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Abstract

In this paper, we establish a new fractional identity involving a func-
tions of two independent variables, and then we derive some fractional
Hermite-Hadamard type integral inequalities for functions whose modu-
lus of the mixed derivatives are co-ordinated extended (s1,m1)-(s2,m2)-
preinvex.
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1 Introduction

One of the most well-known inequalities in mathematics for convex functions
is the so called Hermite-Hadamard’s integral inequality, which can be stated
as follows: for each convex function f on the finite interval [a, b] we have

b
£ <5 [ fo)do < HOp0), W

If the function f is concave, then (1) holds in the reverse direction (see [14]).
In [5], Dragomir established the two-dimensional analogue of (1) given by

F (e, 23) %( /f /f )
gm/ / J ) dy da
i( /fmcdx—&—m/fxd
+ dlc/cdf(a,y)derdlc/cdf(b,y)dy>

J00 0D+ 100+ 0.0 o)

The inequalities (1) and (2) have attracted many researchers. Various gen-
eralizations, refinements, extensions and variants of (1)-(2) have appeared in
the literature, see [1,2,8-11,17] and references therein.

In recent years, many efforts have been made by many mathematicians to
generalize the classical convexity. Hanson [6] introduced a new class of gen-
eralized convex functions, called invex functions. Many authors studied their
properties and applications in mathematical programming and optimizations
(for instance, see [4,12,13,15,18,20].)

Sarikaya [16] gave the following fractional Hermite-Hadamard for co-ordi-
nated convex functions.

Theorem 1. Let f : A — R be a partial differentiable mapping on A =
2

[a,b] x [c,d] C R%. If ’%‘ is a convex function on the co-ordinates on A,

then one has the inequalities:
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f(avC)+f(a7d)1'f(b,0)+f(b»d) + 1E(a+)1)?d(ﬁ-|-)1) ( c+f(b d) + gfd—f(ba C))

+J2P L Flayd) + 2P flage) - c]

b—a)(d—c
< el (| 2 (0, 0)| + | 24 (0. d)] + | 24 (b, + |24 (b, d))),

where

C =T (T2 f (and) + T2 f (byd) + 7 (a,0) + T f (b,0))

+ Tk (S f (bye) + TS f (b,d) + TP f (a,0) + TP f (a,d)) . (3)

Theorem 2. Let f : A —> R be a partial differentiable mapping on A =
[a,b] % [¢,d] € R2. If |2 Bsat
where ¢ > 1 with * 5+ 5 =1, then one has the inequalities

is a convex function on the co-ordinates on A,

5 ,d b, b,d N nr 1 a,
‘f(a DDA | FEEL) (108 (b, d) + I, F (bye)

+ 2P (ayd) + 0 f (a,e) - c) ’

< ___(-a)d—)
= T 1
47 ((ap+1)(Bp+1)) 7

“

where C is defined by (3).

Q=

52 q
2 (a0 +

52 q
Zr@a)l +

52 q
2L mo)| +

52 q
asgt (b’ d)‘ )

Motivated by the above results, in this paper we introduce the concept of
extended (s1,m1)-(s2, ma)-preinvex functions. Also we establish a new frac-
tional identity involving a functions of two independent variables, and by us-
ing this identity we derive some fractional Hermite-Hadamard type integral
inequalities for functions whose modulus of the mixed derivatives lies in this
class of functions.

2 Preliminaries

In this section, we recall some definitions of classical and generalized convexity,
as well as definitions concerning some fractional operators. These latter can
be seen as notations which we will use in the later section. In what follows
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we assume that A := [a,b] x [c, d] is a bidimensional interval in R? with a < b
and ¢ < d and Ag :=[0,b] x [0,d] with 0 < b and 0 < d.

We note that Dragomir is the first to have introduced the concept of con-
vexity for two-variable functions. The formal writing of co-ordinated convex
functions is due to Latif et. al. and is given by the following definition.

Definition 3. [8/ A function f : A — R is said to be convex on the co-
ordinates on A, if the inequality

fltz+ (1 =t u, y+ (1= A)v) <tAf(z,y) +t (1= A) f(z,v)
+ A=) A (u,y) + (1 =1) (1= A) f(u,0)
holds for all t,\ € [0,1] and (x,y), (z,v), (u,y), (u,v) € A.

Among the generalizations of convex functions, we mention the s-convexity,
which was introduced in [2] by Alomari and Darus.

Definition 4. [2] A nonnegative function f : A C [0,00)°> — R is said to be
s-convez in the second sense on the co-ordinates on A for some fized s € (0, 1],
if the following inequality

PO+ (1= Nz ty + (1= thw) < X8 f(2,9) + X (1— 1) f(a, w)
A=A f(zy) + (1= A)°(A = )°f(z,w)
holds, for all (x,y), (z,w), (z,w), (z,y) € A and A\, t € [0, 1].

Recently, Bai and Qi have generalized the above notions by introducing
the concept of co-ordinated (s1, m1)-(s2, ma)-convex functions by the following
definition.

Definition 5. [3] A function f : Ay — R is said to be (s1,m1)-(s2,m2)-
convex on the co-ordinates on Ao, if the following inequality

FOz+mi (1 =Nuty+me (1 —1)v) < N2 f(z,y) + maA*H (1 —t°2) f(z,v)
+ma(1 = A2 f(u, y) +mama(1 — A1) (1 = £%2) f(u,v)
holds for all t,a € [0,1], 81, M1, S2,m2 € (0,1] and (x,u), (y,v) € Ay.
Xi et al. gave an extension of Definition 5 as follows.

Definition 6. [19] A function f: Ay — R is said to be co-ordinated extended
(s1,m1)-(82, ma)-conver on Ay, if the following inequality

fOx+mi (1 =X u,ty+ma(l—t)v) < N2 f(x,y)
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Fma A (1 =) f(z,v) +ma (1= N7 f(u,y)
+mimao (1 =X (1 —=1)°2 f(u,v)
holds for all t,a € [0,1], 81, m1, $2,m2 € (0,1] and (z,u), (y,v) € Ay.
Without giving too much detail, we list some definitions concerning the

generalized convex functions and certain definitions of fractional integration
in the Riemann-Liouville sense.

