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Classification of Involutions on Enriques Surfaces
Hirok1 ITo & HISANORI OHASHI

ABSTRACT. We present the classification of involutions on Enriques
surfaces. We classify them into 18 types with the help of lattice theory
due to Nikulin. We also give geometric realizations to all types.

1. Introduction

An Enriques surface Y is a compact complex surface satisfying the following
conditions:

(1) the geometric genus and the irregularity vanish,
(2) the bi-canonical divisor on Y is linearly equivalent to 0.

Every Enriques surface Y is the quotient of a K3 surface X by a fixed point free
involution ¢. In this work, we give the classification of involutions on Enriques
surfaces.

Given an involution ¢ on Y, we get two lifted involutions g and t on X, which
together with & form an action by the Klein four-group K4 ~ (Z/27)>. Here g
is the so-called symplectic or Nikulin involution, namely which acts on the space
HY(X, Q?) trivially. The other two act nonsymplectically. Conversely, if an ac-
tion by K4 on X contains a fixed point free involution ¢, then the group K4/(¢)
determines an involution on Y = X /e. Therefore our problem is equivalent to the
classification of such Kj4-actions.

By the Torelli theorem [PS], group actions on K3 surfaces are determined
by the representation on the second cohomology group H?(X, Z), which has the
natural structure of a unimodular lattice given by the cup product. To classify
K4-actions, we use the theory of classification of involutions of a lattice with

condition on a sublattice, due to V. V. Nikulin [ ] (see Section 3 for a review
and notation).
Let S be a fixed lattice and 6 be an involution of S. In [ ], the determining

condition of a triple (L, ¢, i) with the condition (S, 8) satisfying the following

commutative diagram is given.
L L
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Here L is a unimodular lattice, ¢ is an involution of L, and i : S — L is a prim-
itive embedding. To investigate (L, ¢,7), we use the following invariants: Let
Ly={xeL|¢(x)==xx}and Sy ={x € S| 0(x) = £x}. From the primitive
embedding i : S — L, we get primitive embeddings i+ : S+ — Ly. Hence we
have the orthogonal complements K4 = (Si)i‘i and images of the projection

(L+ ®S-)}
H_ = _— Ag ,
PS( A CAs_

— (K+ ®5))
Ho=ps (2L ),
ps( Ki@S_

where Ajg_ is the discriminant group of S_ and M}* denotes the primitive closure
of M inside L (see Section 2).

We apply this theory as L = H*(X,7Z), S = {x € HX(X,7Z) | g*(x) = —x},
and ¢ = &*. The notation k_ will be introduced in Section 3, (3.2). We also deter-
mine the geometric invariant (r, /, §), the main invariant of the involution t, and
the topology of the fixed curves in Y* in Section 5. The following tables describe
our main result.

THEOREM 1.1. Involutions of Enriques surfaces are classified into 18 types as
shown in Tables 1-3.
In Table |, the blank entry in qs_|7~ stands for the same as qs_|q_.

The Enriques surface of type [1] was constructed by Horikawa [Hor] and stud-
ied by Dolgachev [Dol] and Barth—Peters [BP]. Type [2] was found by Kondo
[Kon] and constructed generally by Mukai [ ]. Type [3] was constructed by
Lieberman (cf. [MIN]). The Enriques surfaces of type [1]-[3] were studied by
Mukai-Namikawa [ ] and Mukai [ ] in the context of numerically triv-
ial involutions. Moreover, type [5] was studied by Mukai [ ] as numerically
reflective involutions.

REMARK 1.2. Geometrically, K_ corresponds generically to the transcendental
lattice of X, see the proof of Corollary . It might be noteworthy to point
out that in type [2] and [3], type [10] and [11], type [12] and [13], respectively,
we have isomorphic K_. Thus the corresponding K3 surfaces are isomorphic.
However, note that this isomorphism does not respect the K4-action. It seems to
be a difficult question whether there exists a model of X on which the two K4-
actions are both projectively realizable.

In Section 2 we collect some basic definitions and notation of lattice theory. In
Section 3 we introduce Nikulin’s theory [ ]. Using this, we classify the lattice
structure of involutions in Section 4. We determine the lattices S+, K+ and forms
qs_lH_, qs_lz , k— there. In Section 5 we give the models and other geometric
invariants in Table 3, and thus complete Theorem
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Table 1 Invariants and the model
No. S+(%) S_(%) qgs_|u_ qs_lg Horikawa model
[1] {0} Eg u?
4

(2] {0} Eg wew

o
(3] {0} Eg ez
[4] Ay E; wWow

4

[5] Ay E; u? @ w?
[6] A2 Ds u? ® w? ()
[7] A? D¢ u®w’ gjlk
[8] A? Ds® Ay u®w’ g:g:g
[9] A3 Ds®A  w @
[10] D4 Dy v @72 @
[11] D4 Da v P 7? w @ 72 @
[12] Dy Dy w @ z? @
[13] Dy Dy w72 22 (see Subsection 5.2)
(141 A A} w? %%
[15] Ds®A A} w3 %%
[16]  Ds A3 w? %%
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Table 1 Continued

No. S+(3) S_(3) gs_|H. qs_ | Horikawa model

[17] E; A w %

[18] Es {0} - :%%
Table 2 Further invariants

No. k_ K_ Ky

[1] UpUQR) UQR)® Eg(2)

2] UR)eU(?2) UQ2) @ Es(2)

3] UQR) e UQ) U(2) ® Es(2)

4 u® () UBUQR)®A(Q2) UQ) @ E7(2)

51 we(F) UQ)oUQR)®AI(2) UQ)a® E7(2)

(6] u® ()2 UdUQR)® A1(2)? UQ2) ® Dg(2)

71 W?e(F)?  UQeUQR e AQ)? U(2) ® De(2)

81 ue(F)? UaUR) ®AIQ2)? UQ2)® Ds(2) ® A1(2)

91  We(F)P UQeUQeAQR? U2)® Ds(2) ® A1(2)

[10] u®vdFs USUR) ® D4?2) U(2) ® Dy(2)

(11] u®vdF, USUQR) S Di?2) U(Q2) ® D4y(2)

[12] u’@veFs UQRSUQR) S Di(Q) UQ2) ® D4(2)

[13] wWdveF, UQR®UQR) ® Di?2) U(Q2) ® D4y(2)

(141 ue () UoUQR) ®A Q)4 UR) e A2)*

151  w?e(3)? UdUR)®Ds2)®AI(2) UR) DA}

el w@(1)? U UQ2)® De(2) UQ)® A (2)>

171 we ) U UQR)® E(2) UR)DAI(2)

(18]  u’ U UQR)® Es(2) U(_2)

The authors wish to express their gratitude to Professor Kondo for suggestions
to this problem and many stimulating conversations. We are grateful to Professor
Tokunaga for the construction of the curve in Example No. [14].

2. Preliminaries

Our main tool is lattice theory. Here we recall some definitions and notations.

A lattice is a pair (L, (-,-)), where L is a free Z-module of finite rank and
(-,-) is a nondegenerate integral symmetric bilinear form on L. We abbreviate
(L, (-,-)) to L. We write sign L for the signature of L. We denote by L(m) the
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Table 3 Geometric invariants

No. r1,6) Fixed curves (K-)

(1] (18,2,0) C 4 4p! UdUQR)

(2] (18, 4,0) 4P! UR) e UQ2)

(3] (18, 4,0) 4P! UR)@®U(_)

(4] (16,4,1) ch 4 3p! UdUR)®AI(2)

(5] (16,6, 1) 3p! UQeUR) ®A(2)
(6] (14,6, 1) c® 4 2p! UdUQR) P A (2)?
[7] (14,8, 1) 2P! URQ)eUR) & A(2)?
8] (12,8, 1) c® 4+ p! UoUQR) ®AI(2)?
9] (12,10,1) P! UQeUR) & A (2)?
[10] (10, 6, 0) c?® 4+ P! U UQR)® Ds(2)
[11] (10,8,0) c +csP U®UQ2) ® Ds(2)
[12] (10, 8, 0) c UR)DUR)® D4(2)
[13] (10, 10, 0) @ UR)®UQ)D Ds(2)
[14] (10,10, 1) c® UaUQR) @A 2)*
[15] (8,8, 1) c® U UR)® Ds(2) ® A1(2)
[16] (6,6,1) c® U UR)® Ds(2)
[17] 4,4, 1) c® UdUR) P E(2)
[18] (2,2,0) c® UoUR) ® E(2)

lattice (L, m(-,-)) for a given lattice (L, (-,-)) and m € Q. L is called even if
(x,x) € 2Z for all x € L. For a lattice L, we have an injective homomorphism
a: L — L* =Hom(L, Z) defined by x + (x, —). L is called unimodular if « is
bijective. Let U (resp. (n)) denote the rank 2 (resp. rank 1) lattice given by the

matrix
(7 6) tresn. ).

