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RESTRICTED FAMILIES OF PROJECTIONS
AND RANDOM SUBSPACES

Abstract
We study the restricted families of orthogonal projections in R3.
We show that there are families of random subspaces which admit
Marstrand-Mattila type projection theorem.

1 Introduction

A fundamental problem in fractal geometry is to determine how the projections
affect dimension. Recall the classical Marstrand-Mattila projection theorem:
Let E C R",n > 2, be a Borel set with Hausdorff dimension s.

e (dimension part) If s < m, then the orthogonal projection of E onto
almost all m-dimensional subspaces has Hausdorff dimension s.

e (measure part) If s > m, then the orthogonal projection of E onto al-
most all m-dimensional subspaces has positive m-dimensional Lebesgue
measure.

In 1954 J. Marstand [11] proved this projection theorem in the plane. In
1975 P. Mattila [12] proved this for general dimension via 1968 R. Kaufman’s
[9] potential theoretic methods. We refer to the recent survey of P. Mattila [15],
K. Falconer, J. Fraser, and X. Jin [5] for more backgrounds. For monographs
which are related to orthogonal projections of fractal sets, we refer to K.
Falconer [4], P. Mattila [13], [14].

In this paper, we study the restricted families of projections in Euclidean
spaces. Let G(n,m) denote the collection of all the m-dimensional linear
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subspaces of R™. For V' € G(n,m), let my : R™ — V stand for the orthogonal
projection onto V. For G C G(n,m), we call (my)yeq a restricted family
of projections. One of the problems is to look for some “small” subset G C
G(n, m) such that the Marstrand-Mattila type theorem holds for this restricted
family of projections (7y)yea-

The best possible lower bounds for general restricted families of projec-
tions (my)veg (here G is a smooth subset of G(n,m)) were obtained by E.
Jarvenpéad, M. Jarvenpaa, T. Keleti, F. Ledrappier and M. Leikas, see [7] and
[8].

What kind of subset G C G(n,m) admits a better lower bound or even
more such that the Marstrand-Mattila type theorem holds? K. Féssler and T.
Orponen [6, Conjecture 1.6] conjectured that if G has “curvature condition”
then G admits a Marstrand-Mattila type theorem. The following description
of T. Orponen [19] is helpful. “Informally speaking, one could conjecture that
any (smooth) subset G C G(n, m) such that no “large part” of G contained in
a single non-trivial subspace, should satisfy the Marstrand-Mattila projection
theorem”. A prototypical example of a curve with curvature condition is given
by

= {%(cos@,sin@, 1),0 € [0,2m)}.

Recently, A. Kdenméki, T. Orponen, and L. Venieri [10] proved that the di-
mensional part of Marstrand-Mattila type theorem holds for the restricted
families of projections for the curve I'; which partially answered a conjecture
of [6, Conjecture 1.6] for the curve I'. We refer to [10] for more details and
references therein. For the restricted families of projections {my, }cer where
V. := e the orthogonal complement space of e, we refer to [22] for more details
and new improvement. We note that D. Oberlin and R. Oberlin [18] applied
the Fourier restricted estimates to these restricted families of projections with
the “curvature condition”.

We note that the subsets G which were mentioned in the former results
are always some smooth subsets of G(n,m). T. Orponen [21] talked about
the restricted families of projections over general subsets of G(n,m) and the
random subsets of G(2,1). In this paper, inspired by T. Orponen’s talk, we
study the restricted families of projections over a random subset of G(n,m).
We show that there exists non-smooth (fractal) subset of G(3,1) such that
the Marstrand-Mattila type theorem holds on this restricted family of projec-
tions. Here, the random sets play the same role as the sets with the curvature
condition.

We note that the random sets play the same role as the curvature condition
in some other situations also, e.g., the restricted Fourier transform, see T.
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Mitsis [16] and G. Mockenhaupt [17].

Definition 1 (MMP spaces). Let G C G(n,m) and v be a nonzero finite
Borel measure on G. We call the pair ((wv)vea,y) a MMP space if the
Marstrand-Mattila projection theorem holds for the restricted families of pro-
jections (wy )vea with respect to the measure .

By “mapping” a class of random Cantor sets of P. Shmerkin and V. Suo-
mala [23] onto the sphere S? and combining some classical potential theoretical
arguments for orthogonal projections, we obtain the following Theorem 2.

