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Uniqueness of meromorphic functions
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Abstract. In this paper, we employ the notion of weighted sharing to consider the
problem of uniqueness of meromorphic functions when they share two or three sets. Our
results not only improve the results of Qiu and Fang [21], Lin and Yi [27], Lin and Yi
[28], Fang and Lahiri [6] but also supplement the result of Lahiri [13] in a new direction
and consequently provide an answer to the question of Gross [7].
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1. Introduction, Definitions and Results

Let f and g be two nonconstant meromorphic functions defined in the
open complex plane C. We denote by T'(r) the maximum of T'(r, f) and
T(r, g). The notation S(r) denotes any quantity satisfying S(r) = o(T'(r))
as r — 00, outside a possible exceptional set of finite linear measure. If
for some a € CU {o0}, f and g have the same set of a-points with same
multiplicities then we say that f and g share the value a CM (counting
multiplicities). If we do not take the multiplicities into account, f and g
are said to share the value a IM (ignoring multiplicities).

Let S be a set of distinct elements of CU{oo} and Ef(S) = J,cq{2: f(2)
—a = 0}, where each zero is counted according to its multiplicity. If we do
not count the multiplicity the set E;(S) = J,egi2: f(2)—a = 0} is denoted
by Ef(S). If E¢(S) = E4(S) we say that f and g share the set S CM. On
the other hand if E(S) = E4(S), we say that f and g share the set S IM.

In 1976 F. Gross [7] posed the following question:

Question A ([7]) Can one find two finite sets S; (j = 1, 2) such that any
two nonconstant entire functions f and g satisfying E¢(S;) = E4(S;) for
J =1, 2 must be identical ¢

Now it is natural to ask the following question.
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Question B ([19]) Can one find two finite sets Sj (j = 1, 2) such that
any two nonconstant meromorphic functions f and g satisfying E¢(S;) =
E4(S;) for j =1, 2 must be identical ?

Also for meromorphic functions in [22] the following question was asked.

Question C ([22]) Can one find three finite sets S; (j = 1, 2, 3) such that
any two nonconstant meromorphic functions f and g satisfying E¢(S;) =
E,(Sj) for j =1, 2, 3 must be identical ¢

Perhaps to the knowledge of the authors during the last several years
the possible answer of Question B {cf. [2], [3], [4], [6], [9], [13], [17], [19],
[22], [25], [28], [29]} is studied by more authors than that of Question C
{ct. [1], [5], [14], [18], [21], [22], [23], [27]} and continuous efforts is being
put in to relax the hypothesis of the results.

In 1998 in the direction of Question B improving all the previous results
Lahiri [9] proved the following result.

Theorem A ([9]) Let S; = {z: 2" +az" ' +b = 0}, and Sy = {00},
where a, b are nonzero constants such that z" + az" ' +b = 0 has no
repeated root and n (> 8) is an integer. If f and g are two nonconstant
meromorphic functions having no simple poles such that Er(S;) = E4(S;)
fori=1,2then f=yg.

Afterwards Fang and Lahiri improved Theorem A as follows.

Theorem B ([6]) Let Si, and Sa, be defined as in Theorem A and n (>
7) is an integer. If f and g are two nonconstant meromorphic functions
having no simple poles such that E¢(S;) = E4(S;) fori=1,2 then f =g.

It should be noted that if two meromorphic functions f and g have no
simple pole then clearly ©(oco, f) > 1/2 and O(oc, g) > 1/2.

In 2001 an idea of gradation of sharing of values and sets known as
weighted sharing was introduced in [11, 12] which measure how close a
shared value is to being shared IM or to being shared CM. We now give the
definition.

Definition 1.1 ([11, 12]) Let k& be a nonnegative integer or infinity. For
a € CU {0} we denote by Fj(a; f) the set of all a-points of f, where an
a-point of multiplicity m is counted m times if m < k and k£ + 1 times if
m > k. If Ex(a; f) = Ex(a;g), we say that f, g share the value a with
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weight k.

The definition implies that if f, g share a value a with weight k£ then
2o is an a-point of f with multiplicity m (< k) if and only if it is an a-point
of ¢ with multiplicity m (< k) and zp is an a-point of f with multiplicity
m (> k) if and only if it is an a-point of g with multiplicity n (> k), where
m is not necessarily equal to n.

We write f, g share (a, k) to mean that f, g share the value a with
weight k. Clearly if f, g share (a, k) then f, g share (a, p) for any integer
p, 0 < p < k. Also we note that f, g share a value a IM or CM if and only
if f, g share (a, 0) or (a, co) respectively.

Definition 1.2 ([11]) Let S be a set of distinct elements of CU {oco} and
k be a nonnegative integer or co. We denote by E¢(S, k) the set E¢(S, k) =

Uses Ex(a; f). B
Clearly E(S) = E¢(S, oo) and E¢(S) = E¢(S, 0).

With the notion of weighted sharing Lahiri improved Theorem B as
follows.

Theorem C ([13]) Let S; = {z: 2" + az"' + b = 0}, and S» = {0},
where a, b are nonzero constants such that 2" +az""'+b = 0 has no repeated
root andn (> 7) is an integer. If f and g are two nonconstant meromorphic
functions such that E¢(S1, 2) = E4(S1, 2), Ef(S2, 00) = E4(S2, o0) and
O(oc0; f) + O(c0;9) > 1 then f =g.

Definition 1.3 ([27, 28]) We put

B)(00: f) = 1~ limsup N (T’TO((:«; J; ;— 1)

Clearly 0 < 1/2d1)(00; f) < ©(00; f) < d1y(00; f).

Recently Yi and Lin [28] have improved Theorem B and obtained the
following result.