Definition 7. [10] Let K1, Ko be nonempty subsets of R", (u,v) € K1 x Ko.
We say K1 x K is invezx at (u,v) with respect to 1 and na, if for each (z,y) €
K1 x Ky and t,s € [0,1], we have

(u+tm (z,u) v+ sn2 (y,v)) € K1 x K.

K; x K> is said to be an invex set with respect to n; and ns if K1 x K is
invex at each (u,v) € K7 X Ko.

In what follows we assume that K7 x K5 be an invex set with respect to
m :K1><K1—>Randr]2 ZKQXKQ—)R.

Definition 8. [9] A function f : K1 x Ko — R is said to be preinvex on the
co-ordinates, if the inequality
f (U + )\771 (m,u) , U+ 102 (y7/U)) < (1 - A)(l - t)f(ua ’U) + (1 - )‘)tf(uay)

holds for all t, X € [0,1] and (z,y), (z,v), (u,y), (u,v) € K1 x K.
Definition 9. [11] A nonnegative function f : K1 x Ko C [0,400) %[0, +00) —
R is said to be s-preinver in the second sense on co-ordinates for some fized

€ (0,1], if the inequality

fu+ A (z,u),v+1tn (y,v) < (1= A)°*(1—=¢)° fu,v) + (1 — N)°t° f(u,y)

+(1 - t)s)‘sf(x7 U) + )‘Stsf(xv y)

holds for all t, X € [0,1] and (z,y), (z,v), (u,y), (u,v) € K1 x K.
Definition 10. [7] Let f € Li[a,b]. The Riemann-Liouville integrals JO, f
and J* f of order a > 0 with a > 0 are defined by

S b =i [ @07 0 2>
b
T t@) =g [ =T wan >

respectively, where T'(a) = fooo e~ 't~ Ldt is the Gamma function and

0, f(x) = 0 f(x) = f(x).
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Definition 11. [7] Let f € L([a,b] X [¢,d]). The Riemann—Liouville integrals

J;fc+, J:fd,, Jbajﬁcﬂ and J;’;’Bd, of order o, B > 0 with a,c >0, a < b, and

a<d are d)eﬁned by

b d
T f ) = gz [ 0= =) ) dye 9

<, _ 1 ’ ¢ a—1 —1
T 100 = w00 =0’ ) dyde (9)

b d
Tt @) = g [ @0 @) ) dyde, @

and

1 b pd
o, _ a1l o 3\8-1
Tt @0 = g || @0 =0 ) dyds, @)
where T is the Gamma function, and
Tol i f (0,d) = TP o f(b,0) = 10 i f (a,d) = T f (a,0) = f (2,y).-

Definition 12. [16] Let f € L([a,b] X [¢,d]). The Riemann—Liouville inte-
grals J f (a,c), J& f (b, c), Jf,f (a,c), and J% f (a,d) of order a, B > 0 with
a,c>0,a<b, and c < d are defined by

b

Jﬁf(am)zﬁ / (2 — @)™ f (2,0) da, (8)
b

T f () = i [ 0= f (@) da, 9)
d

Jf,fm,c):ﬁ / (-0 f(ay) dy, (10)

and . 4 1
T (o) = s / (d— )" f (@) dy, (1)

where T" is the Gamma function.

We also recall that beta function is defined by

I'(z)T (y)

1
B(x,y):/o A=) dt = NCETR
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3 Main results

In what follows we assume that K = [a,a + 1 (b,a)] X [¢,c+ 12 (d, ¢)] be an
invex subset of [0, +00) x [0, +00) with respect to 11, 72, where ny, 72 : R? — R
are two bifunctions such that n; (b,a) > 0 and 75 (d, ¢) > 0.

Definition 13. A nonnegative function f : K1 x Ko C [0,400) x[0,4+00) — R
is said to be extended (s1,m1)-(s2, ma)-preinver function on the co-ordinates
for some fized s1,s2 € [—1,1] and my,mz € (0,1], if the inequality

f(U+)\771(937u)aU+t772(ya”))
< (A =X)" (1 = 1) f(u,v) + ma(l = A)*1t% f(u, 7)
+mA (1 — t)SQf( ,0) + mlmg/\sltSQf(

ml’mg)

holds for all t, X € [0,1] and (z,vy), (z,v), (u,y), (u,v) € Ky X Ko.

Remark 14. Obviously, Definition 13, recapture Definitions 8 to 6 and Def-
initions 8 and 7 for well-chosen values of s1,m1, 2, Mo, m1 and 1s.

In order to prove our results we need the following lemma.

Lemma 15. Let f : K — R be a partially differentiable function on K. If
gw); € L(K), then the following equality holds

((Z bC d aaﬂan17n27A J

ba)nz<dc>// (1=6)")(s" = (1—5)")

x DL (a+tni(b,a),c+ sna(d, ) ds dt, (12)

where

L((L, b,C, d7 Q, 5; 1,72, A; J)
:f(a,0)+f(a,c+nz(d,C))+f(a+mib7a),C)+f(a+771(b>a)7c+n2(d»0)) _A

F(a+1)T(B+1) a,pB
+ 6077 0 @7 e (b))~ (c+ma(d,e) -4 (@)

J;]*B(Hm(d o)~ fla+m(ba)c)+ J(a+n1(b a))~,ct fla,c+m2(d;c))
+Ja+7c+f(a+n1(b,a),c+n2(d, C)))a (13)

with

A =gty Taem - I (@, +1m(d,0)) + Tis oy, .0~ F(a,0)
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+ Jgs fla+mi(b,a), ¢ +n2(d, ¢) + I3 fla+m(b,a),c))

T'(B+1 B
+ Tty Tlesmaen-F@+m®:0),0) + JC o)~ f(a,0)
+J7 fla+m(ba),c+ma(d,c) + J7 fa,c +m2(d, ) (14)