Let z # 0. Denoted by L, the line through zero and the point x, and L+
the orthogonal complement of L,. For convenience, we may identify a subset
of S? with subset of G(3,1) which makes no confusion.

Theorem 2. For any 1 < a < 2 there exists an a- Ahlfors reqular set G C S?
such that ((7r,)zec, H*) and ((7p1)zec, H*) are MM P spaces.

Recall that E C R™ is called a-Ahlfors regular for 0 < « < n, if there
exists a positive constant C' such that

r*/C <H*(ENB(z,r)) < Cr®

forall z € F and 0 < r < diam(F), where diam(E) denotes the diameter of E.
Note that for the case o = 2, Theorem 2 follows from the Marstrand-Mattila
projection theorem. Thus, we only consider the case a € (1,2).

I thank Tuomas Orponen for pointing out that the technique in the proof
of Theorem 2 and the random sets in papers [1], [20] imply the following result.

Theorem 3. For any 0 < o < 1 there exists a set G C S? with 0 < HY(G) <
oo such that (7, )zeq, H®) admits a (dimension part) Marstrand-Mattila type
theorem i.e., for any subset E C R® with dimy E < a,

dimg 7y, (E) = dimy E for H* a.e.x € G.

We note that there has been a growing interest in studying finite fields
version of some classical problems arising from Euclidean spaces. In [2] the
author studied the projections in vector spaces over finite fields, and obtained
the Marstrand-Mattila type projection theorem in this setting. For finite fields
version of restricted families of projection, the author [3] obtained that a
random collection of subspaces admit a Marstrand-Mattila type theorem with
high probability. For more details see [2] and [3].
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2 Preliminaries

In this section we show some known lemmas for later use. The proofs of
the following lemmas are based on the potential theoretical arguments. For
clearness of our conditions in the following two lemmas, we show the proofs
here. Specially, for Lemma 5, we provide an different approach to [14, Chapter
5]. For more details we refer to [4, Chapter 6], [13, Chapter 9], and [14, Chapter
5].

We write f < g if there is a positive constant C' such that f < Cg, f 2 ¢
ifg<f,and fgif f<gand f = g.

Lemma 4. Let G C G(n,m) and v be a positive finite Borel measure on G.
If for any unit vector £ € R",

YH{V € G |mv ()] < p}) Sp™s

then ((7v)vea,7y) is a MMP space.

Lemma 5. Let G C G(n,m) and v be a positive finite Borel measure on G.
If for any unit vector £ € R",

T{V eG:d(&, V) <ph) Sp",
then ((mv)vea,v) ts a MMP space.

The proofs depend on the following energy characterization of Hausdorff
dimension. For a Borel set £ C R",

dimy E = sup{s : Zs(u) < o0,
1 is a nonzero Radon measure with compact support on E }

where Z,(p) = [ [ |#—y| *duxdpy. We also need the following identity which
connects the fractal geometry and Fourier analysis,

To(u) ~ / 2" () .

Here fi(z) = [ e 2™(@¥) du(y) the Fourier transform of the measure y at z.
For more connections between fractal geometry and Fourier analysis, we refer
to [14].

PrROOF OF LEMMA 4. Let £ C R™ with dimyg £ < m. Then, for any ¢ with
0 <t < dimg FE there exists a Radon measure p on E with compact support
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and Z;(u) < co. For V € G, let py be the image measure of p under the map
Ty, 1.€.,

pv (A) = p(ry' (4)) for ACV .

Changing variables in integral and applying Fubini’s theorem, we obtain

/L(uv)dw:// / v (x) — v (y)| ' duadpydyV
G n n
/ / /I v ( | )|~ =yl dyVdpzdpy
S/ / Ix—yl’tduxduy<00-

The last second estimate holds, since for any unit vector &,
(oo}
L m@rav = [ 24y ec: mie = up
0
=t [ Avea ol <o

1 ]
5/ ﬂm‘t‘lderv(G)/ p~ ! tdp < oo
0 1

It follows that Z;(uy) < oo, and hence dimg 7y (E) > ¢ for v almost all
V € G. This is true for any ¢t < dimgy E, therefore dimgy my (E) > dimg E for
~ almost all V € G.