Theorem D ([28]) Let Si, and Sa, be defined as in Theorem C. If f
and g are two nonconstant meromorphic functions such that E¢(S1, oo) =

Ey(S1, 00), Ef(S2, 00) = Ey(S2, 00) and d1y(c0; f) > 9/14 then f = g.

In the direction of Question C Fang and Xu [5] proved the following
result.
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Theorem E ([5]) Let S; = {z: 23 — 22 —1 =0}, Sy = {0} and S3 =
{oc}. Suppose that f and g are two nonconstant meromorphic functions
such that ©(oo; f) > 1/2 and ©(o0;g) > 1/2. If Ef(S;, 0o) = E4(Sj, 00)
forj=1,2,3 then f=g.

Dealing with the question of Gross, Qiu and Fang [21] proved the fol-
lowing theorem.

Theorem F ([21]) Let n > 3 be a positive integer S; = {z: 2™ — 2"~ —
1 =0}, Sy = {0}, and S3 = {oc}. Let f and g be two nonconstant meromor-

phic functions whose poles are of multiplicities at least 2. If E¢(S;, co) =
E4(S;, 00) for j=1,2,3 then f = g.

They also gave example to show that the condition that the poles of f(z)
and g(z) are of multiplicities at least 2 can not be removed in Theorem F.
In 2004 Yi and Lin [27] proved the following theorems.

Theorem G ([27]) Let S; = {z: 2"+ az" 1 +b = 0}, Sy = {0} and
S3 = {oo}, where a, b are nonzero constants such that z" + az"~! +b =
0 has no repeated root and n (> 3) is an integer. If for two nonconstant
meromorphic functions f and g E¢(S;, 00) = E4(S;, 0o) forj =1, 2, 3 and
o1y(00; f) > 5/6 then f =g.

In the same paper Yi and Lin [27] also proved the following result.

Theorem H ([27]) Let Sy = {z: 2" +az""1+b =0}, So = {0} and S5 =
{00}, where a, b are nonzero constants such that 2" +az" "1 +b =0 has no
repeated root and n (> 4) is an integer. If for two nonconstant meromorphic
functions f and g, E¢(S;) = E4(S;) fori =1,2,3 and ©(oco; f) > 0 then
f=g

Yi and Lin [27] remarked that the assumption E¢(S2, 0c0) = E,4(S2, 00)
in Theorems G and H can be relaxed to Ef(S2, 0) = E4(S2, 0) and also the
assumption ©(co; f) > 0 in Theorem H can be replaced by dy(oo; f) > 0.

It is to be noted that to deal with Question B and Question C none
of the previous authors considered the situation of further relaxation of
the nature of sharing the set {oo} in the aforesaid theorems. So it will be
interesting to consider the following problem. Is it possible to further relax
the nature of sharing the set {oo} without increasing the cardinalities of the
other range sets ?

In the paper we deal with this problem.
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We now state the following seven theorems which are the main results
of the paper.

Theorem 1.1 Let Sy, and Sz, be defined as in Theorem C. If f and g
are two nonconstant meromorphic functions having no simple pole such that
E¢ (51, 2) = E4(S1, 2), Ef(S2, 2) = Ey(S2, 2) then f=g.

Theorem 1.2 Let Sy, and S5, be defined as in Theorem C. If f and g are
two nonconstant meromorphic functions such that E¢(S1, 3) = E4(S1, 3),
E(S2, 00) = Ey(S2, o0) and 01)(c0; f) > 14/3n then f = g.

Remark 1.1 Theorem 1.1 and Theorem 1.2 are respectively the improve-
ments of Theorem B and Theorem D.

Theorem 1.3 Let Sy, and S, be defined as in Theorem C. If f and g are
two nonconstant meromorphic functions such that Er(S1, 3) = E4(S1, 3),
E(S2, 00) = Ey(S2, 00) and d1)(00; f) + 01)(c0;9) > 8/(n — 1) then f = g.

Theorem 1.4 Let Sy, and S, be defined as in Theorem C. If f and g are
two nonconstant meromorphic functions such that E¢(S1, 2) = E4(S1, 2),
Ef(8Sa, 00) = Ey(Sa, 00) and 01)(oc; f) > 31/6n then f = g.

Theorem 1.5 Let S, Sy and S3 be defined as in Theorem G. If for
two monconstant meromorphic functions f and g having no simple pole
Ef(Sl7 5) = Eg(Sl, 5), Ef(SQ, 1) = Eg(SQ, 1) and Ef(Sg, OO) = Eg(Sg, OO)
then f =g.

Remark 1.2 Theorem 1.5 improves Theorem F.

Theorem 1.6 Let S1, Sy and Ss be defined as in Theorem G. If f
and g are two nonconstant meromorphic functions such that E¢(S1, 6) =
Ey(S1, 6), Ef(S2, 0) = By(Ss, 0) and E;(Ss, 50) = Ey(S3, 00) and by (sc; f)
+61y(00;9) > 5/n then f =g.

Theorem 1.7 Let S1, So and S3 be defined as in Theorem H. If f
and g are two nonconstant meromorphic functions such that E¢(Sy, 4) =
Ey(S1, 4), Ef(S2, 0) = Eg(S2, 0) and E¢(S3, 6) = E,4(S3, 6) and d1)(o0; f)
+61y(0059) > 0 then f =g.

Remark 1.3 Theorem 1.6 and Theorem 1.7 are respectively the improve-
ments of Theorem G and Theorem H.

Following example shows that the condition d1)(c0; f) + d1)(c0;9) > 0
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is sharp in Theorem 1.7.

