RESEARCH Real Analysis Exchange

Vol. 42(2), 2017, pp. 311-328

Grigori A. Karagulyan, Faculty of Mathematics and Mechanics, Yerevan
State University, Alex Manoogian, 1, 0025, Yerevan, Armenia.
email: g.karagulyan@ysu.am

ON EXCEPTIONAL SETS OF THE
HILBERT TRANSFORM

Abstract
We prove several theorems concerning the exceptional sets of Hilbert
transform on the real line. In particular, it is proved that any null set is
exceptional set for the Hilbert transform of an indicator function. The
paper also provides a real variable approach to the Kahane-Katsnelson
theorem on divergence of Fourier series.

1 Introduction

The study of exceptional sets is common in Harmonic Analysis and some re-
lated fields. Ome century ago Lusin [12] proved that for any boundary null
set e (a set of measure zero) there exists a bounded analytic function on
the unit disc, which has no radial limits at any point of e. This result was
a significant complement to the theorem of Fatou, providing almost every-
where tangential convergence for the bounded analytic functions on the disc.
Kahane-Katznelson’s [7] example of a continuous function, whose Fourier se-
ries diverges at any point of an arbitrary given null set, was the counterpart of
Carleson’s [3] celebrated theorem on almost everywhere convergence of Fourier
series. Some extensions of Kahane-Katznelson’s theorem for Fourier series
in different classical orthogonal systems the readers can find in the papers
[1, 2, 5, 10, 11, 13, 14, 16].

It was discovered in the papers [8, 9] that such divergence phenomena is
common for general sequences of bounded linear operators

U, : L*(a,b) — bounded measurable functions on (a,b) (1.1)
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satisfying the localization property, that means for any function f € L*(a,b)
with f(z) =1, z € (o, ), the sequence U, f(x) converges uniformly in (a, ).
We denote by I the indicator function of a set G C R. It was proved in [§]
that

Theorem 1* ([8]). If the operator sequence (1.1) satisfies the localization
property, then for any null set e C (a,b) there exists a measurable set G C (a,b)
such that Uylg(z) diverges at any x € e.

In [9] we obtained full characterization theorems for exceptional sets of
general sequences of operators with localization property.

In this paper we consider the exceptional null set problem for the Hilbert
transform. The Hilbert transform of a function f € L!'(R) is the integral

Hf(x) = lim H, f(z) = lim l/ ) dt.

e—0 e—=0 T ‘t*I‘>E xr — t

It is well-known the almost everywhere existence of this limit for the integrable
functions (see for example [18], ch. 4.3). The maximal Hilbert transform is
defined by

H* f(x) = sup [H.f(x)].
e>0
Examples of exceptional sets for the Hilbert transform have been only con-
sidered by Lusin in his famous book ([12], page 459). It was proved in [12]
the existence of an everywhere dense continuum null set e C R, such that
H*f(x) = 0o on e for some f € C(R) N L'(R). The following theorem shows
that any null set e can serve as an exceptional set for the Hilbert transform of
some indicator function. Moreover, if e is additionally compact, then instead
of the indicator function it can be taken a continuous function.

Theorem 1. For any null set e C R there exists a set E C R of finite measure
such that
H*lg(z) =00, x€e.

Note that Theorem 1 can not be deduced from Theorem 1*, since the
operators H. do not satisfy the localization property. Its proof as well as the
proof of the next theorem are essentially based on characteristic properties of
Hilbert transform.

Theorem 2. For any closed null set e C R there exists a continuous function
f € C(R)N LY (R) such that

H f(zx) =00, xE€e.
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The proof of Kahane-Katznelson’s theorem [7] uses methods of analytic
functions. We will show in the last section that this theorem can be alterna-
tively deduced from Lemma 4 below.

The following questions are open.

Problem 1. Is the statement of Theorem 2 valid for arbitrary null sets.

Problem 2. Is the analogous of Kahane-Katznelson’s theorem true for Walsh
system (see for example [17]).

Concerning to Problem 2 we note that Harris [6] has proved that for any
compact null set e C [0,1] there exists a continuous function, whose Walsh-
Fourier series diverges at any x € e.

2 Intermediate results

We say an open set G C R is of finite form (or finite-open) if it is a union of a
finite number of open intervals. For two measurable sets F and F' we denote

EAF = (E\F)U(F\E)

and write E ~ F in the case |[EAF| = 0. Let E, F,, C be measurable sets.
We write F,, = F whenever we have

|F,AF| — 0 as n — oo.

