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Cycles of Polynomial Mappings in Several Variables over
Discrete Valuation Rings and over Z

T. PEzDA

ABSTRACT. We find all possible cycle lengths of polynomial mappings
in several variables over unramified discrete valuation domains. As a
consequence, we determine the sets of all cycle lengths in RY (where

N > 2) for some Dedekind rings R. Finding these sets for R = Z and
any N is the main purpose of this paper.

1. Introduction

For a commutative ring R with unity and ® = (®y,..., dy), where ®; €
R[X1, ..., Xn], we define a cycle for ® as a k-tuple xg, X1, ..., Xx—1 of different
elements of RN such that

D (xo) =x1, D (x1) =x2, D (xp—1) = xo.

The number £ is called the length of this cycle.

Let CYCL(R, N) be the set of all possible cycle lengths for polynomial map-
pings in N variables with coefficients from R (we clearly assume that the elements
of the considered cycles lie in RV).

The main motivation to write this paper is finding CYCL(Z, N) for all natu-
ral N. As an exercise, one may treat the equality CYCL(Z, 1) = {1, 2}. In [Pe2],
the formula CYCL(Z,2) = {24, 18, 16, and divisors} was established. In [Pe5], it
was shown that the biggest element in CYCL(Z, N) equals 2 - 4V + 0(4V).

One of the main ingredients in obtaining these results is a local-to-global prin-
ciple for polynomial cycles (see Section 2.4). This principle for N > 2 gives an
expression of CYCL(R, N) in terms of CYCL(Ry, N), where p runs over the
family of all nonzero prime ideals of a Dedekind domain R.

Thus, in order to determine CYCL(Z,N), it is enough to determine
CYCL(Zp, N) for all prime p, where Z, denotes the ring of p-adic num-
bers. In fact (see Theorem 2), it suffices to determine CYCL(Z,, N) and
CYCL(Z3, N).

Using the notation of Theorem | and Section , we see that Z, is a dis-
crete valuation ring (DVR) of characteristic zero satisfying e = 1 (and therefore
unramified). For the rings Z,, the number f equals 1.

The main result of this paper is the following:
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THEOREM 1. Let R be a discrete valuation ring of characteristic 0, and assume
that P is the unique maximal ideal of R. We assume that the field R/ P is finite
and has p! elements (p prime). Let w be the exponent of R. We assume that the
ramification index e = w(p) is equal to 1; in other words, R is unramified. Then
CYCL(R, N) consists of all natural numbers of the form

c-k-p*,

where 1 < ¢ < pr, kl[pf“l — 1,...,pf“' — 1] for some positive ay, ..., ay:
a1+~‘--+a,§N,andif(fork>l)aisthesmallestsumal+--~+a, such that
kl[pf“' —1,...,pf“’—l] (and a =0 for k = 1), then

() for p >3, we have o < max{0, log, 2452 p)};

(i) for p =2, we have
a <2+logy(N —a) fora <N —2,
a<2forl<a=N-1,
o <1 for all other possibilities, that is,a = N or N = 1.

Theorem | generalizes a result from [Pel] and [Zie], where it was obtained
that CYCL(Zp, 1) ={a-b: 1 <a <p,blp—1}for p>5, CYCL(Z3,1) =
{1,2,3,4,6,9},and CYCL(Z2, 1) ={1,2, 4}.

As a consequence of Theorem |, we obtain the following:

THEOREM 2. Let S be a Dedekind domain of characteristic O such that there are
prime ideals p of § with S/p finite. Let m = miny_prime #(S/p). Assume that for all
prime ideals of S having norms smaller than m?, the corresponding localizations
Sp are unramified. Then for N > 2, the set CYCL(S, N) is completely determined.
Namely, for N > 2, we have

CYCL(S,Ny= [ CYCL(Sy. N).
p-prime
#(S/p)<m?
In particular, CYCL(Z, N) is completely determined and equals CYCL(Z>, N) N
CYCL(Z3, N) (for N = 2).

ExaMPLE 1. By Theorems | and 2 we have CYCL(Z,3) = CYCL(Z,,3) N
CYCL(Z3,3) = {112,98,96,84,72,70, 64, 60, 40, and divisors} N {702, 676,
650, 648, 624, 600, 598, 576, 572, 552, 546, 528, 520, 504, 494, 480, 468, 456,
442,432, 416, 408, 390, 384, 364, 360, 336, 243, 225, 207, 198, 189, 171, 153,
135, and their divisors} = {112, 96, 84, 72, 64, 60, 40, and their divisors}.

Let Zk be the ring of algebraic integers lying in a finite extension K of the ratio-
nals. Itis known that if (Zg ), are unramified DVR for all nonzero prime ideals p,
then K = Q. So, from the formal point of view, the local-to-global principle and
Theorem | determine CYCL(Zk, N) for all N > 2 only for K = Q (in this case,
Zo = Z). However, owing to Theorem 2, the sets CYCL(Zk, N) may be deter-
mined also for some K # Q and some N > 2.
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EXAMPLE 2. Let L = Q(«/E) with square-free d satisfyingd =5 (mod 8),d =1
(mod 3),d =2 (mod 5),d =2 (mod 7) (for example, d = 37).
Then pp =277 is prime with norm 4, 3Z; = p3 pg with different prime p3 and
p5, ps =5Z is prime with norm 25, 7Z; = p7p7; with different prime p7 and p,.
We then obtain that
(ZL)y, is a discrete valuation ring corresponding to p =2, f =2,e=1;
(Zp)p, =(Z L)p/3 are discrete valuation rings corresponding to p =3, f =1,
e=1;
(ZL)ps is a discrete valuation ring corresponding to p =35, f =2, e =1; and
(Zp)p, = (Z L)p/7 are discrete valuation rings corresponding to p =7, f =1,
e=1.

Note that p2, p3, p3, p7, p5 are the only prime ideals of Z; with norm smaller

than m? = 32 = 9. Since (Z)\m = Zs, (7L)\,g7 = Z7, by Theorem 2 we obtain,
for N > 2,

CYCL(ZL, N)=CYCL(ZL)py» N) NCYCL(Z3, N) NCYCL(Z7, N).

One may check that CYCL(Z3,3) € CYCL(Z7,3), and we obtain
CyCﬁ(ZQ(m), 3) = CyC£((ZQ(ﬁ))p2, 3)NCYCL(Z3,3) = {702,648, 624,
600, 576, 552, 546, 528, 520, 504, 480, 468, 456, 432, 416, 408, 390, 384, 364,
360, 336, 243,225,207, 198, 189, 171, 153, 135, and their divisors}.

From the proof of Theorem 2 (using the notation from Theorem 2) we have that,
for N > 2,

CYCL(S.N)= () CYCL(Sp.N)
p-prime
#(S/p)<m?
if Sy, is unramified for some p such that #(S/p) = m.

Theorem | determines CYCL(R, N) for unramified (i.e., satisfying e = 1)
DVR of characteristic zero. It seems that finding a closed formula for all ram-
ification indices e is difficult, if not impossible. It is worth emphasizing that a
possible formula for CYCL(R, N) would not depend solely on p, e, f, N. For
example, by Proposition 3.5 from [Pe4] it follows that 48 ¢ CYCL(R,?2) for R
such that p =2, f =1, e =2, 7> =2 (mod P*), whereas 48 € CYCL(R,2)
for Rsuchthat p=2, f=1,e=2, 72+ 73 =2 (mod P*). The element 7 is
precisely defined in Section

In [Pe4], we managed to gain enough knowledge of CYCL(R,2) for some
DVR R satisfying ef <2 and p <7 to determine CYCL(Zk,2) for [K: Q]=2
(there are 14 such sets possible).

Estimates for cycle lengths in DVR R for polynomials, morphisms, and power
series may be found in [Zie; ; ].

The local-to-global principle is not valid for N = 1. In this case, we have only
the inclusion CYCL(R, 1) C ﬂp CYCL(Ry, 1) for any integral domain R. This
sometimes significantly reduces the number of possible elements of CYCL(R, 1),
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and the remaining possibilities are treated by other methods, mainly by unit equa-
tions. Such an approach was used to find CYCL(Zk, 1) for [K: Q] =3 with
negative discriminant in [ ] and for K of signature (0,2) in [Pe6] (the sets
CYCL(Zk, 1) for quadratic K were determined in [Bo] and [Ba]), and in [Nal],
where CyCE(Z[%], 1) and CJJCE(Z[%], 1) for prime p were found (the fact that

CYCL(R, N) is finite for any finitely generated integral domain of characteristic
zero was emphasized in [ D.

Recently (see [Pe7]), we managed to find a finitary procedure to find
CYCL(Zk, 1), working for any algebraic number field K.

For various aspects concerning polynomial cycles and precycles, we refer to

[Ben; Can; FPS; NaPe; Erk; Mor].

1.1. A Sketch of the Proof

In Section 2.1, we may find the basic definitions and (in Lemma 2.1) some sim-
ple properties of polynomial mappings in DVR. In Proposition 2.1, we collect
some useful results from earlier papers. Proposition 2.1(v) is of special impor-
tance since it connects the length of a cycle with the characteristic polynomial of
some derivative.

In Section 2.2, we collect some identities concerning binomial coefficients.

Lemma is very useful since it frequently allows us to restrict our attention
to maps ® whose derivative at 0 is of a very particular form.

For a local domain R (with a maximal ideal P), a cycle xg, X1, ... in RN
is called a (x)-cycle if x; — x; € PN for all i, j. In the rest of the proof, we
consider (x)-cycles starting from 0, which, according to Proposition (1) and
Lemma 2.1(i), does not restrict the problem we consider.

In view of Proposition (v)—(vi), the p-free parts of elements from
CYCL x (R, N) (defined in an obvious way) constitute the set of all divisors
of the elements [pf“l —-1,..., pf“’ — 1] witha; +---+a, < N. So, the problem
of finding CYCL(R, N) for DVR R is equivalent to the following one:

Let k divide [pf“1 —-1,. ..,pf“f — 1] forsomea; +---+a, <N.
Find all « such that k - p* € CYCL x (R, N).

In Section 3, we examine (x)-cycles of length p* for mappings @ such that A :=
(CD)’((_)) satisfies A(A — D™ =0 (mod P) for some M. This assumption on A
seems to be very restrictive, but according to the beginning of Section 5, it is not.

In the very important Propositions and 3.2, we obtain the estimate M >
p"‘_1 pT_l In Proposition 3.1, we consider the case w(x pa—]) > 2 and, in Proposi-
tion 3.2, the case w(x j«-1) = 1. These two cases require quite different proofs. In
addition, in these propositions we give conditions when M = p®~! pT_l may take
place. Here, we notice the distinction between the cases p =2 and p > 2.