Example 1.1 Let

e(n—l)z -1

Tz _1 f(z) = €*g(2)

and S;’s be as in Theorem 1.7. Then E¢(S;, 0o) = E4(S;, o) fori =1, 2,3
because f*~!(f+a) = ¢" ' (g+a) and f = e*g. Also 1) (005 f)+0d1) (005 9) =
0and f #g.

Though for the standard definitions and notations of the value distri-
bution theory we refer to [8], we now explain some notations which are used
in the paper.

g=-a

Definition 1.4 ([10]) For a € C U {oo} we denote by N(r, a; f |= 1)
the counting function of simple a points of f. For a positive integer m we
denote by N(r, a; f |[<m) (N(r, a; f |> m)) the counting function of those
a points of f whose multiplicities are not greater(less) than m where each
a point is counted according to its multiplicity.

N(r, a; f |[<m) (N(r, a; f |> m)) are defined similarly, where in count-
ing the a-points of f we ignore the multiplicities.

Also N(r, a; f |[<m), N(r, a; f|>m), N(r, a; f |[<m) and N(r, a; f |>
m) are defined analogously.

Definition 1.5 We denote by N(r, a; f |= k) the reduced counting func-
tion of those a-points of f whose multiplicities is exactly k, where k > 2 is
an integer.

Definition 1.6 Let f and g be two nonconstant meromorphic functions
such that f and g share (a, k) where a € C U {o0}. Let zy be a a-point
of f with multiplicity p, a a-point of g with multiplicity ¢. We denote

by N_p(r, a; f) the counting function of those a-points of f and g where
p > q, by N(;Jrl(r, a; f) the counting function of those a-points of f and
g where p = ¢ > k + 1; each point in these counting functions is counted

only once. In the same way we can define Np(r, a;g) and W(;Jrl(r, a; g).

Clearly N ™ (r, a3 £) = N 7 (r, a3 9).

Definition 1.7 ([12]) We denote by Na(r, a; f) the sum N(r, a; f)
+N(r, a; f [> 2).
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Definition 1.8 ([11, 12]) Let f, g share a value a IM. We denote by
N.(r, a; f,g) the reduced counting function of those a-points of f whose
multiplicities differ from the multiplicities of the corresponding a-points of
g.

Clearly N.(r, a; f, g) = Nu(r, a; g, f) and N.(r, a; f, g) = Np(r, a; f)
+NL (Tv a; g)
Definition 1.9 ([15]) Let a, b € C U {oo}. We denote by N(r, a; f |

g = b) the counting function of those a-points of f, counted according to
multiplicity, which are b-points of g.

Definition 1.10 ([15]) Let a, b1, b2, ..., by € CU {oco}. We denote by
N(r,a;f | g # b1, ba, ..., bg) the counting function of those a-points of
f, counted according to multiplicity, which are not the b;-points of g for
1=1,2,...,q.

2. Lemmas

In this section we present some lemmas which will be needed in the
sequel. Let F' and G be two nonconstant meromorphic functions defined as
follows.

U f+a) 9" Hg+a)
= G

Henceforth we shall denote by H, ® and V the following three functions

mo (Lo 2y (G20

F (2.1)

F F-1 G G-1
F G
Hp—=——— =
F—1 G-1
and
FF o F’ e
V_(F—1_F>_<G—1_E>_F@u4y_mG—n'

Lemma 2.1 ([12], Lemma 1) Let F, G share (1, 1) and H # 0. Then
N(r,1;F|=1)=N(r,1;G|=1) < N(r,H)+ S(r,F) + S(r,G).

Lemma 2.2 Let Sy = {z: 2" +az" ' +b = 0}, So = {0} and S3 =
{oo}, where a, b are nonzero constants such that 2™ + az"' +b = 0 has



514 A. Banerjee and S. Mukherjee

no repeated root, n (> 3) is an integer and F, G be given by (2.1). If for
two nonconstant meromorphic functions f and g Ef(S1, 0) = E4(S1, 0),
Ef(SQ, 0) = Eg(SQ, O), Ef(Sg, 0) = Eg(Sg, 0) and H 5_’5 0 then
N(r, H)<N.(r,0, f, g9) + N(r, 0; f + a |> 2)
+N(r,0;9+a|>2)+ Ni(r, , F, G)
+N.(r, 00; f, g) + No(r, 0;F') + No(r, 0:G),

where No(r, 0; F/) is the reduced counting function of those zeros of F'
which are not the zeros of F(F — 1) and No(r, 0;G') is similarly defined.

Proof. Since E¢(S1, 0) = E4(S1, 0) it follows that F' and G share (1, 0).
We can easily verify that possible poles of H occur at (i) those zeros of f
and ¢ whose multiplicities are distinct from the multiplicities of the cor-
responding zeros of g and f respectively, (ii) multiple zeros of f + a and
g + a, (iii) those poles of f and g whose multiplicities are distinct from the
multiplicities of the corresponding poles of g and f respectively, (iv) those
1-points of F' and G with different multiplicities, (v) zeros of F' which are
not the zeros of F(F — 1), (v) zeros of G which are not zeros of G(G — 1).
Since H has only simple poles, the lemma follows from above. This proves
the lemma. O

Lemma 2.3 ([15], Lemma 4) If two nonconstant meromorphic functions
F and G share (1, 0), (oo, 0) and H # 0 then

N(r, H)<N(r, 0; F [> 2) + N(r, 0;G |> 2)
+N.(r, 1 F, G) + Ni(r, ; F, G)
+No(r, 0;F') + No(r, 0;G),

where No(r, 0; F/) is the reduced counting function of those zeros of F'
which are not the zeros of F(F — 1) and No(r, 0;G') is similarly defined.