The root lattices A;, D,,, E, are considered to be negative definite.

A finite quadratic form is a triple (A, b, q), where A is a finite abelian group,
b: Ax A— Q/Z is a symmetric bilinear form, and ¢ isamap g : A — Q/27Z
satisfying the following conditions:

(1) g(na) =n?q(a)foralln € Z,a € A,
2) gla+a’)=q(a)+q(a’) +2b(a,a’) (mod 2Z) foralla,a’ € A.

A finite quadratic form is called nondegenerate if b is nondegenerate. An element
x € A is called characteristic if b(x,a) = q(a) (mod Z) for all a € A. We ab-
breviate (A, b, ¢) (resp. b(a,a’), g(a)) to (A, ga) or just g4 (resp. aa’, a®). We
denote by w (resp. z) the finite quadratic form on Z/2Z whose value is 1 (resp. 0).
Note that w and z are degenerate as finite quadratic forms.
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The discriminant (quadratic) form of an even lattice L is a nondegenerate finite
quadratic form (Ap,br,qr), where Ay := L*/L, bp(x,y) = (x,y) (mod Z),
and gz (x) = (x,x) (mod 27Z). We denote by u (resp. v, (%)) the associated dis-
criminant form of the lattice U (2) (resp. D4, (n)). We often use the following
discriminant forms:

—1
(L,qL) = <A1(2), <T>) (D4(2),v® Fy),

2
(D6(2)»M2€B<%> ) <E7(2),u3®<%>>, (Eg(2),u™),

where u” denotes the direct sum of n copies of u and F4 denotes

({1 )

An embedding i : § — L of lattices is called primitive if L/i(S) is free. Two
primitive embeddings i : S — L and i’ : § — L' are called isomorphic if there
exists f € Isom(L, L") such that f oi =i’. Let S be a sublattice of L. We define
the sublattices

Bl—= o=
D= ]—

St:={xeL|(x,y)=0VyeS},
SMN=8Q)NL

of L called the orthogonal complement to S and the primitive closure of S inside
L, respectively. When we emphasize L, we write S7' for S*. Let T be a sublattice
of L orthogonal to S. We write

N CL:Y 0%
= "SeTr
Let M and N be even lattices, and let M — N be an embedding. Then N is

called an overlattice of M if N/M is a finite abelian group. Let /(A) denote the
minimal number of generators of an abelian group A. Note that

N
rank M > 1(Ay),  L(An) =1(Aym) _2l<ﬁ) @2.1)

for a lattice M and an overlattice N of M.
A lattice M is called 2-elementary if Ayy = M*/M is a 2-elementary group
(Z.]27)*.

ProrosiTION 2.1 [ Theorem 3.6.2]. The isomorphism class of an even hy-
perbolic 2-elementary lattice M is determined by the invariants (r,1, §), where r
is the rank of M, l is the minimal number of generators of Ay, and 8 is the parity
of qu, that is,

1 otherwise.

5_{0 ifgu(x)=0 (mod Z) forVx € Ay,
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Let L be a lattice and o be an involution of L. Write
LY ={xeL|o(x)=x),
Ly=L"Yr={xeL|ox) =—x).

Note that if L is unimodular, then L*) and L, are 2-elementary lattices.
The next proposition is the analogue of Witt’s theorem.

PROPOSITION 2.2 [ Proposition 1.9.2]. Let g be a finite quadratic form on a
finite 2-elementary group Q whose kernel is zero, that is,

{(xeQlgx)=0 (mod 2Z) and x L Q} = {0},

where x L Q means q(x +y) — q(x) — q(y) =0 (mod 27Z) forVy € Q. Let
f: Hy — Hj be an isomorphism of two subgroups of Q that preserves the re-
strictions q|Hy and q|H> and that maps the elements of the kernel and the char-
acteristic elements of the bilinear form q into the same sort of elements if they
belong to Hy. Then f extends to an automorphism of q.

3. Involutions of a Lattice with Condition on a Sublattice

In this section we introduce the theory of involutions of a lattice with condition
on a sublattice due to Nikulin [ ]. See [ Section 1] for more details.

DEFINITION 3.1 [ Definition 1.1.1]. By a condition on an involution we
understand a pair (S, 8), where S is a nondegenerate lattice and 6 is an involution
of S.

REMARK 3.2. In [ ], a condition on an involution is defined as a triple (S, 9,
G), where S is a (possibly degenerate) lattice, 6 is an involution of S, and G C
0O(S, 0) is a distinguished subgroup of the normalizer of 6 in O(S). In this paper,
we assume that G = {idg}.

DEFINITION 3.3 [ Definition 1.1.2]. By a unimodular involution with the
condition (S, 0), we understand a triple (L, ¢, i), where L is a unimodular lattice,
¢ is an involution of L, and i : § — L is a primitive embedding satisfying ¢ oi =
iof.

Two unimodular involutions (L, ¢, i) and (L', ¢’, i") with the condition (S, 8)
are called isomorphic if there exists an isomorphism f : L — L' with ¢’ o f =

fopand foi=i.

Let S+ = {x € § | 8(x) = £x}. We denote the natural projections S/(S+ @& S-) —
Ag, by ps, and their images ps, (S/(S+ @ S-)) CAs, by I'+. Let y :=ps_o
pEj : Ty — . We write '), = §/(S4 © S_) since
S
_ = s (S F F_ =
S @S {x,y) el xT |y=y)}

is the graph of y.
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THEOREM 3.4 [ Theorem 1.3.1]. Any unimodular involution with the condi-
tion (S, 0) is determined by the 9-tuple (“the list”)

(H+,9r,9,vr, K+, yk.), (3.1)

where Hy are subgroups with T+ C Hy C (S N %Si)/Si, qr is a finite qua-
dratic form on the 2-elementary group (Hy ® H_)/T', with g,|p, = *qs, |H,,
q is the isomorphism class of a nondegenerate 2-elementary finite quadratic form,
Vr © qr — q is an embedding of forms, K+ are even lattices, and yk, : qx, — k+
are isomorphisms of forms. Here k+ are defined by

(g5, @ EIT,, 15,)

ky = , (3.2)
FVr|Hi

where 'y, |y, are the graphs of the embeddings Hy — q induced by y; . Following
the original translation of Nikulin’s paper [ 1, we call this 9-tuple the list
hereafter.

Two lists (3.1) and (H, q,.q', v/, K/, yl’(/ ) determine isomorphic unimodu-

+

lar involutions with the condition (S,0) if and only if Hx = H,,, ¢, =q, q =
q’, and there exist isomorphisms & € O(q) and ¥+ € Isom(K4, K'.) such that
Eoy, =y and (id, )|k, o vk, = y]’(,i o Yx, where (id, &)|x, are isomorphisms
between ki and k. induced by id € O(gs,) and &, and E are isomorphisms
between gk and gy induced by /+.

Proof. We divide the proof of this theorem into three parts as follows.

(1) The construction of the list (3.1) from the unimodular involution with the
condition (S, 6).

(2) The construction of the unimodular involution with the condition (S, 6) from
the list (3.1).

