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The existence of the global solutions
to semilinear wave equations
with a class of cubic nonlinearities in 2-dimensional space

Akira HosHIGA
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Abstract. This paper deals with the Cauchy problem of the semilinear wave equation
with a small initial data in 2-dimensional space. When the nonlinearity is cubic, we
can not expect the global existence of smooth solutions, in general. However, Godin [1]
showed that if the nonlinearity has the null-form, the solution exists globally. In this
paper, we will show the global solvability for the other type of nonlinearities which does
not have null-form.
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1. Introduction
Let us consider the following Cauchy problem;
Ou = Ofu — Au = F(Ou) (z,t) € R? x (0, 00), (1.1)
u(z, 0) = ef(z), du(x, 0) =cg(z) =z e R (1.2)
Here, 0 = (0y, O1, 02), 0y = 0y = 0/0t, 0; = 0/0x; (j = 1,2) and € is a

positive small parameter. We assume f, g € C°(R?; R), |f| + |g| # 0 and
supp{f, g} C {z € R?;|z| < M}. We also assume that

F € C*(R3 R),
F(0u) = O(|0ul?) near du =0.

More presicely, we assume

2
F(0u) = Z A9 udzudyu + O(|oul*) near u =0, (1.3)
a,3,v=0
where A%P7 are real constants.

The aim of this paper is to estimate the lifespan T, of the smooth
solution to the Cauchy problem (1.1) and (1.2), which is defined for each
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€ > 0 as follows;

T. = sup{T > 0; there exists a smooth solution
to (1.1) and (1.2) in C*°(R? x [0, T); R)}.

In order to state the results which we have already known about the lifespan,
we introduce some notations.

For vectors X = (Xp, X1, X2) € R3, we define

2
C(X)= Y AX,XpX,.
a,8,7=0

This function charaterizes the essential cubic terms of F'(Ju) along the light
cone.

On the other hand, let u® = u%(z, t) be the solution to the Cauchy
problem;

Ou’ =0 (z,t) € R* x (0, c0),
u’(z, 0) = f(z), du’(z, 0) = g(x)

and set 7 = |z| > 0, w =2/r € St and p=r —t € R. Then we define
Flw, p) = TILIEO 200 (rw, r — p),

which is called the Friedlander radiation field. Hérmander showed in [2] the
following properties of F.
Oy F (W, pI<CA+ o) peR, (1.4)
F(w, p)=0 for p> M.

By (1.4) and (1.5), we find that the constant

H = pefrtr}zg(esl{—(}’(—l, w)(9pF (w, p))*} (1.6)

is well-defined and nonnegative.
Then Godin proved the following (a) and (b) in [1].

(a) IfH >0, then

1
liminf e2log T. > —
mipfetlosts =

holds.
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(b) IfC(—1,w) =0 holds for w € S, then T. = oo holds for sufficiently
small € > 0.

The condition C'(—1, w) = 0 is called the null-condition. If the null-
condition is satisfied, then we can write the cubic part of the nonlinear term
F(du) as a linear combination of terms dyu((Gou)? — |Vul?), i.e.,

2
F(Ou) = Cabau((@ow)? — [Vul?) + O(|0u]*),

a=0

where C, are real constants. It follows from (1.6) that the null-condition is
a sufficient condition of H = 0 and not a necessary condition. In the case
where |f| 4 |g| # 0, we find that H = 0 is equivalent to the condition

C(-1,w)>0 for any w € SL. (1.7)

This means that there is a nonlinearity F'(0u) which does not satisfy the
assumptions of both (a) and (b). For example,