Proor. By integration by parts, we get

/ / (1—1)%)(s" (1—S)B)%(a—|—t771(b,a),c—|—sn2(d,c))dsdt

=/0 (t° — (1- 1))

1
X (/O (s° — (1= 5)°) 2L (a + tu (b,a), ¢ + sn2(d, ¢)) ds) dt

1
/0 (=1 - t)a)(ﬁz(b@ %(a +tn1(b,a), ¢+ n2(d, c))
T m%(wftnl(b,a)m)

1
— 7772(%70) / (s 1+ (1 - 8)5_1)%@ +tm(b,a), c+ sna(d, ) ds) dt
0
1
— st [ (4= (=075 @+t (b, +m(d o) e

+ i | 00— =00 F e b0

~ e // ST (1) = (1= 1))

E(a +tm(b,a), c+ sn2(d, c)) dtds
- nl(bﬂ)l?h(dac) fla+m(b,a),c+m(d,c)) + m (b,a)17]2(d,c) fla,c+ma(d, c))

1
—W/O (7 + (L= 0)* ) fa+ (b a), ¢+ ma(d, ¢)) dt

1 1
+ nGom@ad @+ mba)0)+ praras flac)

1
- m/o @+ (1=t f(a+tm(ba),c)dt
1
- W/o (" 1+ (1 =) fla+m(ba), c+ sna(d, c)) ds

1
_ nil(b,a)ﬁnz(d,c) /0 (5571 +(1- s)ﬁfl)f(a, c+ sne(d, c))ds



FrRACTIONAL HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES 313

1 1
+ Wgz(dm)/{) /O e A G ) L [ (A o O B )
X fla+tn(b,a),c+ sna(d,c)) ds dt
= o @+ mba),c+m2(d,0) + gy £, e+ m2(d, )

1
R COrACK] /0 T+ (=) fa+ti(b,a), ¢ + n2(d, €)) dt
+ m(b,a)lm(d,c) fla+mi(b,a),c) + ’r]l(b,(l)lnz(d,c) (a,c)

1

o Wl(b,a;):h(d,c) /0 (ta_l + (1 - t)a_l)f(a + tnl(ba a)a C) dt
1

- nl(b,a)ﬁn2(d,c) /O (8671 + (1 - S)ﬁil)f(a =+ nl(bv a)7 c+ S’I’}Q(d, C)) ds
1

- Wl(baa)ﬁ%(d,c) /0 (Sﬁ_l + <1 - 8)6_1)f(a,7 c+ 8772<d7 C)) ds

1 1
4 m(b,a(,))(rﬁlz(d,c) /0 /0 (8571 +(1— S)ﬁfl)(tafl +(1- t)afl)

X fla+1tni(b,a),c+ sna(d, c)) dsdt

_ a9+ f(a,c4n2(d,0))+f(a+m (b,a),¢c)+F(a+ni(b,a),c+n2(dsc))
m (b,a)n2(d;c)

1
s ([ @ ), e+ )

1
[ =07 ok m(ba).c + mald ) de

01
—|—/ to‘_lf(a—i—tm(&a),c)dt

01
Jr/o (lft)o‘flf(athm(b,a),c) dt)

1
- m(/o Sﬁ_1f<a+771(b’ a)vc+8772(d7 C))ds
1

+/(1_S)ﬂilf(a—i_nl(bva)ac"_5n2(d76))d8

O1
—|—/ sﬁflf(a,c%—sng(d,c))ds

0

+ /0 (1—5)"" f(a,c+ sna(d, c)) ds)
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1o
Jrim(b,ac;gz(d,c)(/o /0 sﬁfltaflf(athm(b,a),chsnz(d,c))dsdt
11
+/ / P11 = )2 fa+tni(b,a), ¢ + sna(d, c)) ds dt
0o Jo
1 1
[ [P s ).+ smad, o) dsds
0o Jo

+ ' ' — S ! — 1 a+1tn a),c—+ sn d,c))dsd
(15)

For x = a+tn (b,a) and y = ¢+ snz (d, ¢), (15) becomes

/O /0 (8% — (1= 8))(s — (1 — )%) 2L (a+ tm1 (b, @), ¢ + smo(d, ) ds dt

_ fla,0)tf(a,ctna(d,c))+f(atni(ba),c)+f(atmn(b,a),ctnz(d.c))
n1(b,a)n2(d,c)

a+"71(baa) 1
*W/ (= a)*  flz,c+ na(d, c)) do
a+n1(b,a) 1
s [ @m0 ) et () de
a+771(b)a’) 1
*W/ (& —a)* f(z,c)dz
a+n1(b,a) L
- W/ (a+m(ba) —2)* " f(z,0) da
3 C+772(dvc) 1
—W(/ (y— o) fla+m(ba),y)dy
c+n2(d,c) L
F [T et m(d e 9P fa mba).0)dy
c+n2(dyc) )
[ = ey

c+n2(d,c)
+/ (c+ma(dyc) =)' f(a,y) dy)

af
T ) (1 (@)

at+ni(b,a)  petnz(dc)
([ [ e -0t e dyds
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atni(b,a)  petnz(d,c)
+ / / (a+m(ba) — 22Ny — )\ f(z,y) dy dx

a+n1(b,a) c+n2(d,c)
[ T w0t e mde) — ) () dyda
a c

atni(b,a)  petnz(d,c)
+/ / (a+m(ba) —2)* e+ mna(dc) —y) !
X fz,y)dy dﬂﬁ) (16)

Multiplying both sides of (16) by M, we get the desired result. [

Having established a partial result given by the above identity, our first
result is to establish an estimate of the fractional trapezoid inequality for
functions whose modulus of the mixed derivatives lies in the class of functions
given in Definition 13. Some special cases are also discussed.