Lemma 2.4 ([20]) Let f be a nonconstant meromorphic function and let

_ ko ar f*
ZT:O bjfJ

be an irreducible rational function in f with constant coefficients {ay} and
{b;} where a, # 0 and by, # 0 Then

T(r, R(f)) = dT(r, f)+5(r; f),

R(f)
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where d = max{n, m}.

Lemma 2.5 Let F' and G be given by (2.1). If f, g share (0, 0) and 0 is
not a Picard exceptional value of f and g. Then ® =0 implies F = G.

Proof. Suppose
¢ =0.

Then by integration we obtain
F-1=C(G-1).

It is clear that if 2z is a zero of f then it is a zero of ¢g. So from (2.1) it
follows that F'(z9) = 0 and G(z9) =0. So C' =1 and hence F = G. O

Lemma 2.6 Let F and G be given by (2.1), n > 3 an integer and ® # 0.
If F, G share (1, m) and f, g share (0, p), (00, k), where 0 < m < oo,
0<p<ooand0<k<oo then

[(n—=1)p+n—2IN(r, 0;f [>p+1)
< N.u(r, 1;F, G) + N.(r, oo; F, G) + S(r, f) + S(r, g).

Proof. Suppose 0 is an e.v.P. (exceptional value Picard) of f and g then
the lemma follows immediately.

Next suppose 0 is not an e.v.P. of f and g. Let zy be a zero of f with
multiplicity ¢ and a zero of g with multiplicity r. From (2.1) we know that
20 is a zero of F' with multiplicity (n —1)q and a zero of G with multiplicity
(n — 1)r. We note that F' and G have no zero of multiplicity ¢ where (n —
l)p<t<(n—1)(p+1). So from the definition of ® it is clear that zq is a
zero of ® with multiplicity at least (n —1)(p + 1) — 1. So we have

[(n—=1)p+n—2IN(r, 0; f [>p+1)
=[(n—=1)p+n—2IN(r, 0;9 |> p+1)
[(n—1)p+n—2N(r,;F [>n(p+1))
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Lemma 2.7 Let F and G be given by (2.1) and f, g share (0o, 0) and oo
is not a Picard exceptional value of f and g. Then V =0 implies F =G

Proof. Suppose
V=0.

Then by integration we obtain

1 1
1——= A(1 - f).
F G
It is clear that if zp is a pole of f then it is a pole of g. Hence from the
definition of F' and G we have 1/F(zp) = 0 and 1/G(zp) =0. So A =1 and
hence F' = G. O

Lemma 2.8 Let F', G be given by (2.1) and V # 0. If f, g share (0, 0),
(00, k), where 0 < k < 0o and F, G share (1, m) then the poles of F' and
G are the zeros of V' and
(i) (nk +mn —1)N(r, oo; f)
<nkN(r, oo; f |= 1) + n(k — 1)N(r, oo; f |= 2)
+--+nN(r, o0; f |= k)
+N.(r, 0; f, g) + N(r, 0; f +a) + N(r, 0;9 + a)
+Np(r, 5F)+ Np(r, 1;G) + S(r, f) + S(r, g).
(i) (20— DN(r, o0 f)
<N.(r, 0; f, 9) + N(r, 0; f +a) + N(r, 0;9+ a) + Np(r, 1; F)
+NL(T7 LG) +nN(r, oo; f |=1) + S(r, f) + S(r, g).
Similar expressions hold for g.

Proof. Suppose co is an e.v.P. of f and g then the lemma follows immedi-
ately.

Next suppose oo is not an e.v.P. of f and g. Since f, g share (oo;k), it
follows that F', G share (0o;nk) and so a pole of F' with multiplicity p (>
nk + 1) is a pole of G with multiplicity » (> nk + 1) and vice versa. We
note that F' and G have no pole of multiplicity ¢ where nk < ¢ < nk + n.
Also any common pole of F' and G of multiplicity p < nk is a zero of V of
multiplicity p — 1. Since

(n—1)N(r,00; f |=1)+ (2n — 1)N(r, 00; f |=2) + ...
+ (nk—=1)N(r,c0; f |=k)+ (nk+n—1)N(r,00; f |> k+1)

= (nk+n—1)N(r, co; f) — nkN(r, co; f |=1)
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using Lemma 2.4 we get from the definition of V'

(n = 1)N(r, oo; f)
< (2n —1)N(r, 0o; f) — nN(r, oo; f |=1)
<(n—1)N(r,o0; f|=1)+(2n —1)N(r, 00; f |=2) + - -~
+ (nk —1)N(r, oo; f |= k) + (nk+n—1)N(r, co; f |> k+1)
N(r,0;V)
N(r,00; V) + S(r, f)+ S(r, g)
N.(r, 0; f, g) + N(r, 0; f +a) + N(r, 0;g + a)
+ Nu(r, 1, F, G)+ S(r, f)+ S(r, g).

IN

IAIAIA

Now (i) and (ii) follows from the above discussion. O

Lemma 2.9 Let F, G be given by (2.1) and V #0. If f, g share (o0, k),

where 0 < k < oo and F, G share (1, m) then the poles of F' and G are the

zeros of V. and

(1) (nk+n—1)N(r
= k—1)N(r, oo; f |=2)

)

+N(r, 0; f) + N(r, 0;9) + N(r, 0; f + a)
N (r, LF)+ Ng(r, 1,G) + S(r, f)+S(r, g).
(ii)

| o
3
|
=
Z|
=<
‘8

<N(r, 0; f) +N( 0;9) + N(r, 0; f +a) + N(r, 0;9 + a)
+Np(r, 1F) + Np(r, 1;G) +nN(r,00; f |= 1) + S(r, f) +S(r, g).
Similar expressions hold for g.