F(0u) = —(0ou)®, F(0u) = —dou|Vul?,
F(0u) = —(80u)3 + Opududau
and so on. For the above F'(Ou), we can easily show that
C(X) = —X§ — XoX1Xo,
respectively. Hence we find that these F'(0u) satisfy (1.7). From the re-
sults (a) and (b), we can expect the solution exists longer than the time
exp(C/e?) for any constant C' > 0 in such cases. Our purpose of this paper
is to show the global existence of the smooth solution to (1.1) and (1.2),
when the condition (1.7) holds.
2. Statement of the main theorem
We introduce generalized differential operators;
QO =210y — 1901, L; =1t0; +x;00, S =10y + 101 + 2209

and denote

Io=8T1=Q, I's =L, I's =1Ly, 'y =0y, I's =01, I'e = 0o.
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We can verify the following commutator relations;

a()é? 8,3] = 07 [S7 aoz] - _8()(7 [Qa al] = _827 [Q7 82] - 817

[

[Q, 80} = 0, [Li, aj] = —57;j80, [Li, 80] = —81', [S, Q] = 0, (2.1)

[Q, L] = —Lo, [, Lo] = L1, [S, L;] =0, [L1, L] =9,

[FU, D] = —26p,0
fora, 6 =0,1,2,4,5=1,2and 0 =0, 1,..., 6. Here [, | denotes the
usual commutator of linear operators and d,3 is the Kronecker delta. We
also write Iy = T'g°T'{" - - - T'g%u for a multi-index a = (ag, a1, ..., ag).

Next we define some generalized Sobolev norms as

‘U(J}, t)|k’ = Z |Fav(l‘, t)‘

la|<k

@)=Y IT%(-, )l m2:m) (2.2)

la|<k

Ok =Y A+ [+ )72+ [ =) 2T (-, ) 1o mew)

la|<k

lo@)lx = Z [T%(-, )]z (R2:R)-

lal<k
Note that by (2.1) and the definition of norms, we have

[v(®)]o

lv(z, )] < REDRE

and

ofdu(t)x< Y |0 (t)]o < BlOw(t)]x

|a|<k

aldv(l< 3 ()]0 < Blov(t) (2.4)

ol <k

of|ov(B)llk< D 10T (B) o < Blldv(t)]lk

la|<k
for some positive constants a and 3. Now we state the main theorem.

Theorem 2.1 Assume that (1.7) holds. Then there exists a constant e, >
0 such that T, = oo holds for € € (0, e.). Moreover, for any integer k > 5,
there exists constants ¢; > 0 and m; > 0 (I = 0,1, ..., k) such that the
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solution satisfies

0u(t)|; < e(14+e?log(14+1))™ 0<t<oo, [=0,1,...,k (2.5)
fore € (0, e,). Here c; > ¢j—1 and ¢y = co(f, g), my > my—1 and mgo = 0.
Remark Kubo proved the same result in [8], in which he also showed an
asymptotic behavior of solutions.
3. Proof of the main theorem

First of all, the following local existence result has been shown in The-
orem 6.5.3 in [3].

Proposition 3.1 There exist constants D > 0 and & > 0 such that for
0 < e < & the Cauchy problem (1.1) and (1.2) has a local solution u €
C>®(R? x [0, e71]; R) which satisfies

1
[Ou(t)||lx < De 0<t< B (3.1)
fork=0,1,2,....

Combining Proposition 3.1 with the following lemma, we can show the
Theorem 2.1.

Lemma 3.1 Assume that (1.7) holds, choose an integer k > 5. Let u €
C®(R? x [0, T);R) be a solution to (1.1) and (1.2). Then, there exist
constants g > 0, ¢; > 0 and m; > 0 (¢; > ¢;—1, co > D, my > my_1, mg =
0, 1=0,1,..., k) independent of T such that if

lou(t)||; < 2¢1e(1 + e?log(1 + t))™
0<t<T, 1=01,.., &k (32
holds for an ¢ € (0, ), then
|0u(t)]; < cre(1 + e log(1 + t))™
0<t<T, 1=0,1,....k (3.3
holds for the same €.