Theorem 16. Let f: K — R be a partially differentiable function on K. If
\%| is co-ordinated extended (s1,m1)-(s2, ma)-preinvex function on K with
respect to m and ny for some fized (s1,m1), (s2,ma) € [—1,1] x (0,1], then the
following fractional inequality holds

‘L(avbacadvaaﬂanlan%Aa J)|
< mlan@) (B + 1,5 +1) + o 27) (BB + Losa + 1) + 57207)
a
X(ata{\(a C)|+m2|8t8)\( ’m2)|+m1|8ta)\( ;0]
+m1m2|ata)\(nglvmi2)|)v

where L and A are defined as in (13) and (14) respectively, and B(-,-) is the
beta function.

PRrROOF. From Lemma 15, and properties of modulus we have

|L((I, b,C, daaa/@777177727A7 J)|
1 1
< nl(bva)4772(dvc) / / it —(1— t)O‘H)\B —(1- )\)B|

x | o (a+ (b, a), ¢ + Nz (d, )| dAdt
< banz(dc)/ / toc 17t )(/\B (17)\))
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x| 2 (a+ (b, a), e+ Mpa(d, ¢))| dA dt.

Using (s1,m1)-(82, ma)-preinvexity on the co-ordinates of ‘Ota,\
|L(a,b,c,d, o, B,m1,1m2, A, J)|
< m®.a)na(dc) / / t*+ (1 =)V + (1 - 1))
x [(1—1?) 11— A

d
ataf/\ (a, nTz)

MJ;( )‘ +ma(1 —t)sl/\ 2| 2

+mt (1 — \)*2 (mi )‘ + mlmmgsl)\sg (ml, = } d\dt
_m(b, 0)4772(d0 dt8>\ (a,c) / / (t*(1—t)" + (1 7t)a+51)
(AB ( — )2 4 ( B+s2) g\ dt
+ m2 6t6>\ @5 g / / (1 =) 4+ (1 —t)*+)
()\5“2 +A%2(1 = NP drdt
+ m1| 7% ‘ / / (T 51 (1= 1)%)
(Aﬁ (1—N\)% N)PFs2) d\ dt

O°f (b d
+mamy Tm(mﬁa nTz)

1 1
x / / (251 4 51 (1 — £)2)(APF52 4 A%2(1 — A)B) dA dt)
0 0

1(b,a)n2(d,
= 0)477 ( C)<B(a+ Lsi+ 1) + a+sl +1)<B(6+ 1,52 + 1) + ﬁ+slz+1>
PE

02 02
% (| s (a,0)| + ma| g (0, 72|+ | G ()|
*f d
+mama| s (s ) |)-
The proof is completed. O

Corollary 17. In Theorem 16 if we put m; = ms = 1, we get
’L<a'ab7c7d7aa/8a7717772714aJ)|
1(b, d,
< mana) (B(a+1,51+1)+ﬁ1+1) (B(B+ 152+ 1)+ 5k )

x ( +| 85k b 0| + |5 6. 0)]).

62
f (a,0)] +

(a, )| +

BtaA
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And if we take s1 = so = 1, we get

1(b,a d,c 82
Lo B, A, )| < BB (| 26 )|+ | (0 2)
°f (b °f (b d
GIT)N (nTva> GIE)N (E’ mi)’) :

In the case where mi; = mg = 81 = S5 = 1, we obtain

+ my + mime

|L(a,b,c,d, a0, B, ma, A, J)| < Bleleide)
“

3125 (@ d)\ o (b,c)\ + %(b,d)‘).

Corollary 18. In Theorem 16 if we choose m (b,a) = na (b,a) = b — a, we
obtain

62
ata{\ (a, C)) +

‘f(a,c)+f(a,d)+f(b,c)+f(b,d) — O+ ['(a+1)T(8+1)
4 4(b—a)*(d—c)?

X (Jgffd, (a,0) + IS F 0 )+ T30 fla,d)+ T f(b,d))(
SW(B(O&‘FL.Sl‘Fl)‘Fﬁ) (B(5+1,52+1)+m)
92 92 d 9> b
< ([areh (@.)| + ma [g7k (0585 ) | + [ 2 (3|
b (s 7% ) )
OtOX \ m1’ mo .

Moreover if we put my = mg =1, we get

+ mime

‘f(a,c>+f(a,d>+f(b,c)+f(b,d> _ O+ blat+br@E+y
1 4(b—a)*(d—c)”

X (Jg&?d, (a,¢) + J2 f(b.0) + I3 L f(a,d)+ TS5 f 0, d))(
< (-a)d—c) (B(a+1 51+1)+m> (B(5+1,52+1)+m)
X ( g (b, C)‘ gion (b, d>D

And if we take s; = so =1, we get

B*f
amx (@, ¢ “" ‘max a d)’

f(a,0)+f(a,d)+f(b,c)+f(b,d) F(a+DT(B+1)
‘ 4 -C+ 4(b—a)*(d—c)”?

) (Tl @)+ I3 )+ I S and)+ I3 F (b,d))]

(b—a)(d—c) 9%f %f d ’f (b
= (et D) (F+D) ( awn (a:¢) ai0X (a’ mi) 10X (E’C)

+ mo

+my
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of (b d
OtOX \ m1’ mo ’

where C is defined by (3).

+ mime

Remark 19. Corollary 18 will be reduced to Theorem 5 from [16] if we take
mi =mg =81 = Sg = 1.

Corollary 20. In Theorem 16 if we put a« = 3 =1, we get

fla,0)+f(a,ctn2 (d’c))“"f(a“rnlibra)’C)+f(a+"71(baa)vc+772(d7c)) - D

L a+ni(b,a) petnz(d,e)
+ W/ / f (,y) dyde|

11 (b,a)12(d,c) ( o2 (a i)‘
— 4(s1+1)(s2+1) OtoOX ’ ma
?f (b ’f (b d
T M1 | 5Bx (EC)’ +mams ‘8t6/\ (mimiﬂ)

Moreover if we put mi; = mg =1, we get

82
8T9J; (a, c)‘ + Mg

fla,0)+f(a,ctn (d:c))“"f(a“rnlibra)ac)+f(a+771(baa)vc+n2(d7c)) - D

L atni(b,a) pretnz(dc)
+ W/ / f (,y) dyde|

n1(b,a)nz(d,c)
— 4(51+1)(82+1)

H? 9?2 9
: i (0, )| + | s . 0)| +

ok (a,0)| +

82
2k ,a)]).