(3) The equivalence of the lists (3.1) and (H/,q,,q’, v/, K/, yl/@)'

The construction of the list from the unimodular involution. Let (L, ¢, i) be a
unimodular involution with the condition (S, 6). We write
Li={xelL|¢(x)==xx}

Define g := gy . The primitive embedding i : § — L defines primitive embed-
dings i+ : S+ — L. Hence we define 2-elementary groups

1
Hy = PSi(FL;Si) C (SjE n 55;&)/5;&.

Note that both projections pgs, are injective, since the embeddings i4 are primi-
tive. The group I'; _g, (resp. 'z, s_) is the graph of an injective homomorphism
vH, - Hy — Ap_ (resp. yy_ : H- — AL.).

Note that the notation of yy, is slightly different from that of [ ]. We define

the embedding of forms ¥, and the quadratic form g, on (Hy @ H_)/TI"), as
Hy®H_

—
r, ek

Vri= (VL OVH. VH):
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qV ::q OJ/r,

where yr,1_ is an isomorphism between Ay, and Ay_. The even lattices K+
are defined by K1 := (Si)ii- The quadratic forms —k4 in (3.2) are equal to
the discriminant forms of (L+ @ S+)”. Hence the sign reversing isometries give
VK. © gk — k+. Therefore we have the list (3.1).

The construction of the unimodular involution from the list. The invariants
(H+, vr|H., K+, yKk.), which are part of the list (3.1), determine primitive em-
beddings S+ — L+ with orthogonal complements K4, respectively, by [
Proposition 1.15.1]. Here Ly are the lattices with the discriminant forms =+g¢,
respectively. The diagonal set A C Ay, @ AL _ is the isotropic subgroup with re-
spect to g @ (—q). Hence we have an overlattice L of L @& L_. This lattice L
is unimodular since A is the diagonal set. The embedding Sy & S_ C Ly @ L_
extends to a primitive embedding i : § — L since y,|g, and y,|g_ extend to an
embedding y, : g, — ¢q. Since Ly are 2-elementary lattices, there exists an invo-
lution ¢ € O(L) such that ¢|,, =1 and ¢|,_ = —1 by [ Corollary 1.5.2].
We see that ¢p|s = 6. Therefore we have the unimodular involution with the con-
dition (S, 0).

The equivalence of the lists. This part is omitted in [ ]. Let (L, ¢,i) and
(L', ¢’,i") be the unimodular involutions with the condition (S, ) determined by
the lists (3.1) and (HL, q,.q’, v}, K., yl’q), respectively.

Assume that two lists determine isomorphic unimodular involutions. There ex-
ists f € Isom(L, L") such that f oi =i’ and ¢’ o f = f o ¢. It follows from ¢’ o
f = fo¢that finduces fi := f|r, € Isom(Ly, L) with fy oiy =1i/,, where
ir: Sy — Lyandi) : Sy — L/, are primitive embeddings induced by i and /',
respectively. Since f induces f|r,gs. = (f4,id) € Isom(L, L) x O(S_), so
does an isomorphism between (L, @ S_)" and (L, & S_)". Hence we have

H_=ps (Cp,s)=ps Ty s )=H.

and fy oy, lu_ = v/l H' » Where f4 is an isomorphism between ¢ and ¢’ induced
by fi.

Similarly, f induces an isomorphism between (L_ & S1)” and (L & S4)".
Hence we see that Hy = H} and f— o (yr,1_ 0 Vrlu,) = Y.L ©° yr/|er. From
f-ovLi =y o f+, wehave fyoy, = y,. Since (L4 & S_)" = (K_)}
and (L', @ S_)" = (K_ )i‘,, there exists ¥ _ with the condition by [ Corol-
lary 1.5.2]. Similarly, we have v with condition. It is clear that ¢ = ¢’ and
qr =4q;.

We show the contrary. Assume that H+ = H), ¢, = q|., ¢ = q’ and there exist
£ =&, €0(g) and Y1 € Isom(K, K;E) with conditions. Recall that invariants
(H+, vr|H., K+, yk.) determine primitive embeddings i : S+ — L4 with or-
thogonal complements K, where Ly are the lattices with discriminant forms
+q, respectively. Let 77 (resp. T>) be any lattice which is unique in its genus; and
furthermore, O(T1) — O(qr;) (resp. O(T2) — O(gr,)) is surjective and g7, = ¢
(resp. g7, = —q). Note that the existence of such lattices 7} and 75 follows from
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[ Theorem 1.14.2] by adding some unimodular lattices if necessary. From
g=¢q and K_ ~ K’ (resp. Ky >~ K’ ), we see that L_ and L”_ (resp. L and
L' ) are obtained as orthogonal complements of a primitive embedding 71 — L
(resp. Tp — Lj), where L (resp. L2) is a unimodular lattice with

signL1 =signL_ +sign T} =sign L’ +signT;
(resp. sign L, =sign L + sign 7> = sign L/+ +signT>).

Moreover, Tj is obtained as an orthogonal complement of a primitive embedding
T, — L3, where L3 is a unimodular lattice with

sign L3 = sign T1 + sign 5.

Hence there exists £ € O(—g) such that&_ o yry1, = vy, 084

Since O(T7) — O(qr,) = O(q) is surjective, there exists f1 € O(77) such that
fi=&..By& oy |y =y/|ly and H_ = H', it follows that (f1,id) € O(T}) x
O(S-) extends to an isomorphism

o (T1 & S)" — (T1 & S-)".

Note that the former (T} & S—_)" is equal to (K _)il, and the latter is equal to
(K" )JL-I. From the condition of _, it follows that (a1, ¥—) extends to an auto-
morphism

B1:Li— L.

Similarly, there exists an automorphism S : L, — L; such that 8|7, € O(—¢),
B2ls, =id and B2|k, = ¥+. Therefore we have the following commutative dia-
gram:

A AT, Ar, Ap,
/31|Ll \L& i‘l \L/SZILJr
Ay Ay Ar, AL’+

Hence (B2, . B1lL_) extends to an isomorphism g : L — L' with Boi =i" and
B o¢=¢ opB, which is the desired isomorphism. O

REMARK 3.5. In the proof of Theorem 3.4, we see that
Bz, = W4 DTk, s, /Tkys,.  BilL. =W, idITg 5 /Tk s

Moreover, if both lattices L are indefinite, then we can take 77 and T, as L4
and L_, respectively. Hence we see that

£ =0Tk, /Tks,, & =G idTg s /Tks. (33
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4. Classification
4.1. Involutions on Enriques Surfaces

Let Y be an Enriques surface and X be its covering K 3 surface with the covering
involution e. Consider an involution ¢ of Y. Then ¢ lifts to two involutions of X.
One of them acts on H O(X s Qz) trivially, which we denote by g. Then another
involutionist =goe=c¢cog.

The second cohomology group H>(X, Z) is an even unimodular lattice with
the signature (3, 19). Let S = {x € H*(X,Z) | g*(x) = —x}, where g* is the in-
volution of H 2(X , Z) induced by g. It is known that S is isomorphic to Eg(2) and
this does not depend on g [ ; ].

LEMMA 4.1. Let L be a unimodular lattice and S be a 2-elementary lattice. The
following are equivalent.

(1) There exists an involution o of L such that L) > S.
(2) There exists a primitive embedding S — L.

Proof. Assume (1). Since S = (L)L, it follows that the sublattice S is primitive
in L.

Assume (2). Let K = S+. Since S and K are 2-elementary lattices, there ex-
ists an involution o € O(L) such that ¢|x = 1 and «|s = —1 by [ Corol-
lary 1.5.2]. Since § is primitive in L, it follows that § = L 4. U

To classify ¢, it suffices to classify the pair of involutions (g*, £*) on the uni-
modular lattice H?(X,Z). By Lemma 4.1, giving the pair (g*, £*) is equivalent
to giving the involution ¢* on H?(X,Z) with the condition (S, #) for some 6.
Therefore we will first classify the condition 6 on S in Lemma 4.2 and then clas-
sify &* by using Theorem 3.4. The next subsection is devoted to the realization of
these statements.