Proof of Theorem 2.1. Choose an integer k > 5 and define a set

U= {t;t < T, |0u(t)||; < 2¢e(1 + €?log(1 +t))™,
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1=0,1,...,k} (C[0, x))

for each € € (0, e.), where €, = min{e, €'}. Proposition 3.1 implies that
U; is not empty. Furthermore, by Lemma 3.1, we can easily show that U,
is open and closed in [0, co) from the usual argument. Namely we have
U. = [0, c0) and therefore we find that 7. = oo and (2.5) hold for any
e € (0, e4). This completes the proof of Theorem 2.1. n

In what follows we concentrate on showing (3.3) under the assumption
(3.2). For this purpose, we will use the following propositions.

Proposition 3.2 Let v € C?*(R? x [0, T);R) be a function satisfying
supg<i<r |[v(t)|l2 < 00. Then there exists a constant K > 0 such that

[Qv(t)]o < K||Ov(t)]]2 0<t<T (3.4)
holds.

Proposition 3.3 Let v € C'(R? x [0, T);R) be a function satisfying
v(xz, t) = 0 when |x| > t+ R for some constant R > 0. Then there ex-
ists a constant L = L(R) > 0 such that

HMHO < Lou(t)e 0<t<T (3:5)

holds.

Proposition 3.4 Let u € C?(R? x [0, T); R) be a solution to (1.1) and
(1.2). Then

u(xz,t) =0 for |x|>t+M (3.6)
holds.

See Corollary 1 in [7], Lemma 3.2 in [6] and Theorem 4a in [5] for the
proof of Propositions 3.2, 3.3 and 3.4, respectively.

Proof of Lemma 3.1. Now we show Lemma 3.1 by 3 steps.
Step 1. There exist constants C' > 0 and €1 > 0 such that

C'e(1+&?log(1 +1t))?
(1+ |z| +t)1/2

Ou(z, t)]; < (z, ) eRZx[0,T) (3.7)
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holds fore € (0, e1) and j =0, 1, 2. Here C' is independent of the constants
candmy (1=0,1,2,..., k).
Firstly, by (3.1), we know that
K De 0<t< 1
1+t)/2 ~— ~ ¢

holds for € € (0, &’). This implies that (3.7) is true when 0 < t < 1/e.
Secondly, by (3.2) and Proposition 3.2, we find that

|Ou(z, t)]2 < (3.8)

L+ |z + )Y+ [Jx] — t)h2|ou(t, )1
< [Ou(®)]i—2
< K|[ou(t)|l: (3.9)
< 2Kcie(1 + 2 log(1 + t))™

holds for (z,t) € R?x [0, T) and [ = 2, 3, ..., k. Then, setting
AO = {(y7 S)

M={(.9) |ye R

we find that (3.7) is true for (z, t) € Ap. In fact, by (3.9) and the fact that

t 1
1 -t >14=->— t A
Hllal -t 214525 (@0 €ho,

y € R?,

<s<T [yl -5 =3},

M| =, =

<s<T, |yl -l <3}

we have

2K cae(1 + e%log(1 +t))™
1 Y2 0u(t <
25/ K cye®* (1 + log(1 + t))™
- (1+4t/2)t/4
<e

(3.10)

for e € (0, €”), if we take ¢’ as

" . 5/4 (1 + log(l + S))m4 -
e <m1n{1, (2 KC4%1§S) (1+8/2)1/4 ) }

In order to show (3.7) for (z, t) € Ay, we prepare an estimate of u. It
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follows from (3.9) and Proposition 3.4 that

t+M
IDou(z, t)] = ]— / 9,7 %u(\w, t)dA
o
t+M 1

<(outt)s [

<2Kcqe(1 + % log(1 + )™

M 1
X d
/| (42t + ) 21+ ) 2

d
(A EH N2 X =)

) o (M 11
< 2K cqe(1 + 2 log(1 + t))™ du+B(7, 7)
0 272

<2Kcy(M 4 m)e(1 + €% log(1 + t))™s

for |a] < 4. Here, B(p, q) stands for the beta function. Hence we have

u(, £)]s < Cue(1 +log(L+ )™ (x, 1) € Ay,

if £ € (0, 1). Here C., is a constant depending on cy.
Since the operator d; (j =1, 2) can be written as

2
1 Wi rW;W;
8j = —Wja() + ZL]‘ + = S — E ke Ll‘,

t+r” it +r)
we find
|Fa’U|0 .
OaV = —waOgv + O(|¥1 " ) with wg = —1,
[T%v]o
(B0 + 0, )v = o(;1 B,

(Do + 0,)2v = O(Z |Fav’0)

t2
la|=2
and therefore we obtain

Ou = —C(—1, w)(dpu)?