And if we take s; = so =1, we get

‘f(avc)+f(a70+772(dvc))+f(a+?71(b,a)yc)+f(a+711(b7a)70+ﬂ2(d70)) - D
4

L a+n1(b,a) petna2(d,c)
+W/ / f(z.y) dydz\

m(b,a)na(de) (| 2f 0% f d
< g (‘ atox (a,c)‘ +ma ’ata,\ (a, E)‘
*f (b ’f (b d
Do (m*ﬂc)’ +mims | 55 (miv @)D :

In the case where m1 = mo = s1 = so = 1, we obtain

+ my

fla,e)+f(a,ctnz(die))+f(atm(ba).c)+f(atm(ba).ctnz(dic)) _
4

L a+n1(b,a) pctnz(d,c)
+W/ / f(z,y) dydx
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82
f (a,0)] +

b,a d,c
< m1( igz( )(

2
2 (a, )| +

b c)’

6t6A ( BtaA (b d)D

where

. a+mn1(b,a)
D:W/a (f(z,e) + f(z,c+m2(d,c))) dx
. /c+772(d c)
+ 5t (f(a+m (b,a),y) + f(a,y)) dy.
(17)

Corollary 21. In Theorem 16 if we choose 1y (b,a) = 1y (b,a) = b — a and
a=p=1, we get

b
Mot fad L MO/ ) / (f (@,0) + f (2.d)) da

d b d
- ads [ o)+ @) dit g [ [ F @) dyo

(b=a)(d=c) o 9° d
S T ) (D) (‘Ta{\ (a, C)‘ +m2 ‘TafA (a’ mT)‘

of (b o%f (b d
atox <m1 )‘ T mims | s (mTwTQ)D

Moreover if we put my = mo =1, we get

+ my

b
a,c a,d b,c b,d
) ) 0.0 5 >72(b1_a)/ (f (z,¢) + f (z,d)) d

d b d
~ it [ COD+ Fan) dyt gty [ [ ) duds

b—a)(d—c 92 9% f 9?2
< T ([ 8k (0, 0| + | 2 (@ )| + | & . 0)| + [ 85k )]

And if we take s1 = so = 1, we get

b
, ,d b, b,d
He I ODIOD b [ (0,0) + f (0,) do
a

—a

d b d
~ it [ GO+ ) dy+ s [ [ 7 @) dys

b—a)(d—c 5 d
g 402

Sk (a,0)| +ma
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f (b d
Otox \ m1’ mo .

In the case where my = my = s1 = So = 1, we obtain

+ my

9? b
519 (m»cﬂ T mams

b
a,c a,d b,c b,d
) ) 1005 )_Z(bga)/ (f (z,¢) + f (z,d)) d
a

d b d
w00+ f @) dyt o [ [ 1) ays

b—a)(d—c 9
<! il(ﬁ : ( 51 (0:©)

2
+ ‘atafx (a, d)‘ ’8t8>\ (b,¢)

+ ’8t8>\ (b d)D

Now, by using Holder’s inequality and power mean inequality we estab-
lish the estimate of the fractional trapezoid inequality in the case where a
certain power of the modulus of the mixed derivatives are co-ordinated ex-
tended (s1,mq)-(s2,m2)-preinvex, and at each times the special cases will be
discussed.

Theorem 22. Let f: K - R be a partially differentiable function on K, and
let p,q > 1 with % + % =1 If ‘dtdx‘ is co-ordinated extended (s1,m1)-
(s2,ma)-preinver function on K with respect to m and ny for some fized
(s1,m1), (s2,m2) € [—1,1]x(0, 1], then the following fractional inequality holds
’L(aab Cd aaBaﬂlvUQ,AaJM

< mban(de 1 . (‘ﬂ(
(ap+1)? (Bp+1)?  (s1+1) 9 (sa+1)¢

q
a, c)‘ +mo ‘7&8/\ (a,m—2>
2 q 2 a ¢
o f (b Of (b d a
+m ’ata,\ ( C) +mams ‘61&6/\ <m17 m2> ) ’

where L and A are defined as in (13) and (14) respectively.

PRrROOF. From Lemma 15, properties of modulus, and Holder inequality, we
have

‘L(Chb, c, d,a,ﬁ7771a772"47 J)’

1 1
< b (( / / t‘lp/\ﬁpd/\dt) ( / / 17 (1— AP d/\dt>
0 0
<// paAdeAdt) +<//(1 HP* (1 — A)P"dAdt>>
0 0

=
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1,1 o2 q i
X </ / ‘Ta‘f)\(a“rtnl(b;a)7c+An2(dac))‘ d)‘dt)
1
_m(ba)m(de) ( (a+tn (b,a),c+ A (d, C))‘q dA dt)
(ap+1) (Bp+1)P
(18)

q
% is co-ordinated extended (s1,mq)-(s2, mz)-preinvex, from (18)
we deduce

Since

|L (CL b & d O‘aﬂﬂhﬂvaa J)|
< 71 (b, a)772(d c)
(ap+1) (ﬂp+1)P

x (/O /O ((1—t)51(1—>\)52

=+ Mo (1 — t)sl 252

+ mlmgtsl 252

f (b d
Ot \ m1’ mo

1 (b,a)na(d,c) 1 ( ‘ &2f

T T X T T
(ap+1)P (Bp+1)P (s1+1) 4 (sa+1)d

+my

q
o%f (b
Do (mvc)’ T mams

f (b d
OtOX \ m1’ mo

which is the desired result.