4.2. Classification of Lattice Structure

We classify the unimodular involutions (L, ¢, i) with condition by applying The-
orem 3.4. Here we identify L = H*(X,Z), p =¢*, S={x e L | g*(x) = —x} =~
Eg(2),and i : S — H?(X,Z). In this case, it is known that

Ly >UQ2)® Es(2), L_~U®UQ2)® Eg(2)

and these do not depend on ¢ (cf. [BP]).

First we classify the action of ¢* on § in Lemma 4.2. This shows all possi-
bilities of the involution 6 of the condition (S, ). Ultimately, for each condition
(S, 6), we calculate and classify the list (3.1), that is,

(Hzl:y CIr» q’ J/r, K:l:v VKi)

The invariant g is ¢ = g1, = u’ in our case. In Lemmas and 4.6, we narrow

the possibilities of Hix down. To investigate y,., we prepare Hx in Definition
Finally, we classify the list (3.1) in Theorem
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LEMMA 4.2. Suppose that S = Eg(2) and 0 is an involution of S. Then the iso-
morphism class of (S+, S—) is determined by one of the following:

1 1
(S+<5>,S_(5>)=(Es,{0}>, (E7,A1), (Ds, AD), (Ds® Ay, A)),

(D4, Dy), (A}, AD, (A3, Ds® A1), (A3, Ds), (A1, E7), ({0}, Eg).

Proof. 1t suffices to prove the lemma for S (%) = Eg. Since 6 is an involution, it
follows that Sy are even 2-elementary lattices. By symmetry, we can assume that
the rank of Sy is at most 4. By [ Theorem 3.6.2], invariants (r, [, §) of St
are one of the following:

0,0,0), (1,1,1), (2,2,1), @G,3, 1), 441, &20).

We see that {0}, A, A%, A%, A‘]‘, and D4 have the above invariants, respectively,
and these lattices have exactly one class in their genus (cf. [ Remark 1.14.6]).
Hence S is one of them. It follows that S_ is obtained as an orthogonal comple-
ment to Sy in S. Interchanging Sy and S_, we obtain the claimed list. U

LEMMA 4.3. Suppose that S is one of the lattices in Lemma 4.2. Then there exists
a unique primitive embedding Sy — L.

Proof. Since S+(%) is an even negative definite lattice of rank at most 8 and

L+(%) ~ U @ Eg is a unimodular lattice of signature (1,9), the lemma follows
from [ Theorem 1.14.4]. O

COROLLARY 4.4. We have K ~ U (2) ® S_ in all cases. In particular, I's, g~
F[(+S+ .

Proof. Recall that Ly ~ U (2) @ Eg(2) and S ~ Eg(2). By Lemma 4.3, a primi-
tive embedding Sy — L is unique. Hence K = (S_s_)i+ is uniquely determined
as U(2) & S—. Therefore we see that

Ly
K+ (&) S+
N u2)es N S
TUQ®S-@Sy S @S-

Fk,.s, =

:F5+57. 0

LeEmMMA 4.5. Suppose that (S1, S—) is one of the pairs in Lemma 4.2. We have the
following about Hy:

() Ty CHy=18. /S, T_cH_cls_/s_.

(2) gs.la. =0 (mod Z).

(3) rank S_ — 1 Srank H_ <rank S_.

4) gs,Ir, (resp. gs_|r_) is a direct summand of qs_ |5, (resp. qs_|H_).

Proof. Since Si(%) are even lattices, we have Hy C %Si/Si. Let x € %S+.
From L+(%) ~ U @ Eg, we have x € Lj. Since L is unimodular, there exists
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y € L* such that x + y € L, which implies x + y € (S; @& L_)". Therefore
Hy=13S./S;.

Since y, : g, — q is an embedding and ¢ = u® =0 (mod Z), g, also satisfies
gr =0 (mod Z). Hence gs, |g, = grla. =0 (mod Z).

By K_ = (S_)J-i, we see that rank K_ =rank L _ —rank S_ = 12 —rank S_.
From (2.1), we see that

Ak ) =1(Aw, @5 )) 1AL s ) —21(Tr,s ) =10+ 1(As ) —21(TL,5.).
Obviously, [(As_) = rank S_. The primitivity of Ly in (L4 @& S-)" gives
[(T'p,s_)=1(H_) =rank H_. Therefore rank K _ > 1(Ag_) yields

12 —rank §_ = 10 +rank S_ — 2rank H_.

Hence we have (3).

Recall that (S, S-) is one of the pairs in Lemma 4.2. We can write Ag, =
(Z)27)° & (Z/4Z)" and g5 + = q2 @ q4, where g3 (resp. g4) is a finite quadratic
form on (Z/27) (resp. (ZJAZ)b). Since 'y = 2As, ={2x | x € Ag, }, we have
qs. v, = 2q4, where 2q4 denotes the finite quadratic form whose generators are
twice the size of those of g4. Since gs, |(1/2)s, /5, = g2 ® 294, we see that gg, |1,
is a direct summand of gs, |(1/2)s, /s, - Hence gg, |r, is also a direct summand of
qs, |, . The same proof works for gs_|r_. O

LEMMA 4.6. (1) Inthe cases S_(%) =FEg, E7, D, Da® A1, wehave 'y = Hy =

184/84.
(2) Inthe cases S_(}) = A}, A3, A3, Ay, {0}, we have T_ = H_ = 1S_/S_.

Proof. We give the proof only for the case S_— (%) = E7; the other cases are left to
the reader. In the case S_ (%) = E7, we have S+(%) = Aj. Hence we see that

b (S N, (B
+ =DPSs; S+@S7 = Psy A1) @ E7(2)

Eg
~ ————— | = A\, > 7Z/)27.
ps+<A1€BE7) A /

At the same time, we see that
1 1
584/S4 = 5 A1)/ A1) = Z/2L.
The lemma follows from Lemma (D). U

We consider the behavior of yy, : Hr — A Le- Note that

1 1
FKiSimAKi r

KiS+

1 ~
FKiSimAK:t: —AL:E'

FKiSi N AKi FKiSi
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DEFINITION 4.7. Let AK+ = FK 5 ﬂAK+ CAp, and Ag =T§ ¢ NAg_C
Ap_. The subgroups H_ of H_ and H+ of Hy are defined by

Ho:=y;'(Ak),  Hy=yy!(Ac).

We see that (ﬁ:, vH_|g ) and (If-I:, YH, |§;) determine (K4 @ S_)" and (S+ ®

K_)", respectively, since (Hz, yn.) determines (L+ @ Sx)”. It follows from
Corollary that I'y = ps, (', s, ). Therefore we have

r_cH CH.. (4.1)

From Theorem , if two unimodular involutions with the condition (S, 0)

determined by the lists (3.1) and (HY,q,.q’, v/, K/, )/I’(, ), respectively, are iso-
+

morphic, then there exist &4 € O(+q) and ¥+ € Isom(K4+, K/.) with conditions.

As stated in Remark 3.5, we have (3.3). It follows that
H. = If—z (resp.lfr-l\_;r = Aj_)
since (1//+, 1d)|FK S+/ FK+S+ (resp. (1// 1d)|Fl K5 / T'k_s_)induces an isomor-

phism between Ak, , and Ag K’ (resp. Ax_and Ag k' )- Hence we define the follow-
ing equivalence relation:

YHx ™ VHL

def . =5 =7
&5 there exists §+ € O(xq) such that§y oy = VH. and Hy = Hj_r.
The existence condition of &+ follows from Proposition 2.2. Thus we have a one-
to-one correspondence between {yn. }/~ and {Hx}.