For measurable functions f and f,, n =1,2,... the notation f,, = f denotes
a convergence in measure.
The following theorem has own interest and it will be used in the proofs
of the main theorems.
Theorem 3. Let 1
A >0, u:;mﬂ—e*) (2.1)

Then for an arbitrary measurable set F' C R the sets

E={xeR\F: Hlp(z) < p}, (2.2)
F*={z eR\ E: Hlg(x) > \}
satisfy the relations
F~F* |E|=(=1)|F].

Moreover, if F is open (or finite-open), then we additionally have F C F* (or
F=F*).
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We shall often use the following property of the Hilbert transform. Namely,
if for f € L*(R) vanishes on (a, b), then H f(z) is decreasing on (a, b). Consider
numbers

cp <ap <b,<cpy1, k=0,1,2,...,n+1 (23)
where
Co = ap = bO = —00, Cn+1 = Qpy1 = bn+1 = +o00.
Denote
F = (ax,br), (2.4)
k=1
E=|J(ck ar) (2.5)
k=1

Simple calculations show that

1o~ [P dt 1 T — ay
Hlp(z) = — - -3 2.
r(@) wz/a x—t WZ T — by (2:6)
k=17 =1
1o [% dt 1 & T — cp,
HI = — = — 2.7
£() ﬂg/ [ (2.7)
for any
reR =R\ {ap, by : k=1,2,...,n}. (2.8)
Observe that the function (2.6) is decreasing on each interval (bg,ag41) and
increasing on (ag,bx), k =0,1,...,n. Besides we have
lim Hlp(z) = —oco, lim Hlp(z)=+oc0, k=1,2,...,n, (2.9)
T—rag z—by,
.LEEI:IOO Hlp(z) = 0. (2.10)

The following lemma is the case of Theorem 3 when F' is finite-open.

Lemma 4. Let the numbers X > 0, u < 0 satisfy (2.1). If F is an open set
of the form (2.4) with by_1 < ax, k =2,3,...n, then the set

E={xeR'\F: Hlp(z) < u},
has the form (2.5), where ¢y, satisfy the relation (2.8) and we have

F={zecR\ E: Hlg(x) > \}, (2.11)
|E| = (e = 1)|F|. (2.12)
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PRrROOF. From (2.9), (2.10) and monotonicity of HIg on (bx_1,ag), it follows
that given A > 0 uniquely determines numbers ¢ such that

1
Hlp(cp) = p = ;mu —e M), e € (bp—1,a), k=1,2,...,n,

and
E=|J(ckar) ={z e R'\ F: Hlp(z) < }.
k=1

Equality (2.6) implies that the numbers ¢ are the roots of the equation

From (2.3) it follows that (¢; — bg)(¢; —ax) > 0 for any j =1,2,...,n. Thus
we conclude that ¢; are the roots of the algebraic equation

I =t = [[ (== ax) =0, (2.13)
k=1 k=1

and according to Bézout’s theorem we have

“ﬁ(xfbk ﬁxfak ﬁmfck (2.14)
k=1 k=1 k=1

This implies that by are the roots of the equation

n

(e’”‘—l)Hx—ck Hm—ak

k=1 k=1
and therefore for
Zln ) —In(l —e™) =X
— xr — ag

That means

H]IE(bk):)\, k:1,2,...,n
Thus, since Hlg is decreasing on (ay, ck+1) and by, € (ag, cky1), we get (2.11).
Equality of the x"~! coefficients of the right and left sides of (2.14) gives

e —1
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This implies

- ey py bk —ag) e F|

— _ — A
=Y (o — ) = 2= O m @) P o gy
k=1
and so we get (2.12). O

PrOOF OF THEOREM 3. Since F' is measurable, there exists a sequence of
finite-open sets F,, such that

F,= F. (2.15)
Applying Lemma 4, we may find finite-open sets E,, such that
F,={zeR'\E,: Hlg, (z) > A}, (2.16)
E,={reR'\ F,: Hlg, (z) < pu}, (2.17)
|E,| = (e — 1)|Fy). (2.18)
We have
”H]IFn — H]IF”Q = H]Ipn —HFHQ — 0. (219)

Taking into account the monotonicity property of function Hlg(z), from (2.17)
and (2.19) one can easily get