(3.11)

(3.12)

(3.13)

(3.14)

Ou3 |ty oulo|Tul2  |TPul?
+O<Z{| BT ulo |, |QulolC"ulf | |0}+|au\g). (3.15)

t 12 3
lb|=1
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We also introduce characteristic lines of (1.1). By (1.1), we can show
that

r=Y2(80 + 0,) (2 8yv)
1

1 , 1 1,
=_0 — — —0 1
50V + 2(80 + 0 )" v+ 2r<80 + 0 )v+ 5,250 (3.16)

holds for a function v(z, t). Then, setting r)(s) = s+ A for each A\ € R and
denoting v(s) = v(rx(s)w, s), we obtain

2%(0(8)1/260@(8)) = ra(s)200 + 72 (5)Y2(80 + 0r)%v

+ (Do + 0r)v + Q% (3.17)

ra(s)/? ra(s)3/?

for each w € S* and A € R.. For each (z, t) € Ay, settting 2 = rw and \ =
r —t, we find that r)(¢) = r. Then we call the line (r)(s)w, s) (0 <s<T)
the characteristic line of (1.1) passing through the point (z, t). Moreover,
we denote

tx = inf{s | (ra(s)w, s) € A1}

which is the time when (r)(s), s) € 9A1. Note that ty > 1/e and (rx(s)w, s)
€ Aq holds for t), <s<T.
Hence, for any (z, t) € A1, by multiplying

P(s) = exp(5 : C(~1, w)(@hu(r))?dr)

to the both sides of (3.17) with v = v and integrating it from ¢y to ¢, we
have

P(t)|z['*|0ou(z, )]
< ra(ta) Y2 Bou(ra(ts)w, ty)|

' |Qulg|uly 1 |l
Bl (Vihel EN 21 9ul4 - 12
01| PO (s ) 0ult 4 S ) s
where we have used (3.13), (3.14), (3.15) and the fact
1 1 A
— < < (ra(s)w, s) € Ay (3.18)

As T ra(s) T 1+

for some constnat A > 0. Since P(t) is monotonously increasing and P(t) >
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1, we have by (3.8), (3.9), (3.10) and (3.11),
[ /2|0pu(, t)]

Pit) {TA(tA)1/2’80U(7"A(t)\)wa t\)l

+ O P(s)(

tx

<

|Oulglul
ra(s)t/2
L e(1 4 log(1 4+ s))4me
(1+s)3/2

u
+7a(s)"/2|0uld + TALS‘;/Q)CZS}

ds

<(1+KD)+C
tx
028
(14 ty)t/4
< (14 KD)e 4 Coe™™* (2, 1) € Ay,

<(1+KD)e+

Hereafter, C; stands for constnats independent of ¢; and m;, while C'j stands
for constants depending on ¢; or m; (I =0, 1, 2, ..., k). Therefore, taking

1

n < . / 1z —

£0 _mm{a,a : 03}7
we have

2|V ?|Bgu(z, t))| < 2+ KD)e (x,t) € Ay (3.19)
for e € (0, £f'). Moreover, by (3.11), (3.12) and (3.19), we have

u
o 2l0gue, 1) = ol |out, )] + 0 (11
<(B+KD)e (z,t) e\ (3.20)

for e € (0, ), taking ef’ smaller if necessary. Therefore, by (3.18), (3.19)
and (3.20), we find that

(14 )?|0u(z, t)|o < Che  (x, t) € Ay (3.21)

holds for € € (0, €}'), if we take C}y > 3(3 + KD)A'/2.
Next we take v = T'u in (3.16). Here I' stands for any one of I'y, (o =
0,1,...,6). By (1.3), (2.1) and (3.15), we have

Oy =T'0u 4+ COu
= —3C(—1,w)(9ou)*(9oTu) + (3.22)
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+%?Oauﬁ-%ﬁﬁdﬁauh

Oul2|Tul; + |0ulo|Tlulo|O0u
+Z{| 51T%ul1 + [Oulo|T"ulo| |1Jr

[b]=1 t
le|=1
|Ouly T*ulf + |Oulo[TPuloTeuly | Toulf|Tul,
+ 2 + 3 .