Proof. We omit the proof since the proof of the lemma can be carried out
in the line of proof of Lemma 2.8. U

Lemma 2.10 ([1], Lemma 3) Let f and g be two nonconstant meromor-
phic functions sharing (1, m), where 2 < m < co. Then

N(r, 1;f|=2)+2N(r, 1;f|=3)+ -+ (m—=1)N(r, 1; f |=m)

+mNL(r, 1 f) + (m+ D)NL(r, 1;9) + mNo i, 15 f)
S N(Ta 1;9) - N(T’ 179)'
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Lemma 2.11 Let F, G be given by (2.1) and they share (1, m). If f, g
share (0, p), (0o, k) where 2 < m < oo and H #0. Then

T(r, F)<N(r, 0; f) + N(r, 0;9) + N(r, 0; f, g) + No(r, 0; f + a)
+Na(r, 0;9 + a) + N(r, oo; f) + N(r, 00; g)
+N.(r, 00; f, g) = m(r, 1;G) = N(r, L F |= 3)

— = (m=2)N(r,;F |=m) — (m —2)Ny(r, ; F)
—(m =N (r, 5G) — (m— )Ny (1, 1; F)
+S(r, F)+ S(r, G)

Proof. By the second fundamental theorem we get

T(r, F)+T(r, G)<N(r,0;F) + N(r, o0; F) + N(r, 0;G)  (2.2)
+N(r, 00;G) + N(r, 1; F) + N(r, 1;G)
—No(r, 0; F/) — No(r, 0; G/)
+S(r, F)+ S(r, G).

In view of Definition 1.8, using Lemmas 2.1, 2.2 and 2.10 we see that

N(r, 1;F)+N(r, 1;G) (2.3)
<N(r, ;F|=1)+N(r, ;F|=2)+N(r, 1,F |=3)
+--+N(r, ;F |=m)+ N %”“(r, 1; F)
+Np(r, ;F)+ Nr(r, 1;G) + N(r, 1;G)
<NL(r, 05 f, 9) + N(r, 0, f +a[>2) + N(r, ;9 + a |> 2)
+ Nu(r, 005 f, g) + Np(r, 1 F) + Np(r, 1;G)
+N(r, ;F|=2)+-+N(r, ; F |=m)
+ N o 1, F) + No(r, LE) + N (r, 1,G)
+T(r, G) —m(r, 1;G) + O(1) — N(r, 1; F |=2)
—2N(r, ;F |=3)—(m—1)N(r, ;F |=m) — - -
—mNYT o 1, F) = mNL(r, 1, F) — (m+ )NL(r, 1,G)
+ No(r, 0 F') + No(r, ;G ) + S(r, F) + S(r, G)
<SN(r, 0, f,9) + N(r, 0; f +a|>2) + N(r, 0;9 +a |>2)
+ Ny(r, 005 f, 9) + T(r, G) — m(r, 1;G) — N(r, 1; F |= 3)
—2N(r, 5F |=4) —---—(m—2)N(r, 1, F |=m)
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—(m—=2)Ng(r, F) — (m—1)Np(r, 1;G)
—(m — DNy (1, LF) + No(r, 0,F) + No(r, 0:0)
+ S(r, F)+ S(r, G)
From (2.2) and (2.3) in view of Definition 1.7 the lemma follows. O

Lemma 2.12 Let F, G be given by (2.1) and they share (1, m). If f, g
share (0o, k) where 2 <m < oo and H #0. Then
T(r, F)<2N(r, 0; f) + 2N (r, 0;g) + Na(r, 0; f + a)
+Na(r, 039+ a) + N(r, 00; f) + N(r, 003 9)
+N.(r, 003 f, g) —m(r, ,G) = N(r, L F' |= 3)
— = (m=2)N(r, F |=m) — (m = 2)Np(r,  F)
—(m—1)Ny(r, 156) — (m— )Ny (r, 1; F)
+S(r, F)+ S(r, G)

Proof. We omit the proof since using Lemmas 2.1, 2.3 and 2.10 the proof
of the lemma can be carried out in the line of proof of Lemma 2.11. O

Lemma 2.13 ([14], Lemma 3) Let f, g be two nonconstant meromor-
phic functions sharing (0, 00), (00, 00) and O(o0; f) + O(o0;g) > 0. Then
P Uf +a) = g" g+ a) implies f = g, where n (> 2) is an integer and
a 18 a nonzero finite constant.

Lemma 2.14 ([13], Lemma5) If two nonconstant meromorphic functions
f, g share (o0, 0) then forn > 2

frHf +a)g" g +a) £V,
where a, b are finite nonzero constants.

Lemma 2.15 ([26], Lemma 6) If H = 0, then F, G share (1, c0). If
further F', G share (0o, 0) then F', G share (co, 00).

Lemma 2.16 ([16]) If N(r, 0; f*) | f # 0) denotes the counting function
of those zeros of f*) which are not the zeros of f, where a zero of f%*) is
counted according to its multiplicity then

N(r, 0; f8) | f £ 0) < kN(r, 00; f) + N(r, 0; f |< k)
+ kﬁ(r, 0; f|>k)+ S(r, ).
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Lemma 2.17 Let F, G be given by (2.1) and they share (1, m). Also let
W1, W ...wy, are the members of the set S1 = {z: 2M4az" b = 0}, where
a, b are nonzero constants such that z" +az"~' +b = 0 has no repeated root
and n (> 3) is an integer. Then

1 — '
Ni(r, LF) < 2 [N(r, 0:f) + N(r, 00 f) = Na(r, 0: )]
+5(r, f),
where N@(T, 07f,) = N(Tv Oafl | f 7& 07 Wi, W2, .-y wn)'

Proof. Using Lemma 2.4 and Lemma 2.16 we see that
Np(r, LF)<SN(r, LF [2m+2)

1 _

§m+1(N(7'7 1;F) = N(r, 1;F))

SmilgqNWwﬁﬁ—N@#%ﬁ”
1

< (N 01| f #0) = Ne(r, 0;1))

1 AT !
Sm N(T, Oaf)'i‘N(r, OO;f)—N(g)(T’, O,f)]

+S(r, f).
This proves the lemma. ]

Lemma 2.18 Under the condition of Lemma 2.17

N.(r, 1; F, G)

S%W@&ﬁ+ﬁnwﬁ—%ﬂﬂfﬂ

+S(r, f).