In Section 4, in Proposition (for p > 3) and Proposition (for p =2),
we give key examples of (x)-cycles of length p® in RY for N > p*~! pr1 (for
p=>3)and N > 2%72 (for p = 2). Since we search for (x)-cycles of length p®,
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we should have (dﬂ’a)((_)) =0 and (CD”WI)((_)) #* 0 (and this is a necessary and
sufficient condition).

In Propositions and 4.2, the mapping & is defined with the use of N
unspecified coefficients r;, a; (in Proposition 4.1), and r; (in Proposition 4.2).
Since we are not able to avoid using terms of degree > 2, the calculation of suit-
able iterations is very tedious. Fortunately, for the proof of these propositions, it
is sufficient to calculate everything (mod P%). One of the required conditions,
(<1>1’a_l )(0) = 0, is satisfied independently of the choice of 7;, a; (we point out a
suitable coordinate of (CDI’OI_1 )(0), which certainly is not equal to 0).

In Lemmas and 4.2, we, roughly speaking, calculate (®7°)(0) (mod P*).
After division by suitable powers of p, we see that the condition (<I>1’a)((_)) =0
is equivalent to a system of N equations in N variables in R. The existence of a
solution of this system follows from the N-dimensional generalization of Hensel’s
lemma (a proof of that generalization is very similar to the proof of the basic
version of Hensel’s lemma from the theory of p-adic numbers).

We finish Section 4 with the Proposition 4.3, which gives the existence part of
Theorem . In the proof of Proposition 4.3, we introduce a simple construction,
which for cycles of length k in R™ for ® and of length / in R" for W gives a
cycle of length [k, [] for (&, ¥) in R™ x R" = R™*". Owing to this construction
and propositions from Section 4, we prove Proposition with the exception of
(%)-cycles of lengths 4[2f’1l —1,...,2fa — 1] for 1 <a < N — 1, which require
an additional construction.

In Section 5, we consider (x)-cycles of length kp® for a mapping . De-
note C := ®'(0) and write the characteristic polynomial of the matrix B := C
(mod P) as (—DNX%(X — DPoF(X)b - ... F.(X)’, where F; are irre-
ducible and monic, and the degree of F; is a;. Using Proposition 2.1(v), we
get k|[pf“1 — 1,...,pf“’ — 1]. We take a suitably chosen iteration W of &
and notice that W has a (x)-cycle of length p*. A linear mapping A := (¥)’ ©0)
satisfies A(A — I)™&{b0.b1,-br} = (0 (mod P). For a given k dividing some
[ pf a—1,..., pf 4 — 1], we therefore, using the results from Section 3, obtain
in Lemma an estimate for « in terms of p, M, where M is the smallest b such
that A(A — 1)’ =0 (mod P).

The purpose of Lemma is to find all tuples k, N,a, M, r,ag, by, ..., r, by,
p, o such that the estimate from Lemma is weaker than the estimate from
Theorem |. All such tuples are threatening the validity of Theorem 1. The “threat-
ening” tuples from Lemma 5.2 are then discarded in Proposition

2. Auxiliary Results

Let 0 = 0,0,...,0), and let I denote the unit matrix. We sometimes use the
symbol §;>x, which equals 1 if i > k and O otherwise. Let ¢; be the ith vector
from the canonical basis, that is, it has 1 at the ith coordinate and O otherwise.
The ith coordinate of a vector u is denoted by (i);.
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2.1. Cycles in Some Discrete Valuation Domains

Throughout, R is a discrete valuation domain of characteristic zero, and P is the
unique maximal ideal of R. We assume that the quotient field K = R/ P is finite
and has p/ elements (p-prime). Let  be a generator of the principal ideal P,
and let v be the norm of R normalized so that v(r) = L We denote by w the

corresponding exponent defined by w(x) = —% for x # 0 and w(0) = oo.
We put e := w(p). Thus, e is the ramification index of R. We extend w to RV
by putting w(xy, ..., xy) =min{w(xy), ..., w(xy)}.

The congruence symbol X = j (mod P?) will be used for vectors %, y € RN to
indicate that their corresponding components are congruent (mod P?) or, equiv-
alently, w(x — y) > d. We use a similar convention for matrices.

A polynomial cycle Xo, X1,...,X;—1 is called a (polynomial) (x)-cycle if
w(x; —xj) > 1foralli, j. Let CYCL * (R, N) be the set of all possible lengths
of (x)-cycles for polynomial mappings in N variables with coefficients from R.

If ® is a polynomial mapping in N variables with coefficients from R, then
®’(x) denotes the Jacobian matrix of ® at x.

LEMMA 2.1. Let R, P, ... be as before. Then

() ifin RN there is a (x)-cycle of length k, then in RY there is a (x)-cycle of the
form 0=Xo, X1, ..., Xp—1;

(i) let @ : RN — RN be a polynomial mapping with coefficients from R. Let
CD((_)) =x#0and w(x) =d > 0. Put CID/((_)) = A. Then for every positive
integer [, we have ®'(0) = (A" '+ A2 +... 4+ A+ Di=((A-D"1 +
(YA-D'2 4+ ()A =D +IDZ (mod PX);

(iii) let ®: RN — RN be a polynomial mapping with coefficients from R,
w(®(0)) =d. Then (®") (0) = (®'(0))" (mod P?) holds for every positive
integerr;

(iv) let A be a linear mapping of RN with coefficients from R. Let w be a nonneg-
ative integer or 0o (we put P°° = (0)). Let W (X), Wa(X) € Z[X]; u € RN,
Assume that W(X) € (W (X), Wa(X)) or (in case of w = 00) that W(X) is
any gcd of Wi (X), Wa(X) in Q[X].

If Wi (A)ii = Wa(A)ii =0 (mod P?), then W(A)ii=0 (mod P?). i
In particular, let b, c, d be nonnegative integers._ Then A(_A -1 )bﬁ =0
(mod P?), (A— D=0 (mod P?) implies (A — )™}z =0 (mod P?).

Proof. (i) This is a special case of Lemma 4.1(i) from [Pe3].

(ii) The congruence ®'(0) = (A'"! + A2 + ... + A + )% (mod P2?) is
given in Lemma 4.6 from [Pe3]. The rest follows from the identity Zf;(l)xi =
Fizo ()=

(iii) Clearly, z =y (mod P¢) implies ®'(z) = ®'(¥) (mod P?) and ®(7) =
®(y) (mod P?). Hence, " ~1(0) = " 2(0)=--- = ®(0) =0 (mod P?) and
(P7)(0) = D' ("1 (0) 0+ 0 @' (P(0)) 0 P'(0) = (¥'(0))" (mod P?).
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(iv) Let w be an integer. There are polynomials F;(X), F2(X) € Z[X] such
that W(X) = F1(X)W1(X) 4+ F2(X)W>(X). Hence, W(A)u = F1(A)Wi(A)u +
F>(A)W2(A)ii =0 (mod P®).

The proof for w = oo requires only minor changes. O

In the following proposition, we collect some useful facts about cycles in discrete
valuation rings.

PropoSITION 2.1. Let R, P, p, f, v, ... be as before. Then
(i) a number k lies in CYCL(R, N) if and only if k = ab, where a < pr, and
b is the length of a suitable (x)-cycle in RN . In particular, {1,2, ..., pfN} C
CYCL(R, N);

1) if R is the completion of R with respect to the norm v, then
CYCL(R,N)=CYCL(R,N) and CYCL*(R,N)=CYCL*(R,N)

(note that for R, the numbers p, e, f are the same as for R);

(iii) for every 1 <r < N, we have pf’ —1eCYCL*(R,N);

(iv) if, in addition, R is complete, then in RY there is a (x)-cycle xg, X1, ... of
length pN — 1, having all coordinates of all X; in P, for a linear mapping
A having different eigenvalues and whose eigenvalues are primitive roots of
unity of order p/N —1;

(v) let 0 = Xq, X1, ..., %m_1 be a (x)-cycle for a (polynomial) mapping ® in
N variables with coefficients from R. Put ® (0) := A. Write the char-
acteristic polynomial F(X) € K[X] (recall that K = R/P) of the ma-
trix B=A (mod P) as (—D)NV X% (X — Do F (X)P1 . ... F.(X)br, where
aop, by >0, Fy, ..., F, are pairwise different, monic, and irreducible poly-
nomials # X, X — 1 in K[X], and by,...,b, > 0. Put a; := deg F; for
1 <i<r.Hence,ai+ar+---+a, <ap+bo+aby+---+a,b, = N. Write
m = kp®, where a > 0 and p does not divide k. Hence, k =1 for r =0, and
k divides [p7™ —1,..., pl% — 1] (=lcm (p/* —1,..., p/% — 1)) for

r>0;
(vi) let m be a positive integer not divisible by p. Then there is a (x)-cycle of
length m in RN if and only if there are r > 0 and positive integers ay, ..., a,

with ay + - -+ +a, < N such that m divides [pf® —1, ..., pf% —11;
(vii) assume, in addition, that e =1 and p =?2. Then the lengths of (x)-cycles in
RN are bounded by 22N —1).

Proof. (i) The first part is Lemma 4.4 in [Pe3]. Since Oisa (%)-cycle for the zero
mapping, we have {1,2, ..., p/N} c CYCL(R, N).

(ii) This is Proposition 4.1 in [Pe3].

(iii) This is Theorem 3.1(iii) in [Pe3].

(@iv) It follows from the proof of Theorem 3.1(iii) in [Pe3]. Namely, the state-
ment is clear for p/N — 1 =1.For p/N — 1 > 1, we consider an element £ that is
a primitive root of unity of order p/V — 1 and a root of an irreducible polynomial

F € R[X] of degree N. Each root of F is also a primitive root of unity of order
IN _1
)4 .
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Let A : R[£] — R[&] be the multiplication by &£. One sees that the eigenvalues
of A, treated as a linear mapping over R, are exactly the roots of F. To finish the
proof, notice that R[£] is, as an R-module, naturally isomorphic to RY, and to A
there corresponds a linear mapping of R" with the same eigenvalues.

(v), (vi) This is Proposition 3.1 in [Pe5].

(vii) This is Proposition 3.2(ii) in [Pe5]. U

2.2. Some Facts Concerning Binomial Coefficients
LEMMA 2.2. Let p be prime.

(1) For n,k > 0, the number (Z) = #’_,{), is not divisible by p if and only if
all the digits in the expansion of n in the base p are not smaller than the
corresponding digits for k;

(i) fora >0and 0 <i < p%*, we have pZJ(( ) if and only if p*~ 1|l

(iii) fora,b,c >0, we have Y ;_ (’)(‘h’) (a:};_lH)

(iv) fora,b,e,d = 0,we have Yo () (1) (12 = Xiso (2D CT) (44 ):

W) [fO<e,d,b—m,a+m+1+1<22" then Y3 ()N
lS even.

Proof. (i) may be proved on its own or stated as a consequence of Lucas’ theorem.
(ii) follows easily from the known formula for the maximal power of p divid-
ing n!.
Formula in (iii) has a natural combinatorial interpretation.