Hence, for any (z, t) € Ay, by multiplying

3 S
P(s) = exp(5 | C(=1, w)(@u(r))dr)
[3Y
to the both sides of (3.17)) with v = I'u and integrating it from ¢ty to ¢, we
have

P(t)|z|"?|0oTu(z, )]
< () Y2 AT u(ra(tx)w, )]

t
+Ca [ P(s)(r(s)2(0uf + 0uoul)
tx
oul + onllul oy sy,
(14 s)L/2 (L4 s)32) 77
where we have used (3.13), (3.14), (3.15) and (3.18). Since P(t) is monot-

onously increasing and P(t) > 1, we have by (3.8), (3.9), (3.10), (3.11),
(3.21) and (3.22),

||/ |BoT u(x, t)|

1
< o { ) a2, 1)
t
+@/P@Qmwmw%wm@m
[5Y
|Oul3|uls + [Oulo|ulr|Ouls |ul3 )d }
S
(1+s)1/2 (14 5)3/2

Cae®  Cze(1+log(1l + s))4m6)
ds
I+s (1+s)3/2

é4€
(L )1/

§(1+KD)5+/tt<

< (14 KD)e + Cselog(1 +t) +
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< (14 KD + C3)e(1 + 2log(1 + t)) 4 Cyet /4
< (2+ KD+ C3)e(1 +e*log(1+1t)) (x,t) € Ay

for e € (0, €7), if we take

1
n . n
&1 < mln{€0 y T}
4
C4

Namely we have
/2 |dou(z, 1)l
<724+ KD + C3)e(1+%log(1 +1t)) (x,t) € Ay (3.23)
and therefore by using (3.11), (3.12) and (3.23), we have
j2|0ju(e, )1 < (T(2+ KD + C3) +1)
xe(1+e?log(l1+1) (x,t) €Ay (3.24)

for e € (0, €/"), taking &’

we have

smaller if necessary. Hence, by (3.18) and (3.24),

(1+6)Y2|0u(z, )|y < Cle(l +e2log(1 +1)) (z,t) € Ay (3.25)

for € € (0, €%, if we take C} > (21(2+ KD + C3) + 2)A'/2,
Repeating the same argument, we find that there exist positive con-
stants C} and £}/ (< £]’) such that

(1+8)"2[0u(e, )|z < Coe(1 +*log(1 +1))*  (x, 1) € Ay
for € € (0, £)'). Therefore, taking

C'=max{KD, 1, Cj, C{, C4} and & =&},
we obtain (3.7).

Next we show the following

Step 2. Let v be a small positive number. Then, there exist constants C" >
0 and €9 > 0 such that

|0u(t)|[ps1 < C"e(1+1)Y 0<t<T (3.26)

holds for e € (0, 5). Here C" depends on the constants my and ¢; (I =
0,1,2, ..., k).
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By (1.1) and (2.1), we have

/
Ol =TF(u) + »_ T°F(0u). (3.27)
bl<lal

Here Zibl <lal Ay = Eb<|a‘ ~vpAp with certain constants 7. Furthermore, by
(1.3), we have

/
T“F(0u)+ >  TPF(0u)
jbl<lal
!/ !/
= > Oaudpul®Ou+ > TeOul?oul*du

a7ﬂ77:071a2 lel+|d|+]e[<]al
lel,ld],le[<]al]—1

/
+0( 3 rcaurdaureaurfau) (3.28)
el +ldllel+fI<lal
=0 ((|0u(0) 3+ 10u(E) ) |90 )y +10(8) oy, D))