Proof. Since

Nu(r, LF, G)<N(r, L F |>m+1)

< (N(Tv l;F)—N(Y’, 1;F))7

3|~ 2

the proof of the lemma can be carried out in the line of proof of Lemma 2.17.
O
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Lemma 2.19 ([24]) Let F, G be two nonconstant meromorphic functions
sharing (1, o0) and (0o, 00). If

Ny(r, 0; F) + No(r, 0;G) 4+ 2N (r, 0o; F) < NT1(r) + Si(r),
where A < 1 and Ti(r) = max{T(r, F), T'(r, G)} and Si(r) = o(T1(r)),

r — 00, outside a possible exceptional set of finite linear measure, then
F=G or FG=1.

Lemma 2.20 Let F, G be given by (2.1) n > 3 and F, G share (1, m).
If f, g share (0, 0), (0o, k), d1)(00; f) + d1)(00;9) > 5/n and H = 0. Then
f=g

Proof. Since H = 0 we get from Lemma 2.15 F and G share (1, co) and
(00, 00). If possible let us suppose F' # G. Then from Lemma 2.5 and
Lemma 2.6 we have

N(r, 0; f) = N(r, 0;9) = S(r).
Again from Lemma 2.7 and Lemma 2.8 we have for € > 0
N(r, 003 f) + N(r, 00; g)
n
< T N =1
< T + 5 NG o f 1= 1) +
2n +4 n
“2n-1 2n-1

Therefore we see that

n
N ;9 1=1

(61)(00: £) + 61 (001 9) — 2¢) | T(r)

Ny(r,0; F') + No(r,0; G) + 2W(r, oo; F) (2.4)
< 2N(r, 0; f) + 2N (r, 05 g) + Na(r, 0; f 4+ a) + Na(r, 059 + a)
+ ZW(T, o0; f)
2n + 4 n
< [2+ 57 — 5 (0 (001 ) + by (e g) — 26) | T(r) + S(r).

Using Lemma 2.4 we obtain
Ti(r) = nmax{T(r, f), T(r, g)} + O(1) = nT(r) + O(1). (2.5)
So again using Lemma 2.4 we get from (2.4) and (2.5)

No(r, 0; F) + Na(r, 0;G) + 2N (r, oo; F)
_ [345/Cn—=1) = {n/(2n = 1)}(61)(00; f) + Iy (003 9) — 2¢) ]

n
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x Ty (r) + S(r).

Since d1y(00; f) + d1y(00; 9) > 5/n and € > 0 is arbitrary for n > 3 we have
by Lemma 2.19 FG = 1, which is impossible by Lemma 2.14. Hence F = G
ie. f"7Yf+a) = g" (g +a). This together with the assumption that
f and g share (0, 0) implies that f and g share (0, c0). Now the lemma
follows from Definition 1.3 and Lemma 2.185. g

Lemma 2.21 ([28], Lemma 2) Suppose F' and G be defined as in (2.1)
and O(o0; f) > 2/(n—1). Then F = G implies f = g, where n (>7) is an
integer and a is a nonzero finite constant.

Lemma 2.22 Let F, G be given by (2.1) n > 7 and F, G share (1, m).
If f, g share (0o, k), 01)(c0; f) > 14/3n and H =0. Then f = g.

Proof. Since H = 0 we get from Lemma 2.15 F and G share (1, co) and
(00, 00). If possible let us suppose F' # G. From Lemmas 2.7 and 2.9 we
have for € > 0 that

Ny(r, 0; F) + Na(r, 0;G) + 2N (r, oo; F)
< 2N(r, 0; f) + 2N(r, 0;9) + Na(r, 0; f +a) + Na(r, 0;9 + a)
+ 2N(r, oo; f)

2
§[7+

m—1 2n
So using Lemmas 2.19, 2.1} we can deduce a contradiction. Hence F' =
G. Noting that (1/2)dyy(oc0; f) > 7/3n > 2/(n — 1) for n > 7, in view of
Definition 1.3 and Lemma 2.21 we can prove f = g. O

" (0ny (003 £) =€) | (1) + S (1),

Lemma 2.23 Let F, G be given by (2.1) n > 4 and F, G share (1, m).
If f, g share (0, 0), (00, k), d1y(00; f) + d1y(00;9) > 0 and H = 0. Then
f=g

Proof. We omit the proof since the proof can be carried out in the line of
proof of Lemma 2.20. O

Lemma 2.24 ([14], Lemma9) Let f and g be two nonconstant meromor-
phic functions such that O(oo; f) + O(o0;g) > 4/(n — 1), where n (> 4) is
an integer. Then "~ Y(f +a) = ¢ (g + a) implies f = g, a is a finite
nonzero constant.
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3. Proofs of the theorems

Proof of Theorem 1.1. Let F, G be given by (2.1). Then F and G share
(1, 2), (00;2n). We consider the following cases.