S-S0 S
SO
> )G
ST

(v) It follows from the observation (resulting from (i)) that (,Jz) = (
(mod 2) for any 0 <n < 22— Hence, for 0 < J < 227!, the summand cor-

responding to J is congruent (mod 2) to the summand corresponding to J +
2(1—1. O

-1
J+i"‘ )
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LEMMA 2.3. Let ® = (®y,...,dy): RN —> RN, where ®&; = b; + X; +
nginj + ij cijXj + stkriijij' Put H = (gij + pcij)z{\,/jzl and
®(0) = x. Then, for any W > 0,

(i)
- w
oV (0) = H™%
O=%(, %, )i
m=>0
+ > rijk Y. omu(H'X)j(H'X)H"E + E,
1<i,j,k<N m,s,t>0
where
t+1
Z s+1 s+1+n W
(07 = ,
" e t+1—n n m+s—+n+2

and each summand in each coordinate of E has the homogenous degree with
respect to rijy at least 2.

(i) In each summand of each coordinate of ®W (0) (written in the simplest form),
the homogenous degree with respect to r;ji is fewer by 1 than the homoge-
nous degree with respect to b;.

(i) Assume, in addition, that N = 2072 4 1, @ >4, G = (&ij)i,j = In()
(for the precise definition of J,, (1), see Section 2.3); A =1+ G; ¢;jj =0;
X =2ey. Assume, moreover, that W = 2%,
Then Et (the Tth coordinate of E from (1)) equals ET + Fr, where

Er =38 Z Z TiskolaVivkily

in,ka, i1k,

XM =T, N+1—=L,N+1—ki,N+1—=11,i1 —k2)

+8 Z Z TiskoloTiykyl

i2,ka,lp i1,k1,0

XM —T,N+1—ky,N+1—ki,N+1—-11,i1 —[p),

each summand in Fr has the homogenous degree with respect to riy; at least
3 (in particular, by (ii), 16| Fr), and

bz m m+1
Maneao= Y3 (" )(")

m=0 (=0

201 o
XZ<J)<J><J+1)<2 1 J) 0
o \¢ d)\b—m)\a+m+I1+1
fora,b,c,d,z> 0. If any of a, b, c, d, 7 is negative, then, by definition,
M(a,b,c,d,z)=0.
(iv) Assume, in addition, that x = pey. Then in each summand of each coordi-
nate of ®Y (0) (written in the simplest form), the homogenous degree with

respect to rjx and c;j is fewer by at least 1 than the exponent w such that p®
divides this summand.
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Proof. (i) By induction or using the ideas from the proof of Lemma 2.1(ii), we ob-
tain that the part of ®" (0) not depending at all on r;j; equals Y- (m‘f/H)H my.
We see that the term of the form yr;jx, with a vector y, depending only on b;,,

gi,j;» and ¢;, j,» appears in @V (0) with

y="3 (1+H)W1J<Z(Sil)ys;>_<Z<t11>fo)kéi.

0<J<W-1 5>0 J >0

. . . W1 (W—1-J
SO, ¥ =Y ss=0%mst (H'X) j(H'X) H™&;, where apmg = Y72 (7 ,,77) ¥

(s—{-l) (t-.il-l) :

Lemma 2.2(iv), applied fora=m,b=s+1,c=t+1,d =W — 1, gives the
required formula for o,s;.

(i1) and (iv) follow by an easy induction on W.

(ii)Put Ay =1+ A+ A% +--- + A7~ Note that A, is the part of ®7(0)
with no rjz;. By a direct induction, the summands of ®% (0) of (homogenous)
degree 2 with respect to rg; give £ equal to

Z Z TizkalyTivkily

in,k2,lp i1,k1.01

XY (AR (ArD)L (AR e )G (As k)
J+K+L=W-2

+(A%e )L (As k18 A e,

One may alternatively justify this formula as follows. For fixed (iz, k2,12),
(i1, k1,11), the terms in the inner sum corresponding to fixed J, K, L > O sat-
isfying J + K + L = W — 2 correspond to r;,x,;, emerging at the Jth itera-
tion of ® (then such “marked” r;x,;, appears in ijth row with the coefficient
(AjXx)k, (Ayx);,). Then this term is mapped K times by linear terms of ®, and in
O +HK+L(0), it appears as 7,1, AX (A Xk, (A1 %), &1, -

Next, we act by ® with the use of r,k,;, Xk, Xi,. If we take r;x,;, from
(@7 +K+1(0))y,, then from (&/+K+1(0)),, we must take the terms with no r;y,
that is, (A s+ k+1%)1,. We can also take 7, ¢, from (&/+X+1(0)),,, and then from
(®7/TK+1(0));, we must take terms with no rig, that is, (A7 x+1%)k,.

Hence, at the (J + K + 1)th iteration, we have terms divisible by 7, x,1,7i k1, »
and then we act by A (we cannot use any r;jx; in order to receive terms of degree 2)
L times. Since we are computing ®" (0), we have J + K + L =W — 2.

Since A=1+G,wehave A/ =), g (r{l)G”’ and (cf. Lemma 2.1(ii)) A; =

2 m=0 (mil)Gm. Taking this into account, we get

E=8 Z Z FiskoloVikyly

i2,ka,lp i1,k1,0

DY < )( | )( 1)( 1)( )A,
rs w0 J4K+L=w—2 s+ t+ v+ u
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where
A= (GIEN)kl (GUéN)Il ((GSéN)kz (Gﬂéil )12 + (GSéN)lz (Guéil )kz)Gréiz‘
Let W =2%,

Since (G*¢;)j is nonzero only for s =i — j > 0, we get that the T'th coordinate
of £ equals

Er=8 Y Y Tipabliki

in,ka,01 i1,k1,0
XM =T, N+1—-b,N+1—-k,N+1=11,i1 —kp)
+ M@ —T,N+1—ky, N+ 1—k;,N+1-11,i1 — o)),

where

maredo= 3 ()OS T)OEE)

J+K+L=2%-2

and if any argument from a, b, ¢, d, z is negative, then M(a, b, c,d,z) =0 by

definition.
Since (J+f+1) =y? (Hl)(ﬁ), we get

m=0 \b—m
b 2°-2
M(a,b,c,d,z) = ZZ<J+1)( ><;>
m=0 J=0
24-2—J

<2 GO

Let a,b,c,d,z > 0. Lemma 2.2(iv) gives 22 —2- J( )(f)(za’z’J’K) -

a

Siso () (") (iri)- Hence, (1) holds. 0

2.3. Using Matrices in the Jordan Form

Recall that the Jordan form of a given square matrix A € My« (K) is built from
m x m matrices of the form

A1 0 0
0 x 1 0
Jn(X) = 0 0
0 2 1
0 2

with an eigenvalue A (lying in a fixed algebraic closure of K) on the main diago-
nal.

Let J,, (1) be the class of all upperdiagonal m x m matrices with A on the main
diagonal.
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LEmMMA 2.4. Let R be as in Section , and let 0 = Xq, ..., Xk—1 be a cycle
in RN for ®. Put @'(0) = A. Assume that all the eigenvalues of A (mod P)
€ Myxn(K) (lying in the algebraic closure of K) lie in K. Then there is an
invertible matrix H with coefficients from R such that

(i) (H®H'Y(0) (mod P) is equal to the Jordan form of A (mod P);

(i) 0=Fo, ¥1,..., Vk—1 isacycle for W = HOH ™' where y; = Hx;. Moreover,
w(y) = w(x;) (in particular, 0 = Xo, X1, . . ., Xx—1 is a (x)-cycle if and only if
0= Y05 Y1y« -+ Vk—1 I8 such), and for all r, (A — 1) x| = 0 (mod PrED+
iff (B—1)"y,=0 (mod P*OV+) where B =W (0).

Proof. From the theory of linear spaces it follows that there is a matrix H; with
coefficients from K (here we use the assumption) such that 1A (mod P)H, !
is the Jordan form of A (mod P). Let H be an N x N matrix with coefficients
from R: H (mod P) = Hj. H is invertible since R is local. Put y; = Hx;.
Then 0 = Y0, ¥1,---, Yk—1 1S a cycle for ¥ = H o ® o H! (clearly, W is a
polynomial mapping with coefficients from R). Clearly, w(y;) = w(x;) holds,
and (HdDH_l)’((_)) (mod P)= H{A (mod P)Hl_l. The rest follows from (B —
I'y1=HAH ' — I)’Hx; = HA — )% (mod P*UD+1y and w(Hx) =
w(x) for any X € RV. O

2.4. A Local-to-Global Principle

We shall use the following theorem (it is Theorem 3.2 from [Pe3]).

THEOREM. Let R be a Dedekind domain, and let P(R) denote the family of all
nonzero prime ideals of R. If N > 2, then

CYCL(R,N)= () CYCL(Ry,N)= (] CYCL(Ry.N),
peP(R) peP(R)

where RAp is the completion of Ry, with respect to the obvious valuation. In partic-
ular, this holds for the rings of integers in finite extensions of Q.

3. Cycles of Length p*

In this section, we assume that R is as in Section and, in addition, e =
w(p) = 1. We use the notation from Section . We denote [[;_,C;i :=
C.Cr—1---Cy.

ProPOSITION 3.1. Let 0 = X0, X1, ..., Xpa_1 be a (x)-cycle in RN of length

p% (o > 1) for a (polynomial) mapping ® such that A = ®'(0) fulfills A(A —
DM =0 (mod P). Assume that W (X pa-1) = 2.

Then M > p*~'(p — 1)/2, and the equality may take place only if the condi-
tions p=2,0>2,and w((A — I)zafz_lil) =1 hold simultaneously.
Proof. Below Wi, Wy, ... are some polynomials with integer coefficients such
that W;(0) =0 forall i > 1.
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Let y be the smallest such that w(x,r) > 2. Put § =a — 1 — y. So, we have
§ > 0. Put (®?")'(0) = B and (®”""')(0) = D. Then, by Lemma 2.1(iii), we
get D= BP" (mod P2), D= A" (mod P), and B = A?" (mod P). Hence,
B—1=(A— D" + pC for some matrix C with coefficients from R.

Since AP —I=A—-DP +pWi(A—=1); B—1=(A—1)"" (mod P);
D—1I=(A—DP"" (mod P), we have, using p € P,

(D—1)P~ 1+ (p’i 1)(D—1)1’2+---+ (’2’>(D—1)+p1

= (B — )P 4 pl + pWa(A—1I)
=B D"V 4 pl + pWs(A—1)
=(A=DP +pCO)P" P~V 4 pI + pWs(A—1)
PP(p—D—1
=A-D"" "D ypp N @A-nP @@ e-ho=D
J=0
+ pl+ pW3(A—1) (mod P?). 2)
Putd = 'l,U()Epoc—l). Hence, d > 2.
From Lemma 2.1(ii) it follows that 0 = (®7")(0) = ((®7")?)(0) = (D —
DP T (YD = DP 24 pDT e = (A= DP* T P7D3 oy (mod PIH),
Thus, (A — 1)?*"'?~V5 .1 =0 (mod P4+1), and from A(A — DM 01 =

0 (mod P4t1), using Lemma 2.1(iv), we arrive at (A — [yminM.p~H(p=1) o

X a1 =0 (mod P4t1). In particular, M > 0.