Thus, multiplying do['®u to both sides of (3.27), integrating it over R? and
summing up with respect to a over |a| < k + 1, we have

d
o1 < Ca((19uE + 100t 1)) 10U 41

+ 10u(t) ) lOuD) ) (3.29)

Therefore, by (2.3), (2.4), (3.2), (3.7), (3.9), (3.29), the Gronwall inequality
and the fact that [(k+ 1)/2] < k — 2 holds for k > 4, we have

¢ [Du(s)]}
[0ut) 1 < C5 (1 0u(0) 1 + /0 P Gu(s) s )

X exp <c4 /Ot<\8u(s)|g + W)ds)

1+ 5)3/2

~ E(1+e%log(1 + s))3mx
< (C@é‘ + Cse /0 1+ s dS)

! 2 T6E3 2 3my,
Cre Cee®(1 + 2 log(1 + )%™

><eXp</0 <1+s+ (1+ 5)3/2 >ds
< (Cse + Cre(1 + 2 log(1 + t))3met1)
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x exp(Cre?log(1 +t) + Cge®)
< Cye(1 + 2log(1 + 1))+l x (1 4+ 1)°7’

for € € (0, 7). Hence, setting

5 (1 + log(1 +1¢))>ms*t 0 A A
CIO - %I;It)< (1 + t)y/g )7 C" = 090107
o

€ = min{el, \/2777}’
we have
[0u(t) 141 < CoCroe (1 +1)"/2+r
<C"e(141)”
for € € (0, e2). This implies (3.26).
Finally, we show (3.3).

Step 3. We can determine constants ¢;, my (I =10,1,2, ..., k) and gy so
that (3.3) holds under the assumption (3.2).
By (3.1), we know that

1
lou(t)x < De 0 <t <= (3.30)

for € € (0, €’). Hence we have only to consider the case 1/e <t < T.

In order to estimate ||Qu(t)]|;, we make use of (3.27) again, but estimate
the right hand side more precisely this time.

When (z, t) € Ag, we find that P(1+ ||z| —¢t|) > (1 + |z| +t) holds for
a certain constant P > 0. Hence we have

|Ou(z, t) [Qu(t)]; (z,t) € Ap. (3.31)

P
<
1+ |z +t
On the other hand, when (z, t) € A, we find that
1
Q
for a certain constant @ > 0. Thus we have by (3.12) and (3.32),

I+z|+t) <r<Qt (z,t)eh (3.32)

2
Z Aaﬁ"/(@af"uaﬁu&yu + 00 u0gIM udyu + O udgud,I" u)
a,B3,7v=0
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= —30(—1, w)(@ou)2aof‘au
|0ul3|Tul |4 + |0ulo[TPulo|Oul ),

+ O( > { - (3.33)

[b|=1
lel=1

|0ulo[Tulo[Tuljq) + [TPulg|Oulla) | [TPul§Tul)q)
+ 2 + 3
= —SC(—l, w)(agu)anF“u
N O(W“l%\“h(uﬂ + [Oulo|ul1[Oul|q
1+ |+t
Hence, combining (3.28) and (3.33), we obtain

) (z,t) € Ay.

/
T“F(0u) + Y T°F(0u)
bl<lal
= —3C(—1, w)(dou)?dpIu
N O(!5u|(2)\ul|a|+1 + [Oulo|ul1[Oul)q
L+ |x|+t

+ |0ulf ) g0y + (1 = 50|a|)|au|ﬁa\/2}|3U|\a|—1> (z,t) € Ay

(3.34)

Firstly, we consider the case | = 0. By (1.7), (3.27), (3.30), (3.31),
(3.34) with a = 0 and Propositions 3.3 and 3.4, we have

d
ool
g/ F(0u)0yudx
R2
< Ou(z, t)|3da;—3/ C(—1, w)|du(z, )| dz

[|lz|—t|>t/2 || —t|<t/2

oulz, t)I3 t
o[ 1M ORME Oy o [ oy e
lal-ti<t/2 L[zl +t R

[Qu(t)]5]Ou(z, t)
=G Axt>t/2 (1+1)

[Qu(t)]5lulz, t)]1|0u(z, t)]o
G /||:r:—t<t/2 (L+1)2(1 + =] — )

(C")*€’|Ou(z, t)[3
dx
rR2  (L+1)32

|2
O dx

dzx

+ Cho




684 A. Hoshiga

2 ou(t)]3
< (it X gl o)
: oulo)?