O
Corollary 23. In Theorem 22 if we put my = mo =1, we get
!L(a,b, & 6 By, i, 4, J)| = (azl-k(lll)(g?;;icl))% ) (81+1)%1(Sz+1)%
1
X ( 5’);’; (a, c)‘ + % (a,d)‘q—i— %(b,c))q—i- ‘88;1; (b d)‘ )q
And if we take s = so = 1, we get
L (a,b,c,d, o, B e, A, J)| < —begpe(la
(ap+1)? (Bp+1) P
1
[t )| | G (st )| | B () [ omsm s (s )| )
1
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In the case where m; = my = s1 = S9 = 1, we obtain

|L(a” b7 C, dv «, /Ba m, 7727Aa J) | S M
(ap+1)P (Bp+1)7P
L 22 :

+| 5z (0:0) +

2*f
dtoX

2 q 2 q
|5 a0 + S (00|

Corollary 24. In Theorem 22 if we choose my (b,a) = na (b,a) = b — a, we
obtain

‘f(a,c)+f(a,d>+f(b,c)+f(b,d> _ ¢ + De+r@+y
4 4(b—a)*(d—c)P

X (Jgffd, (a,0) + IS F 00+ T30 fla,d)+ T30 (b,d))(

(b—a)(d—c) 1 (‘ 0*f ’ ‘ 0%f ( i) ?
< X a,c)l +m a,
wrt R rrE o et Uox (30) 2 |0ix \™ ma

2f (b *f (b d
+m1‘8t8)\ (mﬁ’c> +m1m2’6t6>\ My ms

Moreover if we put my = mo = 1, we get

1

0

q

f(a,0)+f(a,d)+f(b,c)+f(b,d) C(a+1)I(B+1)
‘ 4 -0+ 4(b—a)°‘(d—c)5

X (J;X;?d, Flane) + 20 (be) + TG0 f(ad) + TS, f(b d))(

< (bfal)(dfc) ] wd
T (ap+1)P (Bp+1)P ata,\( ) )

o%f
BfBA (a,c ’

X

(51+1 (SQJrl)% (
1
2k el

And if we take s;1 = so =1, we get

+

2k 0| +

f(a,0)+f(a,d)+f(b,c)+f(b,d) T'(a+1)T(B+1)
‘ 1 Ot oo’

) (T @)+ T F )+ T (ad) + I (0,d))

(b—a)(d—c) 1 ( o2 f ( d)
< ——F——— X a,
(ap+1)7 (/31’7‘5‘1)% (4) Oto mo
1

’f (b a )|\
Ot \ m1’ mo ’

q

9
2k (@,0) +ma

+ my

q
2%f (b
N (E7c)‘ +maima

where C is defined by (3).
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Remark 25. Corollary 24 will be reduced to Theorem 6 from [16] if we take
mi =mg =81 = Sg = 1.
Corollary 26. In Theorem 22 if we put a« = 3 =1, we get

f(a,0)+f(a7c+nz(d,c’))+f(a+711ib7a),C)+f(a+m(b,a)7c+n2(d70)) - D

a+ni(b,a)  petna(d,c)
/ f(z,y) dydx

1
T nam@ /a

< m(b,a)mgiyc) % . . (
(p+1)? (s1+1) 4 (s24+1) ¢

d q

92 q 52
L (a’ C)‘ + mo ‘ataf;\ (CL, m72>

OtoX
1
Q) q

q 2
Of (b d
+mamy ‘6156)\ <m1’ 7n2>

*f (b
T M1 | 3ax (’rrT]’C)

Moreover if we put my = mo =1, we get

’ f(a,c)Jrf(a,chnz(d,c))+f(a+771ib,a),c)+f(a+n1 (b’a)’CJFUZ(d,C)) _ D

) atni(b,a) petnz(dc)
+W/ / f(z,y) dydx

‘ q

82
atafA (a,c)

< nl(b,a)nzéd,c) % ul . (
(p+1)P (s1+1) 9 (s2+1)9

1
q 2 a\ ¢
+ "+ |25 wa|)"

82
ata{\ (b,c)

And if we take s1 = so = 1, we get

’f(a,c)+f<a,c+n2(d,c))+f(a+m(b,a>,c)+f(a+m(b,a),c+nz(d7c>> -D
4

) a+n1(b,a) petna(d,c)
+ 771(17’0«)772(‘1’3)/(1 /C f(ac,y) dydzx
d,c) s (| 82 a 2°f d
x () (’ata,\ (a,0)| +m2 ‘Bta)\ (a7 E)

< n1(b,a)n2
1
0% (b a |\
OtoX \ m1’ mo .

(p+1)
In the case where m; = mo = 81 = S5 = 1, we obtain

q

—~

Sy

f (b 1
Do (mac)‘ T mams

+ m

f(a70)+f(a70+n2(d,C))+.f(a+mib,a)7C)+f(a+7h(b7a)7c+nz(d,0)) - D

1 a+"71(bra) C+772(d’6)
+ T .a)12(ds0) [1 /c f(z,y) dydzx
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2 q

8 q
atox (0:0)| +

q

8%f
+| 5eax (@d)| +

< mba)n(de) S ) |G ()
< (20) 5

(p+1)P

where D is defined by (17).

Corollary 27. In Theorem 22 if we choose 1y (b,a) = 1y (b,a) = b — a and
a=p=1, we get

b
f(a’c)H(a’d)zf(b’c)”(b’d) - g(bl_a) / (f(z,¢) + f(x,d)) dx

d b d
s [ GO0+ 1) dy+ g [ [ 7 @) dyda

q
< (-a)d—c) 1 ( 2f (g c ‘ e | 221 (a L)‘
T s (5141)7 (s2+1) @ awx (@) +m2 |5y (@0
1
9%f (b 22f (b a\|"\7
+ M1 | 3x <m1 C)‘ +mims | a5 (E’n’j)’ :

Moreover if we put my = mo =1, we get

b
f(a’c)H(a’d)zf(b’c)ﬂ(b’d) - g(bl_a) / (f(z,¢) + f(x,d)) dx

d b d
i [ <f<b,y>+f<a,y>>dy+m//f(w)dydm

02 f

(b—a)(d—c) 1 ( ’q ‘
< X a,c)| + a,d
(p+1)% (81-&-1)%(824—1)% otox ( ) at{))\ ( )
1
+ | 31hx (0, c) a5 (0, d)‘ )

