢ € G’, one has n(y?zy~?) = n(x) for all z € G'.
From this and (9), it is easy to see that

Ny ey ™) = (x)

forall x € G and k € {0, 1, ..., d — 1}. Since any g € G can be written
as g = yFz with k € {0,1,...,d — 1} and z € G’, we deduce that 7 is
G-invariant. Hence by Lemma 5.1, ] extends uniquely to an element 7 €
Hom(G, R). O

Now the key result to obtain Theorem 4.1 is the following.

Lemma 5.3 Let p € P(G) satisfy [, dup < oo and supp(p) C yG’'. Then
for any n € Hom(G’, R) one has

[t = d( [ dno)ita)), (10)

where 7 € Hom(G, R) is as in Lemma 5.2.
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Proof. Because supp(p) C yG' = G'y, the measure
v = p* 0,1 € P(G)
has support contained in G’, and can therefore be regarded as an element

of P(G'). Similarly, for j € {1, ..., d — 1} the measures v;j := d,; * Vo * J,—
are elements of P(G’). Now the crucial observation is that

pd = (Vo*éy)d:yg*ul*---*yd_l*5yd, (11)

where the convolutions on the right side can be regarded as taking place on
the group G’. Also note that [, dvjp’ < oo where p’ is a modulus on G’
(see (5)).

For any 71, 7o € P(G’) satisfying the moment condition fG/ drip’ < oo,
1 =1, 2, it is easy to see that

/ d(ﬁ*Tg)n:/ d7'177+/ drom
G’ G’ G’

for all n € Hom(G’, R) (the moment condition ensures that the integrals
are all finite). Combining this fact with (11) and (9), one obtains

U

-1

[ dtom) =3 [ )+ [ )

(/ dvo(z)n(y xy‘j)> +n(y?)

O

_ d(/c duo(g)ﬁ(g)) +n(y");

in the last line, we used the fact that supp(vy) C G’ to change the integration
space from G’ to G. But since v = p % §,-1 and 7 € Hom(G, R), we have

/ dvo(g)n(g) = / du(g)n(g) +n(y~")
G G

and (y~1) = —d~'7(y?) = —d~'n(y?), with the last equality a consequence
of (9). Combining these equalities yields (10). O

The second statement of Theorem 4.1 follows immediately from Lemma
5.3, since for p centered in G the right side of (10) equals zero. This finishes
the proof of Theorem 4.1 and Theorem 1.4.
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