2
< O (g 10U + (10w 1 10u(®)lo)
which implis

m 2
(1+t)3/2\\ u(t) o + E? ft);guau(t)\h). (3.35)

Therefore, it follows from (3.2), (3.9), (3.30), (3.35) and the Gronwall in-
equality that

d
lou(llo < Cus

t
ou®lo < (ju o+ s [ L pauo,a5)

1/ (1+5)2
t
0136
< exp( /1 T aE)

- [t 31+ e2log(l + 5))3m2
< (Cue+Cn /1 . e oy ds)

X eXp(Cl5€5/2)
t ~ 3
Ciae 5/2
< _ —las
< (Cl4€ + /1/5 1 s)2 ds) exp(C15e” %)
< (Crae + 61357/2) exp(01555/2)
< (Cia + 1)ee

for € € (0, €00), if we take €gp = min{es, 1/012?{5, 1/02/5} Hence we find

that (3.3) holds for [ = 0, if we take ¢y = (C14 + 1)e and my = 0.

Next, we estimate ||Ou(t)]|; assuming ¢; and m; (i =0, 1,2, ...,1—1)
are determined. By (1.7), (2.4), (3.27), (3.31), (3.34) and Proposition 3.3,
we have

d
ﬂl@u(t)HQ

< Z/ I‘a 8'11, Z FbF au 80I‘ wd
|a‘<l |b|<|al

< Ou(x, t ou(z, )2, dx
Z /:c| t|>t/2| )|[|a\/2’ ( )“ |

la|<l
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- 3/ C(—1, w)|ou(z, t)|3|0u(z, t)\?alda:
| —t|<t/2

1
| —t]<t/2 1+ [z +1 0 lal+1

+ [0u(z, t)|olu(z, H)[1|0u(z, t)]jq)|0u(z, )]jadz

+f Ou(, 1) 2,200, 8)]aj 1O, 1)yt
[|z|—t|<t/2

" / e t>|ﬁa\/2]|au<x, 1),
‘ |/2]|3u(:c t)

= Z /m| f>t/2 (L+1)?

la|<l

[Ou(t)]§|u(, t)]ja)41|0u(z, t)])q)
+/|ac| t|<t/2

[

(L4 [z = t[)(1 +1)?
/ u(t)]o|u(z, t)1]|0u(z, t)| al g
| —t|<t/2

(1+1)3/2
/ 82y 21100, 1) ja)—10u(z, 1)) d
||| — t|<t/2
[Ou(t |a|/2]\8u(m t)||a| da:)
(1+1)3/2
[8 (t )][1/2] Iu(zx, t)
< — = Ou(
< O (g Iou()? +ZI+ HHM t|H D)l

+ SO U} + u(O) 0u(t)-1 0wt

[Ou(t)]f, 5
g 10ul?)

017([au( )][1/2] + [au(t)]:[sl/Q] + [Ou(t)]olu(t)]1

(1+1)32
u 2
E? +<tt>;g||au<7s>||l+1||au<t>||z

10U oy 0u(t) 11 [Du()]l),

which implies

1ou(t)||?