Case 1: Let H #0. Then F # G. Suppose oo is not an e.v.P. of f and g.
Then by Lemma 2.7 we get V # 0. Hence from Lemmas 2.4, 2.9, 2.12 and
2.17 we obtain

nT(r, f) <2N(r, 0; f) + 2N(r, 05 g) + Na(r, 0; f + a) (3.1)
+Na(r, 09 + a) + N(r, 0o; f |>2) + N(r, 005 g |> 2)
+N(r, 00; f |>3) = Np(r, 1,G) + S(r, )+ S(r, g)

<3T(r, f)+3T(r, g) + 5 2 {2T(r, f)+2T(r, g)

n—1
{10 1)

3n—1

28 14
32n—1)  3(3n— 1)]T(T) +5(r).

§[6+

If co is an e.v.P. of f and g then (3.1) automatically holds.
In the same manner we can obtain

nT(r, g) < [6+ 3(258_ 5+ 3(3;4_ 1)}T(r) +5(r). (3.2)
Combining (3.1) and (3.2) we see that
28 14
[" 03 T30 1)}T(7’) < 5,

which leads to a contradiction for n > 7.

Case 2: Let H = 0. Then noting that f and g have no simple poles implies
d1y(00; f) = 1> 14/3n the theorem follows from Lemma 2.22. O

Proof of Theorem 1.2. Let F', G be given by (2.1). Then F' and G share
(1, 3), (o0;00). We consider the following cases.
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Case 1: Let H #0. Then F # G. Suppose oo is not an e.v.P. of f and g.
Then by Lemma 2.7 we get V # 0. Hence from Lemmas 2.4, 2.9 and 2.12
we obtain for £ > 0

nT(r, f) <2N(r, 0; f) +2N(r, 0;g) + Nao(r, 0; f + a) (3.3)
+Na(r, 059+ a) + N(r, 00; f) + N(r, 003 g)
~N.(r, ;F,G) = Nr(r, ;G)+ S(r, f) + S(r, 9)
<3T(r, f)+3T(r, g9)

2 _(9T(r, )+ 2T(r, g) + Nu(r, 1, F, G)}

+2n—1

+2n_ 1N(T7 OO,f |: 1) _N*(Tv ]-aFa G)
+8(r, f)+S(r, g)

< [6 v () + —2"

2n —1

(27f—1) {1 =61y(00; f) +e}T'(r)

+S(r)

< [74 G — gy (et ) = H|T0) + (),

If o is an e.v.P. of f and ¢ then (3.3) automatically holds.
In the same way we can obtain

W) < [T+ G — gy (i ) = |T0) ()
+5(r).
Combining (3.3) and (3.4) we see that

=7 Gy * g (o0 ) = Y] ) < ().

Since d1)(o0; f) > 14/3n there exist a p > 0 such that dyy(oc; f) = 14/3n +
p. We choose 0 < € < p then we get a contradiction.

Case 2: Let H = 0. Now the theorem follows from Lemma 2.22. O

Proof of Theorem 1.3. Let F', G be given by (2.1). Then F and G share
(1, 3), (00;00). We consider the following cases.

Case 1: Let H #0. Then F # G. Suppose o is not an e.v.P. of f and g.
Then by Lemma 2.7 we get V' # 0. Hence from Lemmas 2.4, 2.9 and 2.12
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we obtain for € > 0

nT(r, f) (3.5)
<3T(r, f)+3T(r, g)+ T?’_l{ﬂ(r, f)+2T(r, g)+ Nu(r, 1; F, G)}
+2nL—1N(T’ OO?fFlHﬁZM% 00;g|=1)=N.(r, 1, F, G)

+S(r, f)+S(r, g)

<[6+ (%8_ 1) + g, 2= 0000 1) = 61y (o0i0) + 251T()
+5(r)
< [74— (2n9— 0~ 2nn_1{51)(oo;f)+51)(oo;g) —25}}T(r)+5(r).

If 0o is an e.v.P. of f and g then (3.5) automatically holds.
In the same way we can obtain

W0 ) < [T+ gy = g (e ) + 6y (oeig) — 2¢)]
xT(r) 4+ S(r). (3.6)
Combining (3.5) and (3.6) we see that

9

[n —7- @n D) + 2nn_ 1{51)(005 f)+d1)(c059) — 25}}T(7“)

< S(r).

Noting that d1)(co; f) + d1y(00; g) > 8/(n—1) and € > 0 is arbitrary we get
a contradiction.

Case 2: Let H = 0. Since (1/2)(61y(c0; f) + 61)(c0;9)) > 4/(n — 1), pro-

ceeding in the same way as done in the proof of Lemma 2.22 the theorem
follows from Definition 1.3 and Lemma 2.24. U

Proof of Theorem 1.4. We omit the proof since using Lemmas 2.4, 2.9,
2.12 and 2.17 and proceeding in the same way as done in Theorem 1.2 the
proof of the theorem can be carried out. O

Proof of Theorem 1.5. Let F', G be given by (2.1). Then F' and G share
(1, 5), (00;00). We consider the following cases.
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Case 1: Let H # 0. Then F' # (. Suppose 0, co are not exceptional
values Picard of f and g. Then by Lemma 2.5 and Lemma 2.7 we get ® £ 0
and V # 0. Hence from Lemmas 2.4, 2.6, 2.8 and 2.11 we obtain

nT(r, f)<2N(r, 0; f) + N(r, 0; f |> 2) + Na(r, 0; f + a) (3.7)
+Na(r, 09 4 a) + N(r, o0; ) + N(r, 00; 9)
—3N.(r, ,F,G)— Np(r, 1,G) + S(r, f) + S(r, 9)

2 2 —
< N* 7]-;F7
_(n—2+2n—1> (r )

+(1 n 2n2_ 1>W(r, 0;f [>2) + (2+ 2n4_ 1>T(7«)
—3N.(r, 1,F,G)— Np(r, 1;G) + S(r)
2n +1
= (2 oz 1)T(T) T en—Dn—3)
+S(r)

§<2+

NL(Ta 1a F)

2n+1
on—1 1 32n—1)2n- 3))T(T) +8(r).