Assume that M < p®~! pT_l. Hence,
(A—DP0=D2% =0 (mod PIH). 3)

Since M > 1, the number p®~!(p — 1) is even.

Assume, in addition, that p®(p — 1) is even.

IfJ < p 27t then J < p* 22 —1,and p? (pP(p—1)—1—J) = p? pP 251 =
pe! pT_l follows. So, by (3), for such J, we obtain p(A — nr’lcA -
DPr@e=D=1=Ng o =0 (mod P4+2).

Thus, by Lemma 2.1(ii) and (2) (for some matrix C; with coefficients from R)
we get 0= (@7 )P)(O0) = (D—D)P~' +-- +pDX a1 = (A—D)P""' =D 4
p(A—DP*" PV 4 pI 4 pW3(A—1))Z et =0 (mod P+2). Putting it =
(A — I)Pa_l(”_l)/2 + pC1)X -1, we then obtain

pU + W3(A = D)E ot + (A= DP P=D2 =0 (mod P*2).  (4)

From (3) it follows that i = 0 (mod P4*1). Since (A — I)?*" (»=D/2 and
W3(A — I) commute, using (3), we infer by acting (A — I)?*~ ?=D/2 on both
sides of (1) that (A — )P ®~Di =0 (mod P4+2).
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The last congruence, i =0 (mod P?*!), and A(A — NMii=0 (mod P?*2)
(using Lemma 2.1(iv)) give (A — I)_”a_l(”_l)/zﬁ =0 (mod P4t?), and by (4) we
obtain (pI + pW3(A—1))X -1 =0 (mod P¥*2) or, equivalently, (I +(W3(A —
D)X a1 =0 (mod P4*). Since 1+ W3(X)|1 — (W3(X))?* =1 (as polyno-
mials), we then obtain

(I = (WA= D))" P~z o1 =0 (mod PIH). (5)

But W3(0) =0, and in view of (3), we obtain (W3(A — 1))?" =Dz o1 =0
(mod P4t1).

Hence, from (5), we get x po-1 = 0 (mod P4ty a contradiction.

So, we obtained that if M < p*~ 1271, then p®(p — 1) is odd, and it follows
that § =0 and p = 2. Since M < p*~! pT_l, we get o > 2.

In view of 6§ =0, we obtain, using Lemma 2.1(ii) and Lemma 2.2(i), that 0 E=

2&72

B =((A=D¥" T (P )A-D¥ 7+ 422 DR = (A- DYy
(mod P?). i o )
By Lemma 2.1(ii), 0 = (®*)(0) = (A — I)*~'x; (mod P?). Now, for

M < p*~' 221 = 2972 the last congruence, by Lemma 2.1(iv), would give
(A— D> 1%, =0 (mod P?), a contradiction. O
REMARK 3.1. In the proof of Proposition 3.1, we obtained M > 0 not using

W(Xpa—1) =2, but only W (X pa1) > 0.

PROPOSITION 3.2. Let 0 = Xo, X1, .. ., Xpa_1 be a (x)-cycle in RN of length p®
(o > 1) for a (polynomial) mapping ® such that A = ®'(0) fulfills A(GA— M =0
(mod P). Assume that w(X pe-1) = 1. Then M > pe! pT_l, and the equality may
take place only for p > 3 and (A — I)”ail(f’_l)/z_lil #0 (mod P?).

Proof. Let us first consider p = 2. Since Xyu—1 = (A — 1)2%1_1)?1 (mod P?),

"‘—”’T_l =272 would, by Lemma 2.1(iv), give (A —

the inequality M < p
D* 7% =0 (mod P?) (note that, since M > 0 by Remark 3.1, we have & > 2).
This, in view of 2¢=2 <22~ _ 1, gives w(X,e-1) > 2, a contradiction.

So, let p > 3.

Let Iy, ..., I be the sizes of the basic blocks corresponding to the eigenvalue
1 with the help of which the Jordan form of the matrix A (mod P) is built.

Let I;41 be the multiplicity of the possible eigenvalue O of A (mod P). Note
that, by Remark , we have s > 0; I+ may be 0. Notice that I1,..., Iy <M
(which follows from the considering the Jordan form of A (mod P)).

Using Lemma and renaming the variables in the pattern X1 — X 1),
Xz — X(1,2),---, X]l =g X(1,1|)7X11+l —> X(Q,l), and so on, we may thus as-
sume that A = G + pC, where C is a matrix with coefficients from R, and
the ((i, j), (k,I))th entry of G equals 0 except for (i, j) = (k,[) (withi <) or
(i=k<s,l=j+1), whereitequals 1.
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Since 0= (A — ?*~'%; (mod P2?), we may define ng as the smallest n sat-
isfying (A — I)"%; =0 (mod P?). Moreover, (X1)(s+1.,) =0 (mod P?) for any
lf§h+b

In view of A(A — NDM%; =0 (mod P?) and (A — )?"~1%; =0 (mod P?),
using Lemma 2.1 (iv), we obtain (A — )M x| = 0 (mod P2),and M > ng follows.

Since )EI,DH =(A— I)pOH*])El (mod P?%) and w(fpafl) =1, we get M >
no > pa_l.

From the definition of ng it follows that n¢ is the biggest n such that (X1)(; ) #Z
0 (mod P2) for some i < s. After some possible reordering of variables, we may
assume that this holds for i = 1, that is, (X1)(1,1,) Z0 (mod P?).

In order to prove the assertion of the proposition, it suffices to disprove M =
pa 1 172] > no.

Assume the contrary, that is, M = p > no.

Let " := (" (O))(l no pe-141)- We are going to get that I' # 0 (mod P3),

contradicting o (0)

a—1p=1
2

LeEMMA 3.1. Under the same notation and assumptions,

(i) only constant and linear terms of ® may influence T' (mod P3),
(i) T'#£0 (mod P3).

Proof. Put H: =G —I.

(i) Clearly, it suffices to deal with summands of ® of degree 2. Let y be the co-
efficient of X(; j) X 1) in @ (n,n), the (m, n)th coordinate of ®. By Lemma 2.3(i),
y influences (linearly) I' (mod P3) with the coefficient

c:= Z Wy (H' 510 G,y (HUZ0) e,y (H™ @n.n)) (1 ng—pa—141)-

my,s1,t1=0

Taking into account the very special form of H (mod P), we get
(H™ &n.m)) (1.ng—pe—1+1) € P for m > 1 or my = Iy — (ng — p*~') and
(H*'x1),j) € P? for 51 > ng (and a similar relation for #).

So, we restrict our interest to summands of ¢ corresponding to m < I1 — (ng —
P —1<M—(no—p* )= Lisi, 01 <ng— 1.

But for such indices (for ny <t; + 1), we have m; +s1 +n1 +2 <M —
(no—p*H —14+ny—1 +no+2§p°"1pT_l +no+ p* ! < p* and (in
view of ng < p*~ 1”21 and Lemma 2.2(i)) pl(m1+sfin1+2)' Hence, p|ay, s,y =

11+1 +1 +1+ . 3
anlzo (tlillfnl)(Sl ni nl)(m1+sf+n1+2)' Flnauy’ p |C'
(i) By (i) and Lemma 2.3(i) we have

I'= Z( ) (H 4 pCY"%1) (1 g—pe-i 41y (mod P).

m=>0



124 T. PEzDA

Since p|( ) for 0 <m < p* — 1, we then obtain

pa_l pa
r=>y (m+ 1>(mel)(1,nopa_l+])
m=0
pi=2
+ D HP T pCHTR) 1y pe-1 )
J=0
=85 +S (mod PY).

InSz,ifJzMorp“—2—J2M—(no—p“_l),then
(HP" 2 pCHY%1) (1 py_po-141 =0 (mod P?).

However, J <M —1land p* —2—J <M — (ng — p""l) — 1 would give p% <
2M —ng + p"‘_1 < p%, a contradiction. So, $ =0 (mod P3).
From the definition of ng and Lemma 2.2(i) we get

p* a—1_1_ _
= (pa_1>(Hp D (g pe-1 1) = PED(1ng) Z0 (mod P?).

Thus, ' #0 (mod P3). O

The proof of the proposition is now completed. O

4. Examples of (x)-Cycles of Length p“

Here, R is as in Section

PrROPOSITION 4.1. Let p >3 and o > 1. Then for N > p"‘_1 pT_l, there is a (x)-
cycle of length p® in RV

Proof. Clearly, it suffices to take N = p*~! %1 Moreover (see Proposi-
tion 2.1(ii)), we assume that R is complete. Let ® = (®y,..., dy): RY — RV
be defined as follows:
(X1, ... XN) = Xi + Xig1 + pciXoy pa-1(p_3),2 for i # 1 (mod po~h),
i<N;
O;(X1,....,XN)=Xi+ Xiy1 fori=1 (mod p* 1), i <N;
Oy (X1v.oo. XW) = p+ Xn + 2LV X1 X et fora =1 (e, N=1
(mod p*~));
On (X1, .. XN) = p+ Xy + 20V 1 X1 X et + PN Xy pet (p-3 2
for o > 1.
Notice that 1 4 pT_3p°‘*1 < p*! pT_l. Moreover, 2 + p"‘*”’T_E5 < p“’”’T_l fails
only fora =1, buttheni =1 (mod p®~!) foralli < N. Thus, ® is well defined.
We are going to show that for a suitable choice of ¢;, ry, the tuple 0, ®(0), ...,
®P*~1(0) is a (x)-cycle of length p® for .
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LEMMA 4.1. The Tth coordinate of (9P )(0) is of the following form:
@
( p” )p+ 2<p°“1((p+1)/2+g)
Pt (p—D/2-g) p* (1 +g)

-3
+p2Up,a,g<rm: 0<m< pT_g>

)r(p—3)/2—g

+ PV ag(ro, o T(p—3y2 cit i £ 1 (mod p* 1)

1 _3

forT =14 gp* " withsome g:0<g < pT;

7 p+r2( 7))
P p—1/2=T +1 pet)

a—1 a—1
(p—1 T—-1+p* (p+1))/2
e yn) +2( )
P\ pe1p = 1y2 P l(p—1)/2
+P2Upar (o, ..., r(p-3y2,ci i #£1 (mod p*~Y),i >T))

+ PV (o, .. T(p—3yy2 cit i1 (mod p* 1))
forT#1 (mod p*~ 1),

(ii)

where the polynomials Up o ¢, Vp.a,g ljp’a,T, VP,Q’T have integer coefficients,
and Up.a,(p-3)/2 = 0.