—+
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[Ou(t)]f] ) + [Ou(®)]f g + [Ou(t)]olu(t)]
< (1+1)3/2

10u(t) s+ [u(t) g lOu()li-1 ). (3.36)

d 1
g 10u®ll < C1s [Ou)|l;

[Pu(®)]5
(1+1)2
Therefore, when | = 1, 2, 3, 4, it follows from (3.2), (3.7), (3.11), (3.26)

with v < 1/4, (3.30), (3.36), Proposition 3.4 and the Gronwall inequality
that

(8L )11

Joucte< {lowe i+ [ (S5

Cro[0u(s)]?
i P ), )

E[Du(s)]3 + [Ou(s)] + [Du(s)]oluls)s
C 2 2 p
xexp< 18/1/5 (1 + )32 s)
¢ > 3 2 2m
Crae’(1+ e log(1+ )™
< {0206 + /1/E ( o
O (L Plog(L e )y
1+s
tC 3me -2
C15(1 4 log(1 + s))°"6e
X eXP(/l/a (1 —|—8)3/2 ds)
Onae

< {0205 + 61663 + (1 + 52 log(l + t))mz_ﬁ-l}

mp—1+1
X exp(é'17€2)
<ce(1+€2log(1 +t))™

for € € (0, gqy), if we take

. 1 1 Coie—1
o= min{er = i) o= (Gt 14 THE e
Cis~ Cir =1

m; =mj_1+ 1.

On the other hand, when | > 5, it follows from (3.2), (3.9), (3.26) with
v < 1/4, (3.30), (3.36), Proposition 3.4, the Gronwall inequality and the
fact [I/2] +2 <1 —1 that

t uls 2
S e Iy A (e
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Wuau@)u“)ds}
t [Ou(s)] o + [Ou(s)]3 o + [Ou(s)]o|u(s
X eXP<023 /1/5[ ( )]WQ] [ (ii][;/)ﬂﬂ [Ou(s)]olu( )|1ds)
t A3 9 oy
< {0248 + /1/5 <018€ (1 ‘(Flf—’_l;g?(_ly-i- 5))
3 e 2 3my_
+ Casci (1 +1€j(;g(1 + )™ 1>d8}

t A 3my_1+2me -2
Cro(1 + log(1 + s))>mi-1T=mee
X exp(/l/s (1 +3)32 ds)

3
02501_18

<{C Cope® + ——=1—
_{ 24€ + C0€ +3mz—1+1

(1+ €2 log(1 + t))3ml*1+1}
x exp(Caie?)
< ce(1+e?log(1 +t))™
holds for € € (0, gq;), if we take

_ 1 1 Cosci 4
gl = mln{&‘g, — 5, = }, c = <Cg4 + 1+ 7>€,
C%Q 0211/2 3my_1+1

my; = 3my_1 + 1.

Hence, we obtain (3.3) if we take ¢g = min{ego, €01, ..., €0k }. This com-
pletes the proof of Lemma 3.1.

O

References

[1] Godin P., Lifespan of solutions of semilinear wave equations in two space dimen-
stons. Comm. in P.D.E. (5 and 6) 18 (1993), 895-916.

[2] Hoérmander L., The lifespan of classical solutions of nonlinear hyperbolic equations.
Lecture Note in Math. vol. 1256, pp. 214280, (1987).

[3] Hormander L., Lectures on Nonlinear Hyperbolic Differential Equations. Springer,
1997.

[4] Hoshiga A., Ezistence and blowing up of solutions to systems of quasilinear wave
equations in two space dimensions. Advances in Math. Sci. and Appli. (1) 15 (2005),
69-110.



688

(5]
(6]

(8]

A. Hoshiga

John F.; Blow-up for quasi-linear wave equations in three space dimensions. Comm.
Pure Appli. Math. 34 (1981), 29-51.

Katayama S., Global existence for systems of nonlinear wave equations in two space
dimensions, 11. Publ. RIMS Kyoto Univ. 31 (1995), 645-665.

Klainerman S., Remarks on the global Sobolev inequalities in the Minkowski space
R""!. Comm. Pure Appli. Math. 40 (1987), 111-117.

Kubo H., Large time behavior of solutions to semilinear wave equations with dissi-
pative structure. to appear in Expanded Volume of DCDS.

Shizuoka Univ.