E, = E, (2.20)
where F is defined in (2.2). By the same reason (2.20) implies Hlg, (z) =
HIg(z) and therefore we get the relation F,, = F™*, which together with (2.15)
gives us F' ~ F*. From (2.19), (2.20) and relation (2.12) between E,, and F,

we get
|E| = lim |E,| = (¢! —1) lim |E,| = (¢* —1)|F|. (2.21)
n—oo n—oo

If F' is open, then

s

F= (akabk)a

k

1
where the intervals (ag, b) are pairwise disjoint. Denote

Fn = U (ak, bk)
k=1

Take an arbitrary point € F. The points « and x 4+ § are in the same
component interval (G (y), bn(z)) for small enough § > 0. So we have z € F),
for n > n(z) and therefore by (2.16) we conclude

Hlg,(x+0) > A, n>n(x). (2.22)
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Since Hlg(z) is decreasing in (ap(z), bn(z)), from (2.22) we get

n—oo

This implies z € F* and therefore we get F' C F™*. O

3 Proofs of main theorems

Let G C R be an open set. To any component interval (a,b) of G we associate
the intervals

b—a b—a b—a b—a )
a+2j+1,a+2j>,[b—2j,b—2j+l>, 321,2,...,

We denote by {I} the family of all these intervals. It gives a Withney partition
of the set G. Observe that each I has two adjacent intervals I ,j and I, . We
denote

I =L,ULFUI, .

‘We have
G = U I, (3.1)
k=1
dist(I, G%) = |Ii|. (3.2)

In the proof of the next lemma we use Stein-Weiss [15] well known identity.
That is for any set ' C R of finite measure we have

4e™ | E|

{z eR: [Hlp(z)| > A} =

Lemma 5. Let G be an open set with Withney partition {I,} and let e C G
be a null set. Then for any v > 0 and a sequence of numbers 6, > 0 there
exists an open set F' with e C F C G such that

{z eR: |HIp(z)| >~} C G, (3.4)
|Ikﬂ{.’L'€RZ |H]IF((E)|>’}/}‘§(S]€, k=1,2,.... (35)

If the set e additionally is compact, then F' can be taken to be finite.
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PRrROOF. We define F to be an open set satisfying

oo [0 (e™ — 1) L
|FﬂIj<mln{ 2j+2 ) 46”7/2 ) ]—172, (36)

If e is compact, then clearly F' can be finite. If 2 € R\G, then dist(z, I;) > |I;|.
Thus we get

oo 100

HI HI —
|HIp(z)] < FrI; WZ

; 1/FmI r—t

=1

I~ |FNI 1°°|le\
< Z —
771'2:1(115'51‘[ 77'('2

A

and so (3.4). Then, using (3.3), for any = € I}, we get

1 dt
> Hlpay ()| < = / p—
J: LNIE=2 T =g |/ FOL
SNy
T ror—o d86L 1)
2|F NI
g—z - AFN L) <1 (3.7)
j

If I; N I} # @, then I; coincides with one of the intervals Iy, I,j or I, . Thus
by the Stein-Weiss inequality we get

HxER:

> Hlpny,(2)

§i NI #2

)

-

{ac ER: 'H]IFQI; (z)

4 Ty /2
° T IF NI < a (3.8)
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From (3.7) and (3.8) we obtain

{z € Iy : [HIp(z)] >~}

<Kzel: Z Hlpnr ()| > /2

J:I;NIE=9

+ r €l : Z HHij(x) >’}//2
J NI £

<<zeR: Z H]Iij(ac) >’y/2 < 6.
J: NI A
O

Lemma 6. Let G be an open set and e C G be a null set. Then for any § > 0
and A > 0, p < 0, satisfying (2.1), there exists an open set F' such that

eCFCQG, (3.9
E={xeR\F: Hlp(z) < pu} CG (3.10)
Fc{xeR\F: Hlg(z) > A}, (3.11)
and
l/ L) 4 o s, (3.12)
T Jit—z|>e |£C - t|
whenever

(x—e,x+e)ZG. (3.13)
If e is compact, then F' is finite-open.

PROOF. Let I}, = [ag, b)) be a Withney partition of G defined above. Applying
Lemma 5, we find an open set F satisfying (3.9), (3.4) and (3.5) for the

numbers
W(S‘Ikl
y=lpl, o= T

Such that
Ec{zeR\F: |Hlp(z)| >},

from (3.4) implies (3.9). Since F' is open, from Theorem 1 it follows that

FcCcF={zeR\FE: Hlg(x) > A},
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which implies (3.11). From (3.5) we get

S|

|Eﬂ]}€‘§(5k=2k+1.