Now we turn to the “measure part” of Marstrand-Mattila theorem. Let
dimyg E > m, then there exists a measure p on E such that Z,,(u) < oo.
Applying Fatou’s lemma and Fubini’s theorem,

//hmmfu ( >)d,uvxd7V
v

p—0
< llgl_gglfp*/ /n/ Li(uur )iy (w)—my (u) | <p} (T, Y) dpdpydyV
< Ton(p) < o0

(1)

We use the fact that for any x # y,

/G1{(u,u’>:m(u)arv(uf)\ﬁp}(xay)dW

2V € Gslvie) — v <) S ()

|z -y
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The estimate (1) implies that for v almost all V € G,

/ liminf 2V B@) s
\%

r—0 rm
and hence for py almost all z € V|

liming v B, )

r—0 rm

< 0.

C. CHEN

Together with [13, Theorem 2.12 (3)], we obtain that py is absolutely contin-

uous to H™ (and hence H™(my (E)) > 0) for v almost all V € G.

O

PrROOF OF LEMMA 5. Let dimy E = s < m. Then for any 0 < ¢t < s there

exists a Radon measure p on F with compact support and

L ~ [ (APl dedyV <.

It is sufficient to prove

// v (@) Pl dH ™ wdy V< o,
GJV

Note that for any V € G(n,m) and z € V,

fiv () = ().

(2)

Since the measure p is finite, there is a positive constant C' such that for any

V e G(n,m),

)

Thus, it is sufficient to prove

/ / (@) 2]t dH ™ zdy V< oo,
¢ JvnB(0,1)¢

[ < ¢ < o
(

where B(0,1)¢ is the complement set of B(0,1). Let 0 < p < 1/104/n. Define

We consider the cubes which intersects B(0,1)¢. Thus, we define
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Since 1 is a Radon measure with compact support, fi is a bounded Lipschitz
continuous function, i.e.,

[(z) = ny)| < lz -yl
It follows that for each @Q);,j € J and any z,z’ € Q;,
()Pl ™ < A Pl + pla’] (3)
For each Q;,j € J let z; € Q; such that
)] < |fiw)] for any = € Q.

For any R > 1let p = pg = R™™. Then the estimate (3) implies that for
any V € G(n,m),

/ ol (o) P

VNB(0,1)°NB(0,R)

S 3 1Al Plal "WV 0 QN BO.R) + pH"(VOBOLR)
jeJ

S NG Plag [ HT™(V N Qy) + 1.
jeJ

For any @Q;,j € J, we have

Loy

< diam(Q;)"y({V € G : d(z;,V) < diam(Q;)}) (5)
)> S dlam(QJ)"|xj|m7"

Combining with the estimates (4), (5), and the condition (2), we obtain

I/ 2t~ ) PdH™ wdn
G JVNB(0,1)°NB(0,R)

< / S g [ ) PH(Qy A V)V 41
GjEJ
< S Ja 1 ) 2 / H™(V N Qy)dyV +1
jeJ G
S lal " i) Pdiam(Q))" + 1
JjeJ
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Together with Fatou’s lemma, we obtain

/ / (2! ) [PAH ™y V
¢ JvnB(0,1)¢

-/ lim 150, (@) 2]~ fi(2) PdH™ 2dyV
G JvnB(0,1)c B0

§liminf// 1p0,r) (@) |2~ ™|i(z)|PdH " zdyV
G JvnB(0,1)°

R—o0

Thus, we complete the proof of the dimension part of Marstrand-Mattila type
theorem.

Now we turn to the measure part of Marstrand-Mattila type theorem. Let
dimyg F = s > m, then there exists a Radon measure p on E with compact
support Z,,,(p) < oo. A variant of the former argument implies that (using
the same notation as above)

I/ [A) PaHm zdyV
G JVNB(0,1)°NB(0,R)

< / SO i) PH™(Q O V)daV +1
G e
S Yl [ HV nQud 41
jeJ G
< S (72 " diam(Q)" + 1
jed
SZn(p) +1 < oo.

It follows that

/ / |y (z) PdH ™ zdyV < oo.
a JvnB(o,1)

Recall that if [5, [fi(z)[?dz < oo, then yu is absolutely continuous to H", see
[14, Theorem 3.3]. Thus, we obtain that py is absolutely continuous to H™
for v almost all V' € G, and hence H™ (my (E)) > 0 for v almost all V € G.