Proof. Write ®'(0) = I + G + pC, where G = Ja-1(,_1)2(0). For i # 1
(mod p®~1), let C; be an N x N matrix with only one nonzero entry, namely
its (1,2 + p*~! pT%)th entry equals ¢;.

We write ®P° ((_)) in the simplest form, that is, without any redundant terms. Let
us take a particular summand I" of (dﬂ’a ((_)))T. Let a be the homogenous degree
of I with respect to rj,, and let b be the corresponding degree with respect to c;.
Lemma 2.1(iv) shows that I is divisible by p¢+b+1,

From the point of view of the validity of the lemma, only some values of (a, b)
(as listed in cases 1-5) are of interest.

Case 1: a=1,b=0.Let I" be divisible by ry.

According to Lemma 2.3(i), such a term equals

F=r Z am”(GS(péN))l(Gl(péN))]Jrhpa—l(GmEN)T

m,s,t>0

% s+1 s+1+4+n p*
st = .
mt t+1—n n m+s+n+2

n=0

with

Since (G®en); #Oonly fors =N — 1 = p“’lpT_l — 1 (and then equals 1),

a—1p—1
2

we may assume that s = p — 1. In a similar manner, we may assume that
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tzpa—l(PT—l —h—=1;m :p“*”’T_l — T. Hence,

2
= prnoy_r N1, pe=1((p=1)/2=h)—1

P L(p—1)/2—h)
=p’n Y N
Pl (p—1/2—h)—n

n=0

» N+n p*
n 2N —-T+n+1)

Then write I' := p2ry,y.

Using Lemma 2.2(i), we obtain that if 7 # 1 (mod p®~!), then p|y, in full
accordance with the assertion.

So,let T =1 (mod p* ') and put 7 =1+ gp®~! (for some 0 < g < pT—3).
This gives

P p—1)2 )
PN (p=3)/2-h—g)
(p“*«p +1)/2+ g))
X (mod p),
pil+g)

again in full accordance with the assertion of the lemma.

Case2:a=1,b=1(onlyfor 7T #£1 (mod po‘_l)). Let I" be divisible by r¢c;.
It suffices to deal withi < T.

Lemma 2.3(i) gives

Yy = 5hs(p3)/2g(

L=prei+ 2+ 73,
where
V1= Y20 mst (C)—0 G717 CiGY ey )1 (GPen) 4 gpo1 (G™EN) 13
Y2 1= 2 sim0%msit (G eN)1(Q_ 2o G T CiG en) ygpe-1(G™en) T and,
Y520 9mst (G en)1 (X5 G171 CiG Y ew) 1y gpa1 (G™ey) 7 and

finally,

._ S5 t5 m—1 ~m—1—-J . ~J 5

- m,s - = .
V3« Z , ,IZOO""”(G eN)l(G eN)nga I(ZJ OG CZG eN)T
We are going to look for nonzero terms in yj, y2, y3. Put opg =

t+1 +1 +1+ “ L\t
Zn:() (tJSrlfn) (S n n) (m+s"n+n+2) T Zn:() Bn-

In y; we must have (otherwise, the corresponding summand is 0) J = p
2;m=N—T;t=p“‘l(pT_l—g)—1;s—1—J:i—l;s:i—2+p"‘_1.

We see that the only possibility that p t 8, is when m + s +n + 2 = p“,
which leads to N — T +i =2+ p*~ ' 4+ p* (2L —g) 42> p® and i — T —
p"‘_lgzO. Since i < T,weseethat pt B, onlyfori =T,g=0,andn=r+1=
PN —g) = p

Hence, if i < T or (i =T, g > 0), then p|y;;if i =T, g =0, then y| =

T—1+p*~L(p+1)/2
( pu_](pfl)/Z )CT (mOd p)

For y», y3, we proceed in a similar manner and obtain: if i <7 or (i =T,
g > 0), then plyz, y3:if i =T, g =0), then y; = y» (mod p) and y; = (2]3’)07
(mod p).

This agrees with the assertion of the lemma.

a—1 _
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Case 3:a=0,b=2 (only for T %1 (mod p“’l)). Lemma 2.3(i) shows that
the sum y of all " witha =0, b =2 in (@7 (0)r equals y = P’ Zmzo (m”jl) X
Zi,jsél (mod p—1) ZJ+K+L=m72(GJCiGKCjGLéN)T-

Hence,

v = p3 Z Z (GJCiGKCjGLEN)T (mod p4)
i,j#1 (mod p*—1) J+K+L=p*-3

In the last inner sum, it suffices to take L = p"l’1 -2, K=j—-2— p“"1 pT_3;
J =i —T (otherwise, the corresponding summand is 0). But, for such values of J,
K,L,wehave J+ K+ L =i+j—T—4—p°‘*1pT_5.Since J+K+L=p*-3,
we then obtain i + j — T = p*~! 3"’7—5 + 1, and min{i, j} > T follows.

Thus, only (i, j) such that min{i, j} > T may influence y (mod p*), which
agrees with the assertion of the lemma.

Case4:a=0,b=1.LetT be divisible by ¢;. Lemma 2.3(i) gives

o
= p2 Z (mp+ 1) Z (GJCiGKéN)T.
m>0 J+K=m—1

The summand (G’ C;GXéy)r is nonzero only for K = p*~! —2; J =i — T,
andthenm =i —T + p*~ 1 — 1.

2 p* ) . _ . . .
Hence, I' = p (i—T+p°‘*])§l fori>T,and " =0fori <T.Sincei — T +
p*~ 1 < p% we have p| (i—Tip“*l)’ again in full agreement with the assertion of
the lemma.

Case 5: a =0, b =0. Lemma 2.3(i) shows that

. pot i _ pot
L=r) <m+1>(G eN)T"’(pa‘(p— 1>/2+1—T>'

m>0

The lemma is proved. O

Lemma 2.3(i) gives (@7 (0)y_ e 1,y = p (mod p?), and &7 (0) # 0 fol-
lows.

Let (7" (0)) ) gpo1 = p?Ly for 0 < g < 252 and (®7"(0))7 = p>My for
T # 1 (mod p*~!). Observe that Mr, Lg are polynomials with coefficients
from R.

We order the polynomials Mr, L as follows. First, we put Mt according to
rising indices, and then we put L, according to rising indices. Each M7 precedes
each L,.

Let W: RY — RV be a map whose coordinates are of the form M7 or
Ly, respecting the just mentioned order. For example, if p® = 25, then ¥ =
(Ma, M3, My, M5, M7, Mg, Mg, M1g, Lo, L1). We treat W as the polynomial
mapping in {c;}, {r,}.
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We order these variables as follows. This order is similar to the way we ordered
the polynomials M7, L. The only change is that we order {r;} according to de-
creasing indices. For example, if p® =25, then ¢», ¢3, ¢4, ¢5, ¢7, €8, €9, C10, 1, IO
is the proper order of variables.

We observe that there is a unique solution zp = z (mod P) of V(z) = 0
(mod P). Namely, using L, 3y2 = 0, we first determine the last coordinate
of zo, thatis, 7o (mod P). Then we determine r; (mod P) (using L(,—5y,2 =0),

.., (p—3),2 (mod P), and ¢y (mod P) starting from the biggest T (using
Mt =0).

We observe that ¥’ (Zg) (mod P) is upperdiagonal (recall the order of vari-

ables introduced before) with nonzero terms on the main diagonal. The key obser-

o a—lc,
vationis thatforany 1 <7 < N+p°‘_1p771, we have l(p§,1)+m( pe =D )+

: 1 p p*H(p—1)/2
T—14p* " (p+1)/2y _ T—14+p* " (p+1)/2 . .
2ro( a1 (1072 ) = 2ro( bl (p—1)/2 ) # 0 (mod p) for ry satisfying

Lp-32=0.

Hence, ¥'(Zp) is invertible. Using the N-dimensional Hensel’s lemma, we ob-
tain that there is a unique solution of W (z) = 0. The coordinates of this solution,
that is, cr and r, determine entirely & such that the tuple 0, ®(0), ... is a (%)-
cycle of length p® for ®. The proof of the proposition is now completed. (]

PROPOSITION 4.2. Let p =2 and o > 1. Then for N > p®~! pT_l =292 there is
a (»)-cycle of length p* =2% in RN .

Proof. The mapping X > —X + 2 has the (*)-cycle 0, 2 of length 2 =2! in R,
The mapping (X, Y) — (=Y, X) has the (x)-cycle (2, 0), (0, 2), (—2,0), (0, —2)
of length 4 =22 in R?.

For « > 3, we take R complete (see Proposition 2.1(ii)). Clearly, it suffices to
take N =292 4 1.

First, we consider o > 4. So, we have to show that in RZ 7+ there is a (%)-
cycle of length 2%. Let ® = (®q,..., dy) : RY — R be defined as follows:
Do 1(X1,..., XN) = Xok—1 + Xox + ra—1 X1 X2 + ru X1 X3, Py (X4, ...,
XN) = Xok + Xokgr1 for 1 <k <273 and dy(Xy,...,Xn) =2+ Xy +
ryX1X2 +ry+1X1X3.

We are going to show that for a suitable choice of rq,...,ry41 a tuple
0, ®0),..., > 1(0) is a (x)-cycle for @ (of length 2%). We need the follow-
ing:

LEMmA 4.2. Let ®, p,R,a, N = 29=2 4 1,... be as before. Put Iy = 16Z[ry,
ceosrNt1l,andfor T < N = 2024 1, weput It =8Z[rr41,rr+2, ---» FN+1] +
16Z[r1, ..., rN+1]- Then
@ (@ 0)y =4ry11 (mod 8Z[r1, ..., ry1D);
(i) (®%°(0))r (mod Zr) equals

8rrryy1 for T < N, T odd,

8rnrN+1 + 8rny1 for T =N,

8rrry for T even.



Cycles of Polynomial Mappings 129

Proof. We sometimes switch to the notation from Lemma 2.3. For example,
rs,1,3=re; 12,34 =0.

(1) Since (in @) r;jx may be nonzero only for (j = 1; k € {2, 3}), for nonzero
Yijk, we obtain j =1 and k =2 + A with A € {0, 1}. Lemma 2.3(i) gives

a—1 =
(@ (0)y =2 +4ry 1200 N-1.N-2
+4ry 1300, N-1,8—3 (mod 8Z[ry,...,rNn41]).

Since a > 4, we obtain that 8|2% and g y—1,y—2 is even, whereas ap y—1,y—3 1S
odd. Moreover, ry.1,3 = rn+1, and we are done.