LEMMA 4.8. We have an equality

|H_| _|H|
[H| |Hyl
Proof. It is easy to check that
Tr,s_ | Ts,r_|
Tkos | IDsx |

Since L+ and K4 are primitive in L,

ps_:Tp.s. —> H_, pg_:FK+S_—>I-7:
and
ps, :Ts,.— Hy, ps.:Us,xk_— Hy
are all bijective, which proves the lemma. O

LEMMA 4.9. Let he K}, ne S, veS* . If x+u+vel,then ie %KJF,
J7S %S+,UE %S_
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Proof. Let T be the primitive sublattice of L spanned by K & S_, thatis, T =
(K4 @ S_)". Since T is also the fixed part of the action of the involution (g o
€)* on L, it follows that L/(T & TH is a 2-elementary group. Hence we have
2(h4+v)+2u €T @ T, in particular 2,4 € T+ C L. Since S, is the primitive
sublattice of L, we see that 24 € ST N L C (S4); = S;. We thus get i € %SJF.
The rest of the proof is left to the reader. O

From this lemma, we see that
1 1
va_ (H-) C <§K+/K+ o §S+/S+)/FK+S+- 4.2)

LEMMA 4.10. We have I-FI\;E = H unless S+ = D4(2).

Proof. In the cases S_(3) = AT, A}, A2, Ay, {0}, it follows from (4.1) and Lem-

ma that H_ = H_. In the cases S,(%) = Eg, E7, Dg, D4 ® A1, we have
yu_ (o) = %S+/S+ (mod I'k, s, ) by Lemma 4.6. From (4.2), we see that H_ =
H_. It follows from Lemma 4.8 that H; = H. O

THEOREM 4.11. The unimodular involutions (L, ¢,i: S C L) such that

(1) L is the unimodular lattice with the signature (3, 19),

(2) ¢ is an involution with Ly ~U2) @ Es(2), L_~U & U(2) ® E3(2),

(3) S is isomorphic to Eg(2)

are classified into 18 types by the list (3.1) as in Table | and Table 2 in Theo-
rem

Proof. By Lemmas and , we calculate (H—, K+, yk,) for each (S, S-)
except the case S+ = D4(2). In the case S+ = D4(2), we have to calculate (H_,
1-7:, K+, yk.). We first calculate H_.

In the case S_ = Eg(2), we see that gs_|(1/2)s_/s. = u*. By Lemma 3),
rank H_ =8 or 7. For rank H_ = 8, we have H_ = lS,/S,. For rank H_ =17,
we have g5 | =u’ ®woru’ @z by Lemma 2).

In the case S_ = E7(2), we see that gs_|(1/2)s_/s_ = u? ® w and gs.r, =w.
By Lemma (3), rank H_ =7 or 6. Forrank H_ =7, we have H_ = lS_/S_.
Forrank H_ =6, wehave gs_|g_ = u’> @w? by Lemma (2) and (4) (note that
we have w @ z = w?). The same proof works for the cases S_ (%) =De,DsPA;.
So we omit it.

In the cases S,(%) = A‘l‘, A?, A%, Ay, {0}, we see thatgs_|g_ =qs_|a,2)s_/s_
by Lemma

We next deal with the case S+ = D4(2). We see that gs_|[(1/2)s_/s. =v @ z2
and gs, |r, = z2. By Lemma (3), rank H_ = 4 or 3. For rank H_ = 3, we
have gs_|p_ = w @ 22 by Lemma (2) and (4). From (4.1), we have gs_|5 =
w @ z2 or z2. For rank H_ = 4, we have H_ = lS_/S_. From (4.1), a candidate
for gs_|z is one of v ® 22, w @ 72, and z2. Here we claim that qs_lg = 72 is
impossible.
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Suppose that gs_| 7~ = z2. This yields H_ =T_.From Corollary 4.4, we have
K, =U(2) ® D4(2). Note that g, |(1/2)k, /K, =uDv D 72, Recall (4.2). Let

H =Gy ®H_,
1
51<+/1(+ =Gk, © pk,(Tk,s,),

1
§S+/S+ =Gs, ® ps, Tkys,),

where Gy_ (resp. Gk, Gs,) is a subgroup of H_ (resp. %K+/K+, %S+/S+)
whose quadratic form is v (resp. u @ v, v). It follows from H_ =T'_ and Corol-
lary 4.4 that

Ik,s. =Ts,s. =Tk,s,.

Hence we have
yi (H-) = pk, (Tk,s.) = pk, (Ck,s,) = ps, (Ck,s,)  (mod T'k,s,).
It follows from (4.2) that
vu_(Gu_) CGg, ®Gs,.
Let 0#£ x € Gy_. We see that
va_(x) € Gk, va_(x) € Gs,,

since we have H_ =T"_ C H_. Hence a nonzero element of yy_(Gpg_) is a sum
of nonzero elements of Gk, and Gy, . This contradicts the fact that the quadratic
form of Gy is v. Now we have Table 1.

We proceed to calculate K. From Corollary 4.4, we see that Ky = U (2) &
S_. By calculating (3.2) we have k_. From [ Theorem 1.14.2 and Corol-
lary 1.9.4], K_ is uniquely determined with the signature (2, 10 — rank S_) and
the discriminant form k_. Since these K4 are unique in their genus and O(K 1) —
O(gk.) are surjective, yk, are uniquely determined for each K. Therefore we
have Table 2. U

COROLLARY 4.12. There are 18 types of involutions on Enriques surfaces.

Proof. We saw that there are at most 18 lattice types by Theorem . Here
we show the converse, namely the existence of geometric involutions on some
Enriques surface for each type.

Let us pick a type from Tables | and 2, which determines a unimodular involu-
tion (L,¢,i: S C L). Using i, we regard S as a sublattice of L. By Lemma 4.1,
we get another involution o on L with L,y = S. Note that ¢ and « generate a
group isomorphic to the Klein group K.

Recall that K_ has the signature (2, 10 — rank S_). By an easy computation,
we can find an element w € K_ ¢ (¢ denotes the scalar extension) with w? =0,
oo > 0 such that for any / € K_ — {0} we have wl # 0. Then by the surjectivity of
the period map, there exists a marked K3 surface X with y : H 2(X ,Z) >~ L and
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H*%(X) ~ Cw by the identification y. By the construction, NS(X) is mapped
bijectively to the primitive closure of K @ Sy @ S_ inside L.

Next we look at the ample cone Ay C NS(X)g. It is one of the fundamental
domains of the reflection group W C O(NS(X)) generated by (—2)-elements,
acting on the positive cone (one component of {x € NS(X)r | x%> 0}). Since the
orthogonal complement of K inside y (N S(X)) is given by (S4 & S_)" =S ~
Eg(2), which contains no (—2)-element, we can find an element w € W such that
w(Ax) Ny~ (K4 R) # @. Then the pullback of the K4-action on L to H?(X, Z)
by yw preserves the intersection numbers, the Hodge structure and some ample
element; hence by the Torelli theorem [PS] we get a K4-action on the surface X.
By the condition L4 >~ U(2) & Eg(2), the pullback of ¢ corresponds to a fixed
point free involution ¢, and we get the Enriques surface Y = X /¢ with an action
by K4/(e), which determines an involution on Y as stated.

In the next section, we give projective realizations to these involutions. U

5. Examples

Our Theorem and Corollary achieve the classification of involutions on
Enriques surfaces in the abstract sense. In this section we construct examples of
involutions on Enriques surfaces. Additionally, we give the other invariants and
complete Theorem

We denote by ¢ an involution on an Enriques surface Y. The K 3-cover is de-
noted by X with the covering transformation €. The symplectic lift of ¢ to X is
denoted by g and the other nonsymplecticoneist =goe=c¢cog.

We first note that the fixed locus of 7,

X'={xeX|t(x)=x},
can be computed from Theorem via the following theorem.

THEOREM 5.1 [ Theorem 4.2.2]. Let t be a nonsymplectic involution of X,
andlet T = H*(X,2)"") . Since T is 2-elementary, the lattice T is determined by
invariants (r,1, 8) by Proposition 2.1. Then the fixed locus X* has the following
form.
C(g)LI]_[f-;lEi whereg:%andk:rz;l,
x*=1cPuc ifr =10,1=8,5 =0,
@ ifr=10,1=10,6 =0.

