
Michigan Math. J. 63 (2014), 159–188

Classification of Involutions on Enriques Surfaces

Hiroki Ito & Hisanori Ohashi

Abstract. We present the classification of involutions on Enriques
surfaces. We classify them into 18 types with the help of lattice theory
due to Nikulin. We also give geometric realizations to all types.

1. Introduction

An Enriques surface Y is a compact complex surface satisfying the following
conditions:

(1) the geometric genus and the irregularity vanish,
(2) the bi-canonical divisor on Y is linearly equivalent to 0.

Every Enriques surface Y is the quotient of a K3 surface X by a fixed point free
involution ε. In this work, we give the classification of involutions on Enriques
surfaces.

Given an involution ι on Y , we get two lifted involutions g and τ on X, which
together with ε form an action by the Klein four-group K4 � (Z/2Z)2. Here g

is the so-called symplectic or Nikulin involution, namely which acts on the space
H 0(X,�2) trivially. The other two act nonsymplectically. Conversely, if an ac-
tion by K4 on X contains a fixed point free involution ε, then the group K4/〈ε〉
determines an involution on Y = X/ε. Therefore our problem is equivalent to the
classification of such K4-actions.

By the Torelli theorem [PS], group actions on K3 surfaces are determined
by the representation on the second cohomology group H 2(X,Z), which has the
natural structure of a unimodular lattice given by the cup product. To classify
K4-actions, we use the theory of classification of involutions of a lattice with
condition on a sublattice, due to V. V. Nikulin [Nik4] (see Section 3 for a review
and notation).

Let S be a fixed lattice and θ be an involution of S. In [Nik4], the determining
condition of a triple (L,φ, i) with the condition (S, θ) satisfying the following
commutative diagram is given.

L
φ

L

S
θ

i

S

i
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Here L is a unimodular lattice, φ is an involution of L, and i : S → L is a prim-
itive embedding. To investigate (L,φ, i), we use the following invariants: Let
L± = {x ∈ L | φ(x) = ±x} and S± = {x ∈ S | θ(x) = ±x}. From the primitive
embedding i : S → L, we get primitive embeddings i± : S± → L±. Hence we
have the orthogonal complements K± = (S±)⊥L± and images of the projection

H− = pS−

(
(L+ ⊕ S−)∧L
L+ ⊕ S−

)
⊂ AS− ,

H̃− = pS−

(
(K+ ⊕ S−)∧L
K+ ⊕ S−

)
⊂ H−,

where AS− is the discriminant group of S− and M∧
L denotes the primitive closure

of M inside L (see Section 2).
We apply this theory as L = H 2(X,Z), S = {x ∈ H 2(X,Z) | g∗(x) = −x},

and φ = ε∗. The notation k− will be introduced in Section 3, (3.2). We also deter-
mine the geometric invariant (r, l, δ), the main invariant of the involution τ , and
the topology of the fixed curves in Y ι in Section 5. The following tables describe
our main result.

Theorem 1.1. Involutions of Enriques surfaces are classified into 18 types as
shown in Tables 1–3.

In Table 1, the blank entry in qS−|H̃− stands for the same as qS−|H− .

The Enriques surface of type [1] was constructed by Horikawa [Hor] and stud-
ied by Dolgachev [Dol] and Barth–Peters [BP]. Type [2] was found by Kondo
[Kon] and constructed generally by Mukai [Muk1]. Type [3] was constructed by
Lieberman (cf. [MN]). The Enriques surfaces of type [1]–[3] were studied by
Mukai–Namikawa [MN] and Mukai [Muk1] in the context of numerically triv-
ial involutions. Moreover, type [5] was studied by Mukai [Muk2] as numerically
reflective involutions.

Remark 1.2. Geometrically, K− corresponds generically to the transcendental
lattice of X, see the proof of Corollary 4.12. It might be noteworthy to point
out that in type [2] and [3], type [10] and [11], type [12] and [13], respectively,
we have isomorphic K−. Thus the corresponding K3 surfaces are isomorphic.
However, note that this isomorphism does not respect the K4-action. It seems to
be a difficult question whether there exists a model of X on which the two K4-
actions are both projectively realizable.