(ii)1. The part of (®2° (0) 7 consisting of all terms divisible by at most one r;,
by Lemma 2.3(i), equals

1
20!
2<N T + 1) + 42 Z ri,1,2+A8i2Tai7T,20‘—2,2"_27lfA- (6)

i>0 A=0
Since N —T+1 <2, we have 8|(, T+1) For T = N, we even have

16|2( NoT4 1) Hence, the first term of (6) has no influence on the validity of the
assertion.
Fori > T, we have

Q12022021
2072-A

-y 227241 2724 1+n 2% N
B ~ 20-2 _A—n n i—T+224+n+2)
Since i — T +2972 +n+2<3-2%72 42 <2 we have 2|(;_;,p0-2,,,,). and

2|a;_g g2 ge-2_1_, follows. Hence, in the second term of (6), only summands
corresponding to i = 7" may influence the validity of the assertion of this lemma.
Let therefore i = T. The only summand of (7) possibly not divisible by 4
corresponds to n = 2%~2 — 2. Hence, Qppe—2 02| A = 2(2a ) (mod 4), and
@ 2e-2 ga-2_1_ is not divisible by 4 only for A = 1. Hence the second term
(equal to 87y41) in (6) influences the validity of the assertion only fori =T = N.
(i1)2. Now we consider terms divisible by two r; (note that, by Lemma 2.3(ii),
we may neglect considering terms divisible by three r;). Hence, we consider £
from Lemma 2.3(iii).
Wehave ki =ky=1and /i =2+ A; Il =2+ 6 forsome A, § € {0, 1}.
Lemma 2.3(iii) shows that

1
Er=238 Z Z iy, 1,2487i1,1,24A

i1,ip odd A,6=0
X M(in —T,2°72 =822+ 1,22 - A,i;1 — 1)

1
+8 Z Z Tin 124871, 1,24A

i1,ip odd A,8=0
XMy =T, 2% 241,22 41,22 - A,i; —2-9). )



130 T. PEzDA

We are interested in terms of this sum not belonging to Z7.

First, let us deal with even T. Note that for odd i > T, the variables r; 1 2,
ri.1,3 correspond to r;, ri1+1, and i,i + 1 > T. Since we look in (8) for terms not
belonging to Zr, we may assume that min{iy, i} < T — 1. If i < T, then, by
definition, the corresponding summand vanishes.

Note that all arguments of M in (8) are smaller than 291 and (still under
minfiy, i2} <T) (i =T)+ ¥ 2 =)+ (1 — D+ 1L (2—T)+Q* 2+ 1)+
(i(1—2-8)+1< 20-1 with equality only for iy = 2024 1, i1=T7T-1,6=0.
In view of the formula for M in Lemma 2.3(iii) and Lemma 2.2(v), we then get
that, for even T,

1

Er=38 Z rN12rT—1,1,24A (1 +T2)  (mod Zr),
A=0

with Ty := M(N — T,2%72,2¢72 4 1,292 _ A, T —2) and ', := M(N —
T,2972 41,2972 41,292 _ A, T —3).
Lemma 2.3(iii) and Lemma 2.2(i), (iv), (v) show that

b (2T 2 %3 J J 2 —1—J
R e R e R AV VAN (o

202 41
E( + ) (mod 2),
2—A

and I'7 is odd only for A = 1.

Since 2| (za_z?jg%)), the same lemmas as above show that 2|I">. Altogether,
we get 7 =8rn 1.2r7—1,1,3 = 8ryrr (mod Z7) foreven T'.

Secondly, let T be odd. Like in the case of even T, it suffices to deal with
min{iy, io} < T. Moreover, if min{i, i} < T (and therefore min{iy, i} < T —2)
ormax{if,ir} <N —1,then (ip —T)+2% 2 —8+i1—1+1,(r—T)+2* 2+
14+ G —2—=8)+1<2°! and, by Lemma 2.2(v) and Lemma 2.3(iii), the
corresponding terms in (8) do lie in Z7. Hence, it suffices to deal with (i1, i2)
satisfying {iy, i} = {T, 202 4 1}. Since rr,1,3 corresponds to rr1, by (8) we
obtain that, forodd 7 < N,

1 1
&r=38 ZFN,1,2+NT(F1 +1I2)+8 Z rrrN12+a(T3 + 1) (mod Z7),
§=0 A=0
where I'j := M(N — T,2972 —§,2%°2 4 1,292 T —1); T := M(N —
T,2072 41,2972 41,2972 T —2—§); '3 := M(0,2%72,2472 4 |,2072 _
A,2972): Ty i= M(0,2972 41,2972 41,2972 — A, 2272 _ ). In a similar
manner, we get

1
EN=8 Y ry124srN.12+a(s5+Tg)  (mod Ip),
A.5=0
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where ['s := M(0,2472 8,292 41,292 _ A, 292y and Tg := M(0,2% 2 +
1,272 41,2972 - A, 2972 — 1 —9).

CLAM 4.1. Under the same notation and assumptions, I'; is odd only for:
1) i=4,A=1;

) i=56=A=1,;

(i) i=6; A=1;5 {0, 1}.

Proof. The scheme of the proof of all items is similar. Fori =1,...,6,putI'; =
M(a, b, c,d, 7). Lemma 2.3(iii) gives (for i =2 or T # 1) that

bz b
m m—+1 IN(IN(JT+1 2 —1—1J
I = .
' ZZ(Z—I)( [ >Z<c)<d><b—m><a+m+l+1) ©)
m=0[=0 J=0
Putm =b — ¢1; 1 =z — ¢». Note that
a+m+l+1=22"1410=-8—¢; —¢p) <214 1fori=1,2,5,6;
a+m+l+1=22"141—¢;—¢p) <29 4 1fori =34
Clearly, ¢, d, ¢1 < 20-1 andifa+m+1+1 <22 then, by Lemma 2.2(v),
the inner sum in (9) is even.
Note that ¢ = 2¢~2 4+ 1 is odd. Lemma 2.2(i) gives that, for any J, the numbers

()T and (7) (2;;11;]]) are even.

Hence, the inner sum in (9) may be odd only for ¢; =0;a+m+1+1= o1
The last condition gives ¢p =1 —4§ fori =1,2,5,6; ¢o =1 for i = 3,4. From
this point on we assume that ¢, assumes these values. We therefore obtain I'; =

8pp=: (1) ("T5,7) 750 (D) () (1) (mod 2) and, using Lemma 2 2(iv),

L b\ (b+z—¢2
b _8¢2<Z<¢2>< Z— )

d
¢ c+ L oo
Xl;)<d_l‘)< L ><2a_l+C+L+1) (mod 2).

Since ¢ =292 4 1; 272 — 2 < d, using Lemma 2.2(i), we then get

o b\ (b+z—¢ 2072 4 1 pL |
F,=8¢z§z<¢2)( i~ )(d—za—2+2><2“—2—2> (mod 2). (10)

We have d € {2""2, 202 _ 1}, and the last but one binomial coefficient in (10),

that s, (di;zf{iz), is odd only for d =242 — 1.
Hence, I', I'; are even, and the remaining ['; may be odd only for A = 1.
Let us assume that A =1 and i € {3,4,5, 6}. Therefore, d = 2¢=2 _ 1 and

¢ <z.

In I's, the coefficient (b

$2
As to Ty, for A =1, we have [y = (2a_12+1)(2a72+21i2;:22_1_1) =1 (mod 2).
Hence, I'4 is odd only for A = 1.

) is even, and so is I'3.
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o—2 a—1 a—2
For I's, for A = 1, we have I's = (2 1—3_5) (2(,2_2_11“3) = (2 1_8_6) (mod 2).
Hence, I'5 is odd only for § = A = 1.

As to g, for A = 1, we obtain ['g = (2a72+1)(2a71_1) =1 (mod 2). Hence,

i 1-s J\2e—2_2
I'g is odd only for A =1 and any 6 € {0, 1}. U
The assertion of the lemma follows from Claim (do not forget about 87y 41
for T = N from (ii)1). O
Putryy =1.

Since the Nth coordinate of &2 (0) is congruentto 4 (mod 8Z[ry,...,rn]),

we obtain ®2* " (0) #0.

To reach our goal, that is, o 0) =0, we proceed in a similar way as
in the proof of Proposition 4.1. Notice only that we first determine the coset
of ry (mod P) (namely ry = 1 (mod P)) and then the cosets (mod P) of
FN—1,FN—-2,...,F].

Let r{, e r]’v be a solution of a suitable system of congruences (mod 16R).
In particular, ry, = 1 (mod P). After dividing the resulting equations by 8, we
compose a mapping from RY to R whose Jacobian matrix (mod P) taken at
(r{,...,ry) is upperdiagonal with 1 on the main diagonal. We finish like in the
proof of Proposition

We are left with o = 3.

Take ®(x,y,z2) =x +y+ x2, y+z+ bx?+ axy,2+z+ cx?). We see that
®*(0) = (12, %, %) # 0. By a direct calculation, ®3(0) = (8a + 8¢ + 8ac + 8 +
16U (a, b, c),8 + 8b + 8a + 8ac + 16U, (a, b, c¢), 8¢ + 16U3(a, b, ¢)) for some
polynomials Uy, U,, U3 with integer coefficients.

PutW¥(a,b,c)=(@a+c+ac+1+2U(a,b,c),1+b+a+ac+2Us(a,b,c),
c+2Us(a, b, c)).

We see that W (1,0 (mod P). Moreover,

,00=0

00

v'(1,0,0) = 1 1 (mod P), and W(l1,0,0) is invertible.
0 1

O = =

The existence of a, b,c € R: V(a, b, c) = 0 follows from Hensel’s lemma. [

Using Propositions 2.1, 4.1, and and the preceding lemmas, we get the fol-
lowing:

PROPOSITION 4.3. Let R be as in this section. Let k be such that k|[p7® —
1,...,pf“’ — 1] for some ay, ..., a, fulfilling a; +---+a, < N.Fork > 1,leta
be the minimum of a1 + - - - +a,: k|[pf —1,..., p/* — 1] (and a =0 if k = 1).
Then in RN there are (x)-cycles of length kp® for all a satisfying

(i) o <max{0,log, 254 p)} for p = 3;

P
(i1) and for p =2:
o <24logy(N —a) fora <N —2,
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a<2forl<a=N -1,
a<1lfora=NorN=1.

Proof. (i) By Proposition 2.1(vi), in R there is a (x)-cycle 0, ®(0), ..., d*~1(0)
of length k for some polynomial mapping & : R* — R% with coefficients
from R. By Proposition 4.1, for N —a > p“_lpT71 in RN=¢ there is a (%)-
cycle 0, ¥(0),..., " 1 (0) of length p® for a suitable W : RN=¢ — RN—¢
Then we see that the mapping (&, W¥): R x RN=4 — R4 x RN=¢ = RN
given by (&, V)(x, y) = (P(x), ¥(y)) has a (x)-cycle 0, (&, ¥)(0), ... of length
[k, p*] = kp* (if a =0 or a = N in this reasoning, then we skip considering ®
or W, respectively).