Here we denote by C'® and E; a nonsingular curve of genus g and a nonsingular
rational curve, respectively.

PROPOSITION 5.2. The invariant (r, 1, §) for each type in Table | is as in Table

Proof. We see that T = H%(X, VAL exactly the sublattice (K. @ S_)" =
(K+®S_)®Q)NL of L = H?*(X,Z). Therefore we get r = rank K +rank S_.
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Since T is 2-elementary, we have detT = 2! Tt follows from ps_ Tk, s) =

H_ that
. det(K+ @ S_) det(K; @ S_)
|[H-| =Tk, s_| = ~ = ; )
det(K+ ® S_) 2

From this equation we get /.

Next we compute the invariant §. In cases No. [4], [5], [8], [9], [15]-[17], the
invariants (r, /) already determine § uniquely by the existence condition for the
2-elementary hyperbolic lattices, see [ ]. In cases No. [1]-[3], [18], we have
that the parity of K4 @ S_ is zero, hence the overlattice 7 has parity zero, too.
In No. [6], we see from Table | that the length of H_is 6, which equals the rank
of S_. By straightforward computations, we see that the discriminant group of T
has elements of noninteger square, that is, we have § = 1 in this case. In No. [7],
we see that T has rank 8, signature (2, 6), and length 8. Therefore Tl(%) is an
integral unimodular lattice, which must be odd because of the signature. We get
T~ A (-1)?*@® ASandso§=1.

The remaining five cases, where rank S = rank S_ =4, are established by the
next two lemmas.

LEMMA 5.3. Assume that Sy = A1 (2)* and (r,1) = (10, 10). Then T = U (2) EBAEf
and § = 1.

Proof. Let Ky =UQR)®A1QR)*=UQR)® (e1) ®--- @ (es), where ¢; are gener-
ators of A1(2), respectively. Similarly, let

St=AQt=(e)) @ - @ (e)),

S-=A1) = (e]) @ @ (€]).
By ps. (T's;s.) =T_ = (e]/2) ® --- & (e} /2), elements of norm 1 (mod 27)
in I'_ are of the form either ¢}/2 or (¢} + ¢} + ¢/)/2. Hence y : I'y — T'—
maps ¢ /2 to either e/j/ /2 or (e/j’ + ¢/ +¢/)/2. In the former case, it contradicts
the fact that S = Eg(2) does not contain (—2)-vector. Similarly, the patching
ps, T'k,s,) = pk,. (ks ) maps el{/2 to (ej +ex +e)/2. Hence I'g, s con-
tains an element of the form

ei+ejterte +e, +e,
7 .

This element has norm (—6). The assumption (r, /) = (10, 10) yields that T(%) =

U®dEgorU & (—1)8. Since U & Eg does not contain (—3)-vector, we conclude
T=U@2 ®AS. O

LEMMA 5.4. Assume that S+ = D4(2). Then the parity § of T = (K4+ @ S_)" is
equal to 0.

Proof. By Corollary 4.4, we see that K, =U(2) @ D4(2). Let gg,. =u v &®
Fy=u® (e1, f1) ® (g1, h1), where (e1, f1) and (g1, h1) are generators of v and
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Fy, respectively. Similarly, let

gs, =v® F4 = (e2, f2) ® (2, h2),
gs. =v® Fy = (e3, f3) ® (g3, h3).

Recall that L, = U(2) ® Eg(2) and S = Eg(2). We see that I'g, s, = (2g1 +
2g2,2h1 + 2hy) and I's, s_ = (2g> + 2g3,2hy + 2h3). Hence 'k g_ contains
(2g1 + 2g3,2h1 + 2h3). This shows that T is an overlattice of U(2) & Eg(2).
Therefore the parity of T is equal to 0. O

This completes the proofs for all cases. U

5.1. Horikawa Constructions

The general construction is as follows.

PROPOSITION 5.5 [ V. 23]. Let Y be an involution on P! x P! given by
v (u,v) — (—u, —v), where u and v are inhomogeneous coordinates of P!,
respectively. Let B be a curve on P! x P! whose bidegree is (4,4) with at worst
simple singularities and which is preserved under . Assume that B does not
pass through any of the fixed points of . Then the minimal resolution X of the
double cover of P! x P! branched along B is a K 3 surface. Moreover, Vr lifts to
two involutions of X. One of them is a fixed point free involution ¢. In particular,
Y = X/¢ is an Enriques surface.

In this construction, the other lift of ¥ gives a symplectic involution g on X
and induces an involution ¢ on Y (namely the construction is always associated
with an involution on Y). The covering involution 7 of X/P! x P! is the same as
€ o g, which is a nonsymplectic involution of X. In what follows, we exhibit many
choices of branch B so that the resulting ¢ covers all involutions in Theorem
except for No. [13]. We remark that the condition for B to have the expected
number of components, types of singularities, and not to pass through the fixed
points of ¥ is Zariski open, so that we will always assume that the coefficients
(parameters) of the exhibited equation of B are general enough to satisfy these
conditions. Further remark is that by choosing very general coefficients, we can
assume that the resulting K3 surface X does not contain any accidental divisors.
This results in saying that the transcendental lattice Ty is isomorphic to the lattice
K_ in Table 3. (In other words, the transcendental lattice is just contained in K_
in not very general cases.) This way of choice is used in No. [11] and No. [12] in
order to compute transcendental lattices geometrically.

ExamPLE No. [1]. This example was constructed by Horikawa [Hor] and studied
by Dolgachev [Dol] and Barth—Peters [BP]. Here we give another construction
given by Mukai—Namikawa [MN].

Consider the following curves on P! x P! (Figure 1):

X+ u==l1, Yi: v=4=41,
E: Y’ —1+a1®> =D +a@—-1)=0 (g cC).
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P, Pl
!

Yy

Figure 1

Figure 2

Blow up P! x P! at the four intersection points of X4, Y4, and E. Let Fy 4+
be the exceptional curves over (%1, 1), respectively. Blow up again at the 12
intersection points of Fy 4 and the strict transforms of X4, Y4, and E. Let R
be the blown-up surface. We denote by X’,, Y., F} ., and E’ the strict trans-
forms of X4, Y4, Fi 1, and E, respectively. The configuration of curves in R
is given in Figure 2. Note that X',, Y/, and F} 4 are all (—4)-curves, and other
rational curves are all (—1)-curves. Let B’ =} (X, + YL + FL ;) + E’. The
K3 surface X is the double cover of R whose branch locus is B’. Since X* = B’
consists of one elliptic curve and eight rational curves, we see that (r,[) = (18, 2)
by Theorem 5.1. This is enough to conclude that this example belongs to No. [1]
by Table 2.

ExampLE No. [2]. This example was found by Kondo and overlooked in [ 1

(ctf. [ D.

Consider the following curves on P! x P! (Figure 3):

Xi: u==l1, Yi: v==£1,
Ci:uv—1+a(u—1)+a(xv—1)=0 (q; €C).

Blow up P! x P! at the ten intersection points of X4, Yy, and Cy. Let Fy
and F_ be the exceptional curves over (1, 1) and (—1, —1), respectively. Blow up
again at the six intersection points of F1 and the strict transforms of X, Y4, and
C+. Let R be the blown-up surface. We denote by X', Y}, C/,, and F the strict
transforms of X4, Y4, C4, and Fy, respectively. The configuration of curves in
R is given in Figure 4. Note that X/, , Y}, C’,, and F_ are all (—4)-curves, and the
others are all (—1)-curves. Let B’ =Y (X!, + Y\ + C/. + F/). The K3 surface
X is the double cover of R whose branch locus is B’. Since X™ = B’ consists of
eight rational curves, we see that (r,/) = (18, 4) by Theorem 5.1. Note that the
configuration of curves in X is the same as in Figure 4. We notice that the dual
graph of the continuous lines in Figure 5 is the Dynkin diagram of type E7 & A;.
Lete; (i =1,...,8) denote the cohomology classes of these curves. The images
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c,
vy

Figure 3 Figure 4

Figure 5

of these curves by ¢ are given by the dashed lines in Figure 5. Let M be the lattice
generated by ¢; — e*(¢;) (i =1,...,8). We see that M >~ E7(2) & A1(2) and
M C S_.For (e; —e*(e;))/2 € %M, there exists (e; +&*(e;))/2 € L such that

e, —&"(e;) ei+e*(e)
2 2

=e¢; €L.
It follows that

1

EM/S, C H_.