Take an arbitrary « € R and ¢ > 0 satisfying (3.13). We claim that

1 Ienr, (1) 0
= — ——=dt < —. 14
CCRET N = e .

Indeed, if
Iin(x—¢c,x+e) =0,
then from (3.13) and (3.2) one can easily get dist(x, I;) > |I;|/2 and therefore

|Eﬂ[k| < 2|Eﬁ]k|

< —.
W) S ) S Al S o

In the case
IiN(z—¢c,x+¢) # 2,

again taking into account of (3.13), we get |I;| < 2e. Then the bound

|EﬂIk| < |Eﬂ[k‘ < )

< N
a(®) S —= ST S

establishes (3.14). Thus, applying (3.13), for z satisfying (3.13) we get

)
|H g ()| < Z |H1gAr, (z Z ok <9
k—1

O

Lemma 7. There exists a function ¢ € C(R) with supp ¢ C [—1,1], such that
Hop(x) is finitely defined for any x # 0 and H*¢(0) = occ.

PROOF. Define p(x) by
11—z if x € 10,1],

or)=¢ 1-1/(k+1) ifr=-2"%k=0,1,..., (3.15)
linear on each interval [-27% —27k=1) Lk =0,1,....
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One can check that f is continuous. Linearity implies the existence of Ho(x)
for any = # 0. Then we have

Hs onp(0) < /771 dt + Z/ Lf—’—l))dx

9—k+1

1
=-nln2+(1-27") 1———)In2
nln2+ ( —|—Z( k+1> n
k=1
—71n2Z—+172”

that means H*p(0) = co. O

PROOF OF THEOREM 1. Let e C R be a set of measure zero. Applying
Lemma 6 successively (with A = 1, u = 7~ !In(1 — e 1)), we find a sequence
of open sets Fj, such that

Fn—l D) Fn De, (
E,={zxeR\F,: Hlp, (z) <p} C F_1\ Fy, (3.17)
F, c{x e R\ E,: Hlg, (z) > 1}, (

(

I
/ E”(t)dt<2_”, if(x—ce,x+e) ¢ Fo_1.
[t

—x|>e |I - t|
Define

o0
E= L_JlEn.

Take an arbitrary point x € e. Since the sets F,, are pairwise disjoint, we can
write

H.g(z Z H.g (x
= > H.lg, (z) + > H.lg, (z)
(z—e,xz4e)Z Fpn_1 (x—e,z+e)CFp_1
= A+ B. (3.20)

Using (3.19), we get

|A] < / Lo, () 0y Z 27" = (3.21)
t—x|>e |I - t|

(z—e,z+e gZF71 1
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From (3.16) and (3.18) we obtain

B= > Hlg, (z) > > 1. (3.22)

(x—e,x+e)CFp_1 (x—e,x+e)CFn_1

The number of terms in the last sum can be arbitrarily big, if we take € > 0
sufficiently small. So combining (3.20)-(3.22), we get

H*Ip(z) = oo.
O

PROOF OF THEOREM 2. Let us suppose first that e is a compact null set
and we have E C [a,b]. Applying Lemma 6 successively (with A = 2", p =
Ln(1 - e~2") we find a sequences of finite-open sets of the form

Fn = U (a](qn)a b](gn))v
k=1

such that

F, 1DF,De, (
E,={zeR\F,: Hlp (x) < p} C Fh_1\F,, (3.24)
F,={x€R\E,: Hlg, (r) > X=2"} (

(

Ig, (t
/ E"()dt<lif(x—5,x+s)¢Fn,1.
|[t—z|>e |$—t‘

From the finiteness of the open sets F;, we get the finiteness of E,,. Thus the
equality in (3.25) will follow from Theorem 3. From (3.25) it follows that

Hlg, (b)) = 2", (3.27)

Observe that one can choose functions f,, € C(R) such that

0< fn<lg,, (3.28)
\Hf, (0" - HIg, 0) <1, k=1,2,...,m,. (3.29)

Thus, taking into account (3.27), we get an(b,(cn)) > 2™ — 1. Then, applying
the monotonicity property, we conclude

Hfp(x)>2" -1, xz€F,. (3.30)
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Define

f) =y ),
n=1

One can easily check that f € C(R). Take an arbitrary point « € e. Using
(3.28), we can write

>\ H.fn(z
i f@) = Y Heln@)
n=1
Hafn(x) Hsfn(x)
-y e, B
(x—e,z+e)Z Fpn_1 (x—e,x+e)CFn_1

= A+B. (3.31)