(i1) We proceed in a similar manner to (i). Using Proposition 4.2, we have that
for N —a >2%2in R¥79, there is a (*)-cycle of length 2%. This settles the case
a<N-2.

In the remaining possibility a > N — 1, we take R complete (see Proposi-
tion 2.1(ii)).

Let klm := [2/@ —1,...,2/% — 1] with a = a; + --- + a» # 0. Let (see
Proposition 2.1(iv)) Xi,0, Xi,1, ..., %; y74;_, be a (x)-cycle for a linear mapping
®; : R% — R% having different eigenvalues and whose eigenvalues are primi-
tive roots of unity of order 2/% — 1. Put A = (®y,...,®,) : RY x --- x R —
RY x -+-x R = R and X9 = (X1,0, ..., Xr0). Then Xxg, A(Xp), ... is a (x)-cycle
of length m # 1 for the linear mapping A : R* — R“. In particular, Xy # 0. We
may also assume that all the coordinates of Xy lie in P.

Let s > 0 be the smallest satisfying (—A)'x9g = Xxg. Since
(—=A)*%o = A*™xo = Xo, we see that s|2m. If s is odd, then s|m and %o =
(—A)"x9 = —A"x9 = —Xo, contradicting xo % 0. Hence, s = 2¢ for some ¢|m.

Then %o = (—A)* %o = A% %o, and m|t follows. We have obtained that
(x) xp, (—A)Xg, ... 1s a (x)-cycle in R? of length 2m for —A.
For the remaining subcase 1 <a = N — 1, we take xp, A already fixed and put
O(x,y)=(—x~+2,% + (1 —x)Ay) forx € Rand y € RN~L.
To get the assertion of the proposition, it suffices to prove the following:

LEMMA 4.3. (0,0), ®((0,0)), ... is a (x)-cycle of length 4m for ®.

Proof. Let Wy = ®2. Thus, ¥o(0, ) = (0, (I — A)xg — A%y). Put W(3) = (I —
A)xo — A%y. Since ®2*1((0,0)) = (2, ), in order to prove the assertion, it suf-
fices to get

(i) ¥*"(0) =0;

(ii) W2m/4(0) + 0 for any prime g |2m.

By Proposition or Lemma we have ®2"(0) = (I — A2 4+ (—A%)? +
co e (—ADHIN(T — A)Fo.

Since X2" — 1|(1 = X2+ (=X5)2 4+ - 4+ (=X2)Z"~1)(1 — X) (note that m is
odd) and (A% — Ixo = ((—A)>" — iy =0, we get (i).

Let ¢|2m be prime. Put Wo(X) = X*" — 1, W,(X) = (1 — X2 + (= XH* +

e (=X) T = X).
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Let W(X) € Z[X] be any gcd of Wy(X) and W, (X) (in Q[X]).

Suppose that W2"/4(0) = 0, that is, W, (A)Xo = 0. Since Wo(A)Zo = Xo, we
obtain by Lemma 2.1 (iv) that W (A4)xo = 0.

If g =2, then W(X) =1 — X. But then (I — A)xo =0, (—A)*Xo = X, contra-
dicting ().

If ¢ > 2, then W(X) = X*>"/4 — 1, and we get ((—A)>"/4 — Ixq =0, contra-

dicting (). O
The proof of the proposition is now completed. O
Notice that Proposition 4.3, together with Proposition 2.1(i), proves the “exis-

tence” part of Theorem 1.

5. (x)-Cycles of Length kp*. Estimates of «.
The Finish of the Proof of Theorem

Let R be as in Sections 3 or 4. Proposition 2.1(ii) gives CYCL* (R, N) =CYCL x
(R, N), and thus we may assume that R is complete.

Let kp® € CYCL * (R, N) (with p {k). By Lemma 2.1(i), in R" there is a
(%)-cycle of the form 0 = Xo, X1, .. ., Xkpe—1 for some mapping ®. Put ®'(0)=C
and B :=C (mod P). We treat B as the matrix with entries from K = R/P.

Write the characteristic polynomial F(X) of the matrix B as (—1)V X% (X —
1)b0F1 (X)b1 . F,(X)br, where ag, bg > 0, Fy, ..., F, are pairwise different
monic polynomials # X, X — 1 that are irreducible over K, and by, ...,b, > 0.
Puta; :=deg F; for 1 <i <r.By Proposition 2.1(v), k = 1if r =0, and k divides
(pfo—1,...,pf* —11ifr > 0. Put J :=[p/4 —1,..., pf% —11(p + DV,
W =®/, and V' (0) = A. Considering the Jordan form of the matrix B, we see,
using F; (X)|XP' =1 — 1, that (I + B +- - -+ B/ ~hymax{br..br} (g _ [ybo gao —
(the size of the biggest basic block not corresponding to the eigenvalue O in the
Jordan form is not bigger than max{by, ..., b,}) and (BY — I)max{bo.b1,...br} 5
B% =0.

Hence,

(I+C+-+ CJ—l)max{bl ..... b’}(C _ I)bocao =0 (mod P) (11)
and
(A — Dymxtbo-br-brlg =0 (mod P). (12)

From the simple properties of periodic points we get that 0, ¥ (0), W2(0), .. .,
‘-IJl’a_l((_)) is a (x)-cycle of length p® for W (the crucial fact here is pt J =
[P/ = 1,..., p7% = 11(p+ DY)

Let a be defined as in Theorem !. In particular,a <aj; +---+a, < N.

Let M be the smallest b such that (A — I)?’A = (C/ — N?C’ =0 (mod P).
In particular, M < max{by, ..., b,}. We have the following:

LEMMA 5.1. Let R be as before. Then we have
() p* ' 2L < M <max{bo, by, ..., b,).
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(ii) Suppose that p*~! pT_l = M. Then

(I+C 4T 0=D2(c_pp" 0=D2=1c@ £ (mod P), (13)

a—1p—1 a—1p—1
2 2

and, in particular, max{by, ..., b} > p orby>p

Proof. (i) follows from Propositions and 3.2.

(i) Put Wi (X) = (1 4+ X + - + XI=)P" 7 0=D/2(x — 1)p* ' (p=D/2-1 =
(X7 = )P PIDR (L X g XD Wa(X) = W (0 X905 Wa(X) =
A+ X4+ X/"Hrx —pr -1

If pe! pT_l = M, then by Propositions and we get w((A —
NP e=D2=1g0)) = 1. Since W(©0) = (I + C + --- + C’~D)% (mod P?)
and A= C’ (mod P), we obtain W;(C)x; 20 (mod P?).

Suppose that (13) does not hold. Then W, (C)x; = 0 (mod P?).Lemma 2.1(ii)
and Lemma 2.2(1) give 0 = (A — I)?"~1w(0) = W3(C)x; (mod P?). Since
Wi(X) € (W2(X), W3(X)), Lemma 2.1(iv) then gives W;(C)x; =0 (mod P?),
a contradiction.

The final assertion of (ii) follows from comparison of (I 1) with (13). O

Now we characterize tuples k, N,a, M, r, ag, bo, ..., ar, by, p, o« (with the same
notation) satisfying the following condition:
(C) a obeys the estimates from Lemma and disobeys the estimate from
Proposition
Note that for p = 2, it suffices to deal with o > 2.

LEmMMA 5.2 (with the same notation). (C) may take place only if one of the fol-

lowing possibilities holds:

(G) p=2;a0=byp=0;r=1;a=a =1;N=2d+1(f0rs0medz 1), M=
by=N;a=d+2.

(i) p=2;a0=0; M:bozN—a:2d (for some d > 1 or, only for a =0,
d=0)r>0;by=---=b,=landa=d +2.

Proof. Assume that (C) holds. We may assume that by > by > --- > b,..

1. Suppose that by > p*~! pT_l.

In this case, p*~' 2% <by — 1 <aj(by — 1) <N —ap — by — a; — ahs —
- —ayb, <N —a.

We then see that p""l”T_l < N — a, and the equality implies that b; =
P2 1 ar=1,a90=0, bp =0, and r = 1 (for if r > 2, then in view
of aj =1, we have [pf4 — 1,..., pfo —11=[pf2 —1,..., pf* — 1] and
a <ayz+ ---+ a, follows). Moreover, using Lemma 5.1, we get M > p”‘_1 prl,
but the equality here is impossible due to (13).

Looking at Proposition 4.3, we see that if b > p"‘_1 pT_l, then (C) may hold
onlyforp=2,N=2d+1,d=a—22 1,a0=0,bg=0,r=a;=1, b1 =
M = N, and this gives (i) of the lemma.

2. Suppose that by > p®~! pT_l.
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In this case, p*~' 21 <by—1 <N — (a; +---+a,) < N —a, and (C) is not
satisfied.

3. Suppose that max{bg, by, ..., b} < p*~! pT*].

Lemma then gives by = p“‘“’T_l and p"‘_“’T_l <by<N —ay— (a1 +
-+++a,) <N —a. Hence, p‘”‘l pT_l < N — a, and the equality here implies that
ap=0,by=---=b,=1.

Looking at Proposition 4.3, we see, using Lemma 5.1, that if max{by, by, ...,
b} = p“’“’T_l, then (C) may hold only for p =2, N =294+ 4a,d =« — 2 (and
d>1 or, only for a =0, d > 0), ap =0, b0:2d,r20, by=---=b, =1,
M =29 and this gives (ii) of the lemma. O

In order to prove Theorem |, we shall show that condition (C) on « cannot be
satisfied. We use the notation from the very beginning of this section.

Lemma 5.2 gives us two cases to be considered.

First case: (i) of Lemma

In this case, F1(X)= X — A forsome A € K, A #0, 1. By Lemma we may
assume that ®(0) = C = Jy(1) (mod P).

Sincex; = (I +C+---+C’~DHx; (mod P?), we see that the last coordinate
of ¥, lies in P2.

Let g1 be the coefficient of the term X X» in the Nth coordinate of ®. An easy
induction gives that the coefficient 8, of the term X X» in the Nth coordinate of
®" is congruent to ML+ A+ 224+ -4+ 2 H (mod P). In particular,
Bj € P.Take ¥ = &7,

Hence, 0, Xy, ... would be a (x)-cycle for W of length 2%, satisfying the just
mentioned conditions for x; and W. However, the existence of such a cycle is
denied by Proposition 5.1(2) below.

Second case: (ii) of Lemma

Let R’ = R[£], where & is the primitive Jth root of unity, and P’ is the maximal
ideal of R’ and K’ = R’/P’. Since p { J, we obtain that R’ is an unramified
discrete valuation domain.

We treat our original (x)-cycle as a cycle in R’V. Then the characteristic
polynomial of @’ ((_)) (mod P’) (treated as a polynomial with coefficients from
K’) equals (—DN(X — 12 [Ti_;(X — X;), where A; are distinct elements
of K’ satisfying Aij = 1. Moreover, the Jordan form of ®'(0) (mod P’) equals
C:= (JZ“?)z(U 2), where A is an a x a diagonal matrix with X; on the diagonal.