By calculation, we have qE3(2) |(1/2)(E7(2)€BA1 (2))/Es(2) = ul @ w. Therefore this is
the example of No. [2].

ExaMPLE No. [3]. This example was constructed by Lieberman.
Consider the following curves on P! x P! (Figure 6):

le:: MZ:]:I, YH:Z UZ:]:],
Xo4+: u==ay, Yoir: v==4ay (a; €C).
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Figure 8

Blow up P! x P! at the 16 intersection points of X4, X214, Y14, and Yoq.
Let R be the blown-up surface. We denote by X{ ., X/, Y{,,and Y, the strict
transforms of X1+, Xo4, Y14, and Y>4, respectively. The configuration of curves
in R is given in Figure 7. Note that X{,, X}, Y/, ,and Y, are all (—4)-curves,
and the others are all (—1)-curves. Let B’ =) (X, + X}, + Y|, +Y;,). The
K3 surface X is the double cover of R whose branch locus is B’. Since X* = B’
consists of eight rational curves, we see that (r, /) = (18, 4) by Theorem 5.1. Note
that the configuration of curves in X is the same as in Figure 7. We notice that the
dual graph of the continuous lines in Figure 8 is the Dynkin diagram of type Dg.
Lete; (i =1,...,8) denote the cohomology classes of these curves. The images
of these curves by ¢ are given by the dashed lines in Figure 8. Let M be the lattice
generated by ¢; — e*(e;) (i =1,...,8). We see that M >~ Dg(2) and M C S_.
Similarly to Example No. [2], we have %M /S— C H_. By calculation, we have
4Eg(2) |(1/2)(D8(2))/ES(2) =u’ @ z. Therefore this is the example of No. [3].

ExampLE No. [4]. Consider the following curves on P! x P! (Figure 9):
Xyt u==1, Yi: v=41,
E: iV’ —14a®>—D+a@*—D+auv—1)=0 (a €C).
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Figure 10
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Blow up P! x P! at the eight intersection points of X, Y4, and E. Let F
and F_ be the exceptional curves over (1, 1) and (—1, —1), respectively. Blow
up again at the six intersection points of F+ and the strict transforms of X4, Y,
and E. Let R be the blown-up surface. We denote by X/, Y}, F}, and E’ the
strict transforms of X4, Y+, Fy, and E, respectively. The configuration of curves
in R is given in Figure 10. Note that X/,, Y, and F are all (—4)-curves, and
other rational curves are all (—1)-curves. Let B’ = (X, + Y. + F.) + E’. The
K3 surface X is the double cover of R whose branch locus is B’. Since X* = B’
consists of one elliptic curve and six rational curves, we see that (r,]) = (16,4)
by Theorem 5.1. Therefore this is the example of No. [4].

ExampLE No. [5]. This example was studied by Mukai [ ] as the example of
numerically reflective involution.
Consider the following curves on P! x p! (Figure 11):

X4+: u==1, Yi: v==41,
Ci: uwvtaiutaw+az=0 (q; €C).

Blow up P! x P! at the 14 intersection points of X4, Y4, and C+. Let R be
the blown-up surface. We denote by X', Y|, and C/, the strict transforms of X+,
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Y4, and C4, respectively. The configuration of curves in R is given in Figure
Note that X/_, Y/, and C/_ are all (—4)-curves and the others are all (—1)-curves.
Let B'=) (X!, + Y, + C/). The K3 surface X is the double cover of R whose
branch locus is B’. Since X® = B’ consists of six rational curves, we see that
(r,1) = (16, 6) by Theorem 5.1. Therefore this is the example of No. [5].

ExaMPLE No. [6]. Consider the following curves on P! x P! (Figure 13):
X+: u==I1, Yi: v=4=1,
E: u*? +a1u2 + a2v2 +asuv+as =0 (a; €C).

Blow up P! x P! at the 12 intersection points of X+, Y4, and E. Let R be the
blown-up surface. We denote by X/, Y, and E’ the strict transforms of X4, Y,
and E, respectively. The configuration of curves in R is given in Figure 14. Note
that X',, Y} are all (—4)-curves and other rational curves are all (—1)-curves.
Let B’ =) (X +Y.)+ E'. The K3 surface X is the double cover of R whose
branch locus is B’. Since X* = B’ consists of one elliptic curve and four rational
curves, we see that (r,[) = (14, 6) by Theorem 5.1. Therefore this is the example
of No. [6].

ExaMpLE No. [7]. Consider the following curves on P! x P! (Figure 15):

Yi: v=4=1, Cy: uzv:I:uv:I:alu2+a2u—|—a3v:I:a4=O (a; € C).

Blow up P! x P! at the 12 intersection points of Y+ and C. Let R be the
blown-up surface. We denote by Y/ and C’, the strict transforms of Y and Cx,
respectively. The configuration of curves in R is given in Figure 16. Note that
Y\ and C/, are all (—4)-curves and the others are all (—1)-curves. Let B’ =
> (YL + CL). The K3 surface X is the double cover of R whose branch locus is
B’. Since X = B’ consists of four rational curves, we see that (r, 1) = (14, 8) by
Theorem 5.1. Therefore this is the example of No. [7].

ExaMpLE No. [8]. Consider the following curves on P! x P! (Figure 17):
Yi: v=4=I1,
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E: 112(144 + a1u2 +ap) + 2a3uv(u2 —ag) + as(u2 — a4)2 =0 (a; €C).

Note that E has two nodes at (u, v) = (£./a4, 0).

Blow up P! x P! at the eight intersection points of Y. and E and at two nodes
of E. Let R be the blown-up surface. We denote by Y and E’ the strict trans-
forms of Y1 and E, respectively. The configuration of curves in R is given in
Figure 18. Note that Y are (—4)-curves and other rational curves are all (—1)-
curves. Let B’ =Y +Y’ + E’. The K 3 surface X is the double cover of R whose
branch locus is B’. Since X© = B’ consists of one elliptic curve and two rational
curves, we see that (r,[) = (12, 8) by Theorem 5.1. Therefore this is the example
of No. [8].

ExaMPLE No. [9]. Consider the following curves on P! x P! (Figure 19):
Cy: VW’ taju+ar) £2a30u F as)? + as(u F a)?=0 (a; €C).

Note that C1 and C_ have a node at (u, v) = (a4, 0) and (—a4, 0), respectively.
Blow up P! x P! at the eight intersection points of C+ and at two nodes of
C+. Let R be the blown-up surface. We denote by C’, the strict transforms of Cx.,
respectively. The configuration of curves in R is given in Figure 20. Note that
C’. are (—4)-curves and the others are all (—1)-curves. Let B’ = C/_ + C’_. The
K3 surface X is the double cover of R whose branch locus is B’. Since X' =
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B’ consists of two rational curves, we see that (r, 1) = (12, 10) by Theorem
Therefore this is the example of No. [9].
ExaMpLE No. [10]. Consider the following curves on P! x P! (Figure 21):
Yi: v==1,
C: vz(u4 +u®+ ay) + vu(a2u2 +a3) + a4u4 + a5u2 +a6=0 (a; €C).
Blow up P! x P! at the eight intersection points of Y and C. Let R be the
blown-up surface. We denote by Y and C’ the strict transforms of Y4 and C,
respectively. The configuration of curves in R is given in Figure 22. Note that
Y., are (—4)-curves and other rational curves are all (—1)-curves. Let B’ =Y +
Y’ + C’. The K3 surface X is the double cover of R whose branch locus is B’.
Since X* = B’ consists of a curve of genus 3 and 2 rational curves, we see that
(r,1) = (10, 6) by Theorem 5. 1. Therefore this is the example of No. [10].
ExaMpLE No. [11]. Consider the following curves on P! x P!:
E: uv? +u2+a1v2+a2uv+a3 =0,
Er: u*v?> + v +aau® +asuv+ag=0 (a; €C).