Applying (3.26), we get

2n r—1
(z—e,o4e)Z Fr_1 [t—z|>e | |

1 Ig (t =
< > = 5. () gy Som=1. (3.32)
n=1

(z—e,a4e)¢ Fr1 [t—x|>e |I7t|

From (3.28) and (3.24) it follows that supp f,, C F,_1. Thus, using (3.30), we
obtain

an(ﬂj‘) —-n
B= > —on 2 > (1—27"). (3.33)
(x—e,z+e)CFp_1 (x—e,z+e)CFp_1

For sufficiently small € > 0 the last sum can be arbitrarily big. So combining
(3.31)-(3.33), we get
H* f(z) = oc.
Now suppose e C R is an arbitrary closed set. Take a sequence xy € e, k € Z,
such that
Tpy1 —Tp > 1, e= Ue N[k, Tht1]
k

and consider the compact sets ey = e N [z, xx+1]. For each k we can find a
continuous functions fj such that

H” fi.(x) = 00, x € e.
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Denote

90) = 3 g e @iy (2) € L (R).
k

2 (21 — k)
One can easily check that

H*g(z) =00, z€e\{z}.
Set

[0 i Hoglw) = oo,
T H*g(z1) < 0.

Define
f(@) = g(x) + Y a2 A (@ — ),
k

where ¢ satisfies the conditions of Lemma 7. It is clear that the function
satisfies the conditions of Theorem 2. O

4 Remark on Kahane-Katznelson divergence theorem

Kahane-Katznelson constructed a complex valued continuous function whose
Fourier series diverges on a given set of zero measure. The proof of this
theorem is based on the following lemma, which was proved by methods of
analytic functions. We will deduce this lemma from Lemma 4. We shall
use also the following well-known relation between two functions f € L(T),
g € L>(T) (see. [18], ch. 2, Theorem 4.15)

2 2 2m
lim f(@)g(nx)dx = S f(x)dx '/0 g(z)dz. (4.1)

n—oo Jo 2 0

Lemma 8 (Kahane-Katznelson). If F C T is a finite-open set |F| = a > 0,
then there exists a complex trigonometric polynomial P(x) of degree n such
that

1
> — . .
 max | S (z, P)| > ¢ln o € F (4.2)

PROOF. Let F' has the form (2.4) and first suppose that
max FF —min F' < 7. (4.3)

Without loss of generality we can suppose F' C [0,7]. For A = In T we apply
Lemma 4. We get an open set F of the form (2.5) satisfying the conditions of
lemma. From (2.12) it follows that

|E\:(1_1)|F|:7r—a<7r.
[0
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According the structure of the set E coming from Lemma 4, we get £ C
[—7,7]. Take 6 > 0 and consider the following modification of the set E:

U Ck+5 ap — ) (44)

For small enough 0 from (2.11) we get
Hlz(x) > A, xzeF.
Set
fm(z) =1z (x)sign (sinma), m=1,2,....
For the modified partial sums we have

Sptond) =+ [ =D

x—t

sinmz [T cosmt cosmz [ sinmt
= / fm(t)dt - / fm(t)dt
U =1 U xr—1

Applying (4.1), as m — oo for = € F' we get

™ T Ig(t
/ cos mtfm< t)dt _/ 5( z)t - cos mi sign (sinmt)dt

_xT—1 a T

1 (7 Ia(t T
- — ol )dt-/ costsign (sint)dt =0
2r J_,x —1

—T

and

7'r T IA(t
/ smmtfm() _/ iﬂ - sinmt sign (sin mt)dt

—Trxi - L=

1 g ]IE(lf) o ™
= : — T HI(2).
o | x—tdt / | sin t|dt 5 p(x)

Since the sets E and F have positive distance (see (4.4), (2.4)), in both limits
the convergence is uniform on F. Thus for enough bigger m we will have
N T .
|Sh (z, fm)| > 7|smmx|, x € F.
Again, since dist(E, F') > 0, a proper approximation of f,, by a real polynomial

f(z) implies
ISy, (x, f)] > ?|sinmx|, x € F.
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Similarly, taking instead of f,, the sequence

gm(z) = Ig(x)sign (cosma), m=1,2,...,

we will get another real polynomial g(x) such that

A
|Sh (z,9)] > 7r?|cosmm|, x € F.

For the complex polynomial P = f + gi we will have

A A
|Sy (z, P)| > 7T?(|sinmac| + |cosmx|) > %, x € F,

and so it will satisfy the condition of lemma. If F is arbitrary, then we have

F =

Fy UF5, where each Fy and F; satisfy (4.3). Let P; and P, be the polyno-

mials corresponding to F} and F. Suppose the degrees of those polynomials
are less than n. One can check that the polynomial P(x) = Py(z) + €% Py(z)

satisfies (4.2). O
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