Using Lemma 2.4, we obtain then that in R'N there is a (x)-cycle 0, Vis--
for some mapping P satisfying CI>6((_)) = C; (mod P’). We easily see that the
jth coordinate of 3; (mod P’?) may be nonzero only for j < 22, Hence,
0,77, ¥27, ... would be a (»)-cycle for QD(J) of length 2%, satisfying the just men-
tioned conditions for y; and CD({ . However, the existence of such a cycle is further
denied by Proposition 5.1(1).

Thus, in order to prove Theorem 1, it suffices to prove the following:



Cycles of Polynomial Mappings 137

PROPOSITION 5.1. Let R be as in this section (in particular, e = w(p) = 1). In
addition, we assume that p =2 and o > 2.

Let W : RN — RN be a polynomial mapping with coefficients from R satisfy-
ing (for A := W' (0)) one of the following conditions:

(1) (for some L >0, but for o = 2, we require L =0) A = (g (I)) (mod P),
where I is the L x L identity matrix, Os refer to zero matrices of obvious
sizes, and J € Jra—2(1) has coefficients from R;.

(2) (only fora = 3) A=J (mod P) for some J € Jra—2 (1), and the coeffi-
cient of the term X1 X in the (N = 2%~2 4 1)th coordinate of W lies in P.

Then there are no (x)-cycles for ¥ of the form 0 = Xy, X1, ..., Xsa—1 such that
the jth coordinate of X1 (mod P?) may be nonzero only for j <2%2.

Proof. Assume the contrary. Let 0 = X, X1, ..., X2«_ be a (x)-cycle in RN for W
such that the jth coordinate of X; (mod P?) may be nonzero only for j <2972,
Write W in the form W = W 4+ ¥, 4 W3, where W consists of all terms of degree
Oor 1 in W, and W; consists of all terms of degree 2 in .

From Lemma 2.1(ii) and Lemma 2.2(i) it follows that X,e—1 = (A — 1)2017l 15
(mod P?). Using 27! — 1 > 2972 4 | (for a > 3), we then get ¥yo1 =0
(mod P?). Putd := w(¥ye-1) > 2.

For 1 < j <2972, the binomial coefficient (2aj_2) is even. Thus, we may write

A% (mod P) in the form A2~ (mod P) = I + T, where T = 0 (for case (1))
and (in case (2)) T has possibly only one nonzero term (which lies in the first row
and in the last column).
In view of w(p) =1, we have W'(x;) = A + W} (x;) + W5 (X;) = A + W) (X))
(mod P?). Since we are dealing with (x)-cycles, we have W) (x;) = 0 (mod P).
Hence, using AX =141 (mod P), we get

20—l
I+@* YO =1+ [ ¥@&)
i=0
20-1_q
=1+ [] (a+wG)
i=0
20-1_1
=1+A% + Y AT ) Al
i=0
2021
=20 12T +(AY — D2+ Y (ATTATT @Al
i=0

F AT (R e 2) ATAYT
=27 +2T + (A¥ 7 —1)?
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20-2_
+ Y @+ TAT T ) A
i=0
L AT G ) AN 4 T))
2 poa=-2
2021
=21 42T + (AT — %+ T( 3 Az“—l—i\pé(x,-)Af)
i=0
20-2_
+ < Y AT, +2a—2)Ai>T
i=0
202
+ 3 AT 4 F e ) A (mod P2).
i=0

We are going to show that I + (\Ilzafl)’((_)) =2G (mod P?) for some G €
Jn (1), and this follows from the following lemma.

LEMMA 5.3 (under the assumptions and notation from the proposition).

(i) The jth coordinates of vectors vy := Zl.z:;_l % (mod P%) and vy :=
izi;)z*l X;4pa—2 (mod P?) may be nonzero only for j < 2.
(ii) Forany(Q<i < 29=2 _ |, we have %; + X; 1 ga—2 =2ce; (mod Pz)for some
(independent of i) c € R.
The following matrices have only zero terms on and below the main diagonal:
(iii) 27 (mod P?),
(iv) (A2 = 1)2 (mod P?),
W) T(OE, 1A 1wy (5) A (mod P2),
i) (22 AT I (R e ) ADT (mod P?),

a—2 o— . _ _ .
(vii) Y2 TN AT T WL (% + 5 pe2) AD) (mod P2).

Proof. (i) For o = 2, the assertion is clear.

Hence, let « > 3. Lemma 2.1(ii) gives that v; = Ziz:z_l(l + A4+ 4+
A% = (A — D> 7~2%, (mod P?), and the assertion concerning 9 holds.

In order to prove the assertion concerning vy, it suffices to show that v3 :=

,.21;1‘1;2,- =0 (mod P2). We have 73 = (A — 1)2"'=2%, (mod P2). Since
20=2 <pa=1_ 2, we are done.

(i) Owing to the assumed properties of x; (mod P%) and A (mod P), by
Lemma 2.1 (ii) we get %, ga2 = (I +---+ A" )Z + AT+ + AT "5, =
%+ A(A— D¥ 1% = & + 2cé; (mod P2) for some (independent on i)
cEeR.

(iii) It is obvious.

@iv) If A is as in (1) of Proposition 5.1, then the assertion is clear. So, let A
be as in (2). In particular, « > 3 and N = 2¢=2 4 1, Write A in the form A =
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I + M + 2W for M having nonzero terms only above the main diagonal (and,
clearly, W has terms from R). Using Lemma 2.2, we get

AT+ M2w)F

20721
=+ 4 Y d My awd
i=0
a—2_
—(1+M)2H+2221 > Nowrw(* 17
- _ r s

7,s>0

=+ M)>*" +2Z< +S+1)M’WM‘ (mod P?).

Since 22 € P and M is upperdiagonal and nilpotent, we obtain that the co-
efficient in the N'th row and in the first column of A% lies in P2,

Put AZW2 — 1 =T 4+ 2Wj. Hence, the (N, 1)th entry of Wy lies in P, and this
easily gives the assertion.

(v) Again, it suffices to consider A as in (2). It suffices to show that y equal to
the (N, 1)th entry of the matrix Z?i]f—l (A2 1= W) (%) A") lies in P2.

Since A (mod P) € Jp—2, (1), we easily see that y is congruent (mod PHto
the (N, 1)th entry of Ziz:)z_l W) (x;) = W) (v1). The assertion now follows from
the assumption concerning the coefficient of X X5 in the last coordinate of W.

(vi) Very similar to (v).

(vii) Write A (mod P) =1 + M, with M upperdiagonal and nilpotent.

Lemma (i) gives W) (X; + X; 00—2) = Wi(2ce) = 2cV)(e)) = 2B
(mod P?).

Thus, we get
2021
S AT 4 F e 2) A
i=0
20(—2 1 Do— 2 —1
=2 Y AT BA =2 Y a+ MBI+ M)
i=0 i=0
202 w2 .
SE (R )
i=0 r,s>0 r §

2

]

bXd 2
M"BM*® (mod P?).
r+s+1

r,s

| V

o—2
Put C,  := (riv +1)M"BM®. To get the assertion of this point, it suffices to

show for any i that C, ze; is congruent (mod P) to some linear combination of
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oa—2
vectors eq, e, ..., e;_1. Since ( 2 ) isodd only forr +s+ 1= 202 we may

r+s+1
assume that r +s =292 — 1.

First case. A is as in (1) of Proposition

For « =2 and L =0, the assertion is clear. We thus assume that « > 3.

First, let i > 2972, If s > 0, then M e = 0 (mod P), and therefore also
Cysei = 0 (mod P).If s=0andr = 29=2_ 1, then C, s€; is congruent (mod P)
to a scalar multiplicity of e, and we are done.

Secondly, leti < 2¢=2 Ifj < s+1,then M*¢; (mod P) is ascalar multiplicity
of ej. Since the first column of B = clllé(él) is congruent to 0 (mod P), we
obtain BM¢; =0 (mod P), and we are done.

Let s +1 <i <22 Then r > 0 and C,se; (mod P) € Lin{ey, ...,
ey-2_,} =Lin{ey, ..., es4+1} € Lin{ey, ..., e;—1}, and we are done.

Second case. A is as in (2) of Proposition 5. 1. Then the assumptions in (2) give
that all entries in the first column and the (N, 2)th entry of B = \Ifé((_)) liein P.

Ifi <s+ 1, then Mfe; = 0 (mod P) is a scalar multiplicity of e;. Hence,
BM%¢; =0 (mod P).

Let i > s + 3. Then C,¢; € Lin{éy, ..., &0 2,_,}. Since 272 4+ 1 —r =
s+2<i—1, weare done.

Finally, let i = s + 2. Then M°¢; € Lin{ey, e2}, BM’e; € Lin{ey, ..., eye—2},
and C,se¢; € Lin{ey, ..., e)—_,}. Since 292 _p =54 1=i— 1, we are done.

O

So I + (W2 'Y(0) =2G (mod P2) for some G € Jy(1). In particular, G is
invertible, and

w4+ (WY 0)ipet) = 1 + w(Fper) = 1 +d. (14)

But, by Lemma (i1) and d > 2 (and consequently 2d > 2 4+ d), it fol-
lows that 0 = W2 (0) = (I + (W'Y (0)Zpe—1 (mod P9+2) and w((I +
(\I/zail)/((_))))zza—l) > 2 +d, contradicting (14). O

Theorem | is now proved.

6. Proof of Theorem

By the theorem from Section we have for N > 2 that CYCL(S,N) =
ﬂp—prime CyCL:(SP’ N).

Let pg be prime such that #(S/pg) = pf =m (p prime).

It suffices to show that CYCL(Sp,, N) C CYCL(Sp, N) for p prime with
#(S/p) = m?.

Let first p > 3. By Proposition 2.1(i) it suffices to show that CYCL(Sp,, N) C
(1,2,..., p*Ny.

By Theorem 1, any element of CYCL(Sy,, N) is not bigger than (we use
the notation from Theorem 1) p/¥ pfa plmax(©O.log,CIN=a)p/(p=D)] "1t quffices
to have | max(0, log p(wj%”)) | < f(N — a), which clearly holds.
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So let p=2.Let c -k -2% (with odd k) be the length of a cycle in S’\;, where
c < pfN =2/N and k - 2% is the length of a (x)-cycle in RV.

Ifa=0,thenc-k-2% <22/N and we are done.

So let @ > 0. But in this case, by Proposition 2.1(vii), k - 2% <2 - 2N Since
2 is the length of a (x)-cycle in S{JV for any prime p, from c - k - 2971 < 22/N,
by Proposition 2.1(i), we obtain c - k - 2% € CYCL(Sy, N) for prime p fulfilling
#(S/p) > m?> =227,
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