Then E; are smooth elliptic curves preserved by v (Figure 23).
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Blow up P! x P! at the eight intersection points of E1 and E». Let R be the
blown-up surface. We denote by E| and E), the strict transforms of E| and E,
respectively. Let B’ = E| + E. The K3 surface X is the double cover of R whose
branch locus is B’. Since X* = B’ consists of two elliptic curves, we see that
(r,1,8) = (10, 8,0) by Theorem 5.1. To see which No. this example belongs to,
we discuss as follows.

The involution ¥ of P! x P! lifts to the rational elliptic surface R/P' and it
acts on the base P! trivially. Hence, by choosing a zero-section, it corresponds
to a translation by a 2-torsion section o. In this case, the Horikawa construction
corresponds exactly to the quadratic twist construction discussed in [ ; HST:
the free involution ¢ is the lift of the translation automorphism. We remark that
generically the elliptic surface R has eight singular fibers 4/ + 41; (Kodaira’s
notation).

Here we consider a deformation of the K3 surface X. Fix the rational elliptic
surface R. We move the branch locus B = E| + EJ, the union of two smooth
fibers, to Bi, the union of one I, fiber plus one smooth fiber. We denote by X
the smooth K 3 surface obtained by the double cover branched along B and then
taking the minimal desingularization. Since only rational double points appear in
the construction, X and X are connected by a smooth deformation by the si-
multaneous resolution. Now X has also an Enriques quotient Y7 by the quadratic
twist construction. By definition of B}, the main invariant of 7; on X is (12, 8, 1)
and the associated involution on Y7 has type [8]. We recall that a specialization
of K3 surfaces X ~» X exists if and only if their transcendental lattices satisfy
Tx, C Tx. Recall that when we consider very general cases, the transcendental
lattice is isomorphic to K_ as remarked in sentences before Example No. [1].
Since the lattice K_ >~ U(2) & U(2) @ D4(2) of type [12] does not contain the
summand U of type [8], we see that our example belongs to No. [11].

ExampLE No. [12]. Consider the following curves on P! x P!:
E.: 1)2(142 +au+ap) £ v(u2 + azu +aq) + (u2 tasu+ag) =0 (a; €C).

Then E. are elliptic curves which are exchanged by v (Figure 24).
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Blow up P! x P! at the eight intersection points of E+. Let R be the blown-
up surface. We denote by E'_ the strict transforms of E4, respectively. Let B’ =
E' + E’ . The K3 surface X is the double cover of R whose branch locus is B’.
Since X = B’ consists of two elliptic curves, we see that (r, [, §) = (10, 8, 0) by
Theorem 5.1. To check that they correspond to No. [12] in this case, we discuss
as follows.

We remark that case No. [9] is a specialization of our family: it is exactly the
case where both E4 acquire a node. Thus we can regard the K3 surface X in
No. [9] as a special member of a smooth deformation with general fiber X from
our family No. [12]. Here, the two elliptic curves E', deform into the sums of two
rational curves Fy + F/, where (F?) = ((F}.)?) = —2 and (Fx, F/.) =2 (double
sign corresponds).

Moreover, since the formation of ¢ is preserved in this specialization, our de-
formation is in fact a family of K3 surfaces equipped with free involutions & on
X and gp on Xg. By the theory of period maps, we have an inclusion NS(X) C
N S(Xp). The orthogonal complement of this inclusion is generated by the (—4)-
vector F; — F_, and the overlattice structure of NS(Xo) D NS(X)®Z{(F. —F_)
is given by

Fi+F_ F—F_
=72 T3

(Here we have used that (F + F_) € H2(Xp)% = H2(X)? Cc NS(X), the equal-
ity in the middle holds since the deformation is with involutions.) Hence, un-
der the condition of being very general as in No. [11], we get det NS(Xq) =
det NS(X) -4/2% = det N S(X). Thus, for transcendental lattices, we getdetTy =
detTx, = 210 (type [9]). Therefore our example belongs to No. [12].

Fy

€ NS(Xo).

ExAMPLE No. [14]. We need an irreducible curve on P! x P! which has eight
nodes and is stable under i, but it seems not easy to construct them in a direct
way. The following construction is due to H. Tokunaga.

Let By be a smooth irreducible divisor of bidegree (2, 2) to which the four lines
u =0, 0o; v =0, oo are tangent. We remark that, in general, if a divisor is tangent
to the branch curve (with local intersection number 2), then by pulling back to
the double cover, the divisor acquires a node at the point of tangency. Thus in
our case the following construction works: We consider the two self-morphisms
Y1 (u,v) = (u?,v) and Yo @ (u,v) = (u,v?) of P! x P!, Then the pullback
Cs := (Y1 o ¥2)*(Bp) has bidegree (4, 4) with eight nodes and is stable under
(Figure 25).

For example, we can exhibit the equation for Cg as follows:

(02u4 +2chu’ + 132)1)4 + (2cam4 +du®+ 2b)v2 + (a2u4 +2au®+1)=0.

Blow up P! x P! at eight nodes of Cg. Let R be the blown-up surface. We
denote by Cg the strict transforms of Cg. The K3 surface X is the double cover
of R whose branch locus is Cg. Since X* = Cj is an elliptic curve, we see that
(r,1,8) = (10,10, 1) by Theorem 5.1. Therefore this is the example of No. [14].
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ExaMPLE Nos. [15]-[18]. Let Co; (i =0, 1,2, 3) be irreducible curves on P! x
P! whose bidegree is (4, 4) with 2i nodes, respectively.

Blow up P! x P! at 2i nodes of Cy;. Let Ry; be the blown-up surface. We
denote by C éi the strict transforms of C»;. The K3 surface X»; is the double cover
of Ry; whose branch locus is Cér Since X3, = Céi is a curve of genus 9 — 2i, we
see that (r,]) = (2i + 2, 2i 4+ 2) by Theorem 5.1. Therefore the cases i = 3, 2, 1,
and 0 are the examples of No. [15], [16], [17], and [18], respectively.

5.2. Enriques’ Sextics

The non-normal sextic surface in P?, which is singular along the six edges of a
tetrahedron, is a model of an Enriques surface, the one first considered by En-
riques himself. In fact its normalization gives a smooth Enriques surface, see
[GH]. By setting the tetrahedron as xyzt = 0, we have the general equation of
such surfaces

q(x,y,z,t)xyzt + (xzyzz2 +x2y2t2 +x272% + y 2% =0
where ¢ is a quadratic equation. By considering various linear actions on P>, we
can get many examples of involutions on Enriques surfaces. The most important
for us among them is the following example exhibiting No. [13].

ExAMPLE No. [13]. Let us consider the involution ¢ : (x :y:z:f) > (y:x:7:2)
on 3. The general equation of invariant Enriques’ sextic Y is of the form

(al(x2 + ) +ar(2® + 1) + azxy + aszt + as(xz + yt) + ag(xt + yz))xyzt
+ (222 2y a2 2 =0
where a; € C are general. Then the normalization Y is a smooth Enriques surface
with the induced action by .

Let us show that they belong to No. [13]. Since in this case t is also fixed point
free, this is equivalent to saying that the fixed locus ¥ ' is a finite set. Moreover
since the normalization ¥ — Y is a finite morphism, it suffices to show that Y'is
a finite set. However, this set is the intersection of Y with the fixed locus in P?,
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{x=y,z=t}U{x+y =0, z+1t = 0}. Since the general element does not contain
these lines, the intersection is a finite set as desired.
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