And if we take s1 = so = 1, we get

) b
f(a’c)H(a’d)zf(b’c)”(b’d) - 2(b1_a) / (f(z,c) + f (x,d)) dx

d b d
- wits [ FOD @) Ayt gl [ [ e dyds

b—a)(d—c 1 % 92 d q
<t ( i (o35

82
2k (o) +ma
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1
Q)E

%f (b e %f (b d
+m1‘8t6>\< C) Tmame |55 my ms

In the case where m; = mo = 81 = S5 = 1, we obtain

b
f(a’c)H(a’d)zf(b’c)”(b’d) - g(bl_a) / (f(z,¢) + f(x,d)) dx

d b d
i [ (f(b,y)+f(a,y))dy+m//f(axy)dyda:

q

82 82 q
|52 (@0 +| g )| +

Ftox (:0)

i 1 9%f
atox (0:0) ‘ata,\bd)‘

< boai=g)
(p+1)?

Theorem 28. Let f : K — R be a partially differentiable function on K
o2, 14
and let p > 1. If ‘%‘ is co-ordinated extended(s1, m1)-(s2, ma)-preinvex

function on K with respect to n1 and ne for some fized (s1,m1),(s2,ma) €
[—1,1] x (0,1], then the following fractional inequality holds

|L((L,b7C, daaaﬁvnlan%A?J)‘
< _m(a)nz(de) ,
T ((a+1)(B+1) T4

1

x (Bla+1s+1)+ a+51+1)( 5“,52“”@)4
21
oA

2 92f f (b d
DtON “’mg my ¢ OtOX \ m1 ma

8 q
ata,\ (a,0)

+m1 mo

+m2 +m1

where L and A are defined as in (13) and (14) respectively, and B(-,-) is the
beta function.

PRrROOF. From Lemma 15, properties of modulus, and power mean inequality,
we have

L (a,b,¢,d, o, B,m1,m2, A, J)|
< mtbase ([*[* o 1) (30 2)%) o)
x(/o/o(ta+<1—t>a>(xﬁ+<l—x>5)

1
-3
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Q=

x|ﬁ(a+t (b Mgz (d, )" drdt
OtON Uil ,a),c—|— 772( 70))

. 71 (b, a)7172(d C) ;
449 (a+1)' " a(B41) Ta
t()é

(L

2 (a+ tn1 (b,a) e+ M (d, c))‘ d\ dt)

(1—1) )(Aﬂ (1-N\) )

Q=

X

2 q
Since ‘% is co-ordinated extended (s1,m1)-(s2,m2)-preinvex it yields

‘L(a7bacad7a757nlan27147 J)l

< n(b,a)n2(d,c) < a c ’ / / ta . 51 (1t a+51)
— 47 (a41) 75(,8+1)174 ﬁfak ( )
X (AB (1= N+ (1— A)ﬁ“2) dXdt

+ Mo ’ata)\ a, mz ta _ 4\S1 + (1 _ t)oz+81)
(A’“” P2 (1 ) dXdt
tm ’MM taJrSl +e (1-1)7)

X (Aﬂ 1-N2+(1- A)’“‘”) dXdt

é)té))\ ml’mz ‘ / / ta+s1 4 ¢ (1 _ )a)

X (Aﬂ“Q P (1 A)5> X dt) ‘
m (b,a)n2(d,c)
T =1 —I
17 (at1)' 7 (B+1) 3

+ mime

Qe
Q=

x (B(a+1,sl+1)+a+++l)
«(

+ mime

(B(ﬁ+1382+1)+ﬁ)
azf d q 82f b q
BEOX (av mi)‘ T M| gx \mr ©

1
s (o))"
OtOX \ m1’ mo ’

which is the desired result. O

82
2k (@0 +ma
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Corollary 29. In Theorem 28 if we put m; = ms = 1, we get

|L (a7 bv (& da «, 57 1,12, A7 J)| S 771(1177’(1)772(dﬁc)171
(a+1)" a(B+1)" ¢

1
x (Bla+1s+1)+ a+sl+1)( 5+132+1)+ﬁ>q

q

2 f

+aa,\( <)

+

oo (@:0)| + ata,\(“ ) ata,\( )|

And if we take s1 = so = 1, we get

‘L(CE b C, d OC,B 771,772aA7J)|

< m(b a)na2(d,c) (
- 4a(a+1)(/3+1)

2 q
adtafA (a,c)’ + mso

82f a d q
OtOX ' Mo

o*f (b a\|*
OtoOXx \ m1’ mo

In the case where mi; = mg = s1 = S5 = 1, we obtain

Q=

82f b q
s (o) |+ rmams

+ my

1(b, d,c
|L (aab,cadaa7/6anlan27A7 J)' S %

q

82 82 ‘1
‘ atafA (a,0)] +

2
e )

ata,\ o, d)‘

Corollary 30. In Theorem 28 if we choose ny (b,a) = n2 (b,a) = b — a, we
obtain

f(a,0)+f(a,d)+f(b,c)+f(b,d) C(a4+1)T(B+1)
‘ 7 Ot Sma (=0
< (T )+ T F )+ T Fand) T (b))

1
q

< (ealdme) (B(oz+1,sl—|—l)
44 (at1)' " a(p41)}

1
+ a+s1+1>

1

1 aq
x(B(ﬂ+1,52+1)+—ﬁ+52+1)
0% f ? o2 f a\|? % f (b
X (‘61&8/\ (a, C)’ +m2’8t8)\ (avﬁz)‘ +m1‘6t8>\ <m170)

1
Q>§

q

f (b d
+ mamy ‘ata)\ (E’ m)
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Moreover if we put my = mo = 1, we get

D(a+1)T(8+1)
1(—a)*(d—c)”

X (Jg&?d, (a:¢) + J20 f(b.0) + 50 f(a,d)+ TS5 f b, d))(
< (o—a)(d—)