3 Proofs of Theorems 2-3

P. Shmerkin and V. Suomala [23] constructed the following sets. A tube
T C R? with width J is a § neighborhood of some line in R2.
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Theorem 6. For any o € (1,2) there exists an a-Ahlfors regular compact set
E C R?, such that for any tube T with width w(T),

HYENT) < w(T). (6)

By “mapping” the sets in Theorem 6 to sphere S?, we obtain the following
Lemma 7.

Lemma 7. For any « € (1,2) there exists an a-Ahlfors regular compact set
G C S?, such that for any unit vector € € R® and p > 0,

HY (L eG:|rL(§) <p}) S p. (7)
It follows that for any unit vector £ € R and p > 0,
HO{L € G dE, L) < p}) S p. (8)

PrOOF. By Theorem 6 there exists an a-Ahlfors regular compact set E C
[~1/10,1/10]? such that for any tube T,

H(ENT) < w(T).

Let E = E+ (0,0,1/2) and G := {I%\ :x € E}. We intend to prove that G
satisfy our need. Note that @ is the image of E under the map F : z — ﬁ

for x # 0. In the following, we restrict the map F to the set [—1/10,1/10]? +
(0,0,1/2) := S. Then F is a bi-Lipschitz map, i.e.,

[F(z) = F(y)| = [z —y|, z,y € 5.

Furthermore, F~! maps the “big circle” to some “segment” on S, i.e., for any
plane W € (G(3,2) there exists a line £y such that

FY(Wns?) =twnS.
Combining with the bi-Lipschitz of the map F', we conclude that
F{LeG:|m(§)| <p}) c{z € B d(x,ber) S p)
where (¢1 = F~1(£+). Therefore,
HOUL € G [me(©) < p}) ~ HA(F (L € G : [mo (&) < p}) S -

The estimate (8) follows by d(&, LY) = 71, (€), as required. O
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Then Theorem 2 follows by combining Lemma 7 with Lemmas 4-5. More
precisely, the estimate (7) and the Lemma 4 imply that ((7p,)zcq, H) is a
MM P space. The estimate (8) and the lemma 5 imply that (711 )zec, H®)
is a MM P space.

Now we turn to the proof of Theorem 3. The method is similar to the
proof of Theorem 2. We “map” some random sets of the plane to the sphere
S?, and then we apply the classical potential theoretical arguments for these
restricted families of projections. First note that the classical potential the-
oretical arguments imply the following Lemma 8, see the proof of Lemma 4.
For more details we refer to [5, Section 3|, [14, Theorem 5.1].

Lemma 8. Let G C G(n,m) and 7 be a positive finite Borel measure on G.
If for any unit vector £ € R",

Y{V € G lmv(€)| < p}) S p%

where « is a positive constant, then ((mv)vea,7y) admits a (dimension part)
Marstrand-Mattila type theorem i.e., for any subset E C R™ with dimy F <
min{a, m}, we have

dimy 7y (E) = dimg E for v a.e. V € G.
T. Orponen [20] constructed the following sets.

Theorem 9. For any 0 < o < 1 there exists a compact set E C [0,1]* with
0 < H*(F) < o0, such that such that for any tube T with width w(T),

HYENT) Sw(T)*.
Note that for any subset £ C R? with 0 < H!(E) < oo,

sup HYENT) -
v w(T)
where the supremum is over all tubes T' with width w(T") > 0. For more details,
see [20]. For the case a = 1, the author [1] constructed the following set which
settles a question of T. Orponen. There exists a compact set E C [0, 1]? with
0 < H'(E) < oo such that for any s < 1, and for any tube T’ with width w(T),

HY(ENT) S5 w(T)". 9)

Here <; means that the constant depends on s.
We map the above sets to the sphere S? in the same way as Lemma 7, and

the similar arguments imply the following result.
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Corollary 10. For any 0 < o < 1 there exists a compact set G C S? with
0 < H(G) < oo, such that for any s < «, and for any unit vector £ € R3,

HY({L € G:|m(§)] < p}) Ss p°
Note that for the case 0 < a < 1, we have the following stronger estimate
H({LeG:|m(&)] < p}) S P

Theorem 3 follows by combining Corollary 10 and Lemma 8.

Acknowledgements. I am grateful to Tuomas Orponen for pointing out The-
orem 3. I also would to thank the referees for carefully reading the manuscript
and giving helpful comments.
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