If 0, oo are e.v.P. of f and g then (3.7) automatically holds.
In the same manner we can obtain

n 2n +1
2n—1  3(2n—1)(2n —3)

Combining (3.7) and (3.8) we see that

4 2n+1
(n w2 (2n—1) 3(2n—1)(2n— 3))T(7’) < S(r),

which is a contradiction for n > 3.

nT(r, g) < (2 + )T(T) +S(r). (3.8)

Case 2: Let H = 0. Noting that f and g have no simple poles implies
61y(00; f) + 61y(00;9) = 2 > 5/n the theorem follows from Lemma 2.20.
]

Proof of Theorem 1.6. Let F', G be given by (2.1). Then F' and G share
(1, 6), (00;00). We consider the following cases.

Case 1: Let H # 0. Then F # (. Suppose 0, co are not exceptional
values Picard of f and g. Then by Lemma 2.5 and Lemma 2.7 we get ® Z£ 0
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and V # 0. Hence from Lemmas 2.4, 2.6, 2.8 and 2.11 we obtain for € > 0

nT(r, f) <3N(r, 0; f) + Na(r, 0; f + a) + Na(r, 09 + a) (3.9)
+N(r, 00; f) + N(r, 005 9) — 4N.(r, 1; F, G)
~Np(r, 1,G) + S(r, )+ S(r, 9)
< [3+ 5 2 }N(r, 0; f) + <2+ 2n4_ 1>T(7°)

n—1
2 N 1P G+
on—1 "

_|_

o N oo fI=1)

+2n— 1N(r, 00;g9 |=1)—4AN.(r, 1, F, G)

+S(r, f)+S(r, 9)
2 2

S[71—2—‘_(71—2)(271—1)+2n_1 N*(T’7 L F, G)
L)r

+(2+ 2n — 1>T )
+ an— 1{2 = 01y(00; f) — 01y (005 9) + 26 }T(r)
—4N,(r, 1 F, G) + S(r)

= [3 * (2n5_ 1) . 2nn_ 1{51)(00; f)+ 61)(00;9) N 26}]

xT(r)+ S(r).

If 0, oo are e.v.P. of f and g then (3.9) automatically holds.
In the same way we can obtain

W1 9) < [3+ gy — g O (oes ) + 6y (oeig) — 2¢)]
xT'(r) +S(r). (3.10)

Combining (3.9) and (3.10) we see that

3 g g 1+ i) 2]

x T(r) < S(r).

Since d1)(00; f) + d01)(00; g) > 5/n there exist a p > 0 such that d;)(o0; f) +
d1y(0039) = 5/n + p. We choose 0 < e < p/2 then we get a contradiction.

Case 2: Let H = 0. Now the theorem follows from Lemma 2.20. O
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Proof of Theorem 1.7. Let F', G be given by (2.1). Then F and G share
(1, 4), (00;6n). We consider the following cases.

Case 1: Let H # 0. Then F # (. Suppose 0, co are not exceptional
values Picard of f and ¢g. Then by Lemma 2.5 and Lemma 2.7 we get
® # 0 and V # 0. Noting that f, g share (0, 0) and (oo, 6) implies

N.u(r, 0;f, g) < N(r, 0; f) =

N(r, 0;9) and N.(r, co; f,g) < N(r, co; f |>

7) = N(r, 00;g |> 7) from Lemmas 2.4, 2.6 and 2.11 we obtain

nT'(r, f)+nT(r, g) (3.11)
< 6N (r, 05 f) + 2T(r, f) +2T(r, g) + 4N(r, 00; f)
+2N(r, 00; f |>7) = 5N« (r, 1 F, G) + S(r, f)+ S(r, g)

<2T(r, f)+2T(r, g) + {2 + %}N(r, oo; f|>7)

_l’_
n_
+S(r

6 SN, L F, G) + AN (r, o0; f) ~ 5N.(r, 1 F, G)
, f)+S(r, g)

So respectively using Lemma 2.8 for k = 6 and k = 0, Lemma 2.6 for p =0
and Lemma 2.18 we get from (3.11) that

nT(r, f) —|—nT(r 9) (3.12)

IN

2+

+1)

(n—2

o)) (100 D+ T )}
2(n+1)

+( 0
n—2

4
—|T
+ [T

1

(n—2)(Tn —1)
f)+T(r, g)+ N(r, 0; f) + Nu(r, L F, G)]

)W*(r, L, F, G)

—5N.(r, 1;F, G) + S(r, f) + S(r, g)

3(n+1)

§<2+

+

n—1

(n—2)(Tn —1)
4 2(n+1)

TG )+ TG g)}

-
n—2

+

4

(n—1)(n—

n—1 (n—2)(Th—1)

)N*(r, L, F, G)

N et £ [2 7+ Nl 1 F, )

—5N.(r, 1 F, G) + S(r, )+ 5(r, g)

4n — 6 3(n+1)

§<2+(

n—1)(n—

5+ =) T D+ T 0}
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10 2(n+1)
+(n—2 (n—2)(Tn — 1)
+S(r, f)+ S(r, 9)

(4n — 6) T(n+1)
<(2+ —D)n-2) T2 —2)(tn—1)
+ S(r, f)+ S(r, g).

— 5)N*(T‘, L F, G)

T N +T0 )}

From (3.12) we get a contradiction for n > 4.
If 0, oo are e.v.P. of f and g then (3.12) automatically holds.

Case 2: Let H = 0. Now the theorem follows from Lemma 2.23. (]
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