; 1
47 (a+1)' 77 (B+1)' T

f(a,c)+f(a,d)+f(b,c)+f(b,d)
‘ a,c a ! c —C+

1 1
X (B(a+1,sl+1)+a++l+l)q (B(5+1,52+1)+ﬁ>q
1
0 ]9 q
X ( 8t6f>\ (a, C)’ + | 5x (@ d)‘ + | g C)‘ + | s (& d)‘ )
And if we take s; = so =1, we get
f(a,c)+f(a,d)+f(b,c)+f(b,d) Cla+DI(B+1)
‘ a,c a T [ _ C+ (03

4(b—a)*(d—c)P

X (Jg&?d, (a,¢) + J20 f(b.0) + I3 L f(a,d)+ T80 f 0, d))(
< _(=a)(d=g) ><( 9% f

9% f ( d ) q
a,c)| +ma|s5x la, ——
= 1t (et 1) (B+1) ata,\( )‘ 2 | 5tox ma

1
o*f (b 1 o%f (v \|"\*
+m ‘atax ( C) T M2 | 53X oy ma :

And if we take mi; = mg = 51 = So = 1, we get

fla,e)+f(a,d)+f(b,e)+f(b,d T'(a+1D)T(B+1
|fedtseaneasien _ ¢y Hebrg

4(b—a)¥(d—c)”

x (J;ﬁ?d, Flae)+ %P F(be)+ J‘j;ﬁ Flad)+ 52, d))(

1
gmes] )

2
| @)

82f q
< (=a)(d—c) g o] +
= (a+D)(B+1)

ataA (0.0 +| 795 (0:d)

4

)

where C is defined by (3).

Corollary 31. In Theorem 28 if we put a = 3 =1, we get

:0)+f(atm (b,a),c4n2(d,c))

f(ayc)+f(a,c+nz(d,C))+f(a+mib»a) _D

L atni(b,a) petnz(dc)
+ Wl(b,a)ﬂz(dﬁ)/a /ﬂ f(‘ray) dy dx

< —mGa)na(de) (
T A(s141) 9 (sp+1) 9

82
25 (0,0 + ma| 55
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1
Q)E

2f (b ? %f (b d
+m1‘8t8)\ (mﬁ’c)‘ T mame |55 o ms

Moreover if we put my = mo = 1, we get

f(a’C)Jrf(a,CJrnz(dvc))+f(a+771ibﬁa)’c)+f(a+7ll (b,a),c+n2(d,c)) - D

1 a+n1(b,a) c+n2(d,c)
+W/ / f(z,y) dydx

q

+

an q 82f BQf q
giox (@ d)| + 55 (0.0 +| 55 (0:d)

(s1+1)(s2+1)

q
+

82
’ 6156); (a,0)

< mba)ma(de)
— 4

And if we take s1 = so = 1, we get

f(a’C)Jrf(a,CJrnz(d,c))+f(a+771ib7a)’c)+f(a+7ll (b,a),c+n2(d,c)) - D

L a+n1(b,a) pctnz(d,c)
+W/ / f(z,y) dyda
5% a4\ 19
6taf>\ (a, E)’

q 2
2f (b d
+mams ‘81&8/\ ( )

m1’ mo

2 q
88taf>\ (a, c)‘ + mg

< Ul(bﬂl)ﬁ?(dﬁ) (
< e

Q=

8%f b
+m ‘ata,\ (E’C)

In the case where m; = mg = 81 = S5 = 1, we obtain

)
f(a,6)+f(a,c+nz(d,C))+f(a+n1ib,a)70)+f(a+m(b’a),chnz(d;C)) - D

X a+tni(b,a) petn2(dic)
+ W/ / f(z,y) dydx

q

+

1
q 82f 82f 62f q =
+aex (@d)| +| 55 0:0)| +| 5 (0:d)

q
+
4

0
< m(b,a)n2(dyc) ’é%a)\(“v‘)
4

where D is defined by (17).

Corollary 32. In Theorem 28 if we choose 11 (b,a) = 13 (b,a) = b — a and
a=p=1, we get

b
f(a’c)H(a’d)If(b’ch(b’d) - Q(bl_a) / (f(z,c) + f (x,d)) dx
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dc)/ (f(by)+f(ay))dy+m//fxy)dydx

q

< =g (12
(81+1) (s2+1)4

52 q 2
f b o f b d
T m ’dtd)\ ( C) T mams | gax (ml’ mQ)

Moreover if we put my = mo =1, we get

9% f d
aiox (a:¢ ‘ +ma ‘6t6>\ (a, m7>

1
Q)a

b
Lo e J0OL0D b [7(f (@,0) 4 f (5,0) do

d b d
—ﬁ/c (f(b,y)+f(a,y))dy+Wl(d,c)/a/cf(:c,y)dydx

82f q an
+|atax (@ )| +|Fzax (0:0)

(s1+1)(s2+1)

(b, d)

ata,\

b d ‘(‘28& (a, C)
< ( —a)4( —c)

And if we take s1 = so =1, we get

b
Mot fad b /b f o) / (f (@,0) + f (2.d)) da

d b d
ﬁ/ (f (b,y) + £ (a,)) dy+W1(d_c)/ / f(z,y) dydz
(b—a)(d—c) o2 o2 d q
< 4(15%) ( ataf,\ (a’ C) Ta{\ (a’ nﬁj)‘
92 b d
+ mimeo ‘Té& (mil’ m72>

1
q ay 3
+m gk () )"

In the case where my = my = s1 = So = 1, we obtain

q
+m2

b
) ,d b, b,d
fla,c)+f(a )If( co)+f(b,d) 2(b17a) / (f (m,c) + f(:c,d)) dxr
a

d b d
sy [ U0+ @) dut s [ [ 7 (@) dy

f q
+| 5eax (@d)

9% f i
| geox (0:©) BtBA(b’d)‘

‘fai(a c) !
< (b—a)4(d—c) OtOA T
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