In Section 2 we collect some basic definitions and notation of lattice theory. In
Section 3 we introduce Nikulin’s theory [Nik4]. Using this, we classify the lattice
structure of involutions in Section 4. We determine the lattices S±, K± and forms
qS−|H− , qS−|H̃− , k− there. In Section 5 we give the models and other geometric
invariants in Table 3, and thus complete Theorem 1.1.
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Table 1 Invariants and the model

No. S+( 1
2 ) S−( 1

2 ) qS−|H− qS−|H̃− Horikawa model

[1] {0} E8 u4

[2] {0} E8 u3 ⊕ w

[3] {0} E8 u3 ⊕ z

[4] A1 E7 u3 ⊕ w

[5] A1 E7 u2 ⊕ w2

[6] A2
1 D6 u2 ⊕ w2

[7] A2
1 D6 u ⊕ w3

[8] A3
1 D4 ⊕ A1 u ⊕ w3

[9] A3
1 D4 ⊕ A1 w4

[10] D4 D4 v ⊕ z2

[11] D4 D4 v ⊕ z2 w ⊕ z2

[12] D4 D4 w ⊕ z2

[13] D4 D4 w ⊕ z2 z2 (see Subsection 5.2)

[14] A4
1 A4

1 w4

[15] D4 ⊕ A1 A3
1 w3

[16] D6 A2
1 w2
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Table 1 Continued

No. S+( 1
2 ) S−( 1

2 ) qS−|H− qS−|H̃− Horikawa model

[17] E7 A1 w

[18] E8 {0} –

Table 2 Further invariants

No. k− K− K+
[1] u U ⊕ U(2) U(2) ⊕ E8(2)

[2] u2 U(2) ⊕ U(2) U(2) ⊕ E8(2)

[3] u2 U(2) ⊕ U(2) U(2) ⊕ E8(2)

[4] u ⊕ 〈−1
4 〉 U ⊕ U(2) ⊕ A1(2) U(2) ⊕ E7(2)

[5] u2 ⊕ 〈−1
4 〉 U(2) ⊕ U(2) ⊕ A1(2) U(2) ⊕ E7(2)

[6] u ⊕ 〈−1
4 〉2 U ⊕ U(2) ⊕ A1(2)2 U(2) ⊕ D6(2)

[7] u2 ⊕ 〈−1
4 〉2 U(2) ⊕ U(2) ⊕ A1(2)2 U(2) ⊕ D6(2)

[8] u ⊕ 〈−1
4 〉3 U ⊕ U(2) ⊕ A1(2)3 U(2) ⊕ D4(2) ⊕ A1(2)

[9] u2 ⊕ 〈−1
4 〉3 U(2) ⊕ U(2) ⊕ A1(2)3 U(2) ⊕ D4(2) ⊕ A1(2)

[10] u ⊕ v ⊕ F4 U ⊕ U(2) ⊕ D4(2) U(2) ⊕ D4(2)

[11] u ⊕ v ⊕ F4 U ⊕ U(2) ⊕ D4(2) U(2) ⊕ D4(2)

[12] u2 ⊕ v ⊕ F4 U(2) ⊕ U(2) ⊕ D4(2) U(2) ⊕ D4(2)

[13] u2 ⊕ v ⊕ F4 U(2) ⊕ U(2) ⊕ D4(2) U(2) ⊕ D4(2)

[14] u ⊕ 〈 1
4 〉4 U ⊕ U(2) ⊕ A1(2)4 U(2) ⊕ A1(2)4

[15] u2 ⊕ 〈 1
4 〉3 U ⊕ U(2) ⊕ D4(2) ⊕ A1(2) U(2) ⊕ A1(2)3

[16] u3 ⊕ 〈 1
4 〉2 U ⊕ U(2) ⊕ D6(2) U(2) ⊕ A1(2)2

[17] u4 ⊕ 〈 1
4 〉 U ⊕ U(2) ⊕ E7(2) U(2) ⊕ A1(2)

[18] u5 U ⊕ U(2) ⊕ E8(2) U(2)

The authors wish to express their gratitude to Professor Kondo for suggestions
to this problem and many stimulating conversations. We are grateful to Professor
Tokunaga for the construction of the curve in Example No. [14].

2. Preliminaries

Our main tool is lattice theory. Here we recall some definitions and notations.
A lattice is a pair (L, (·, ·)), where L is a free Z-module of finite rank and

(·, ·) is a nondegenerate integral symmetric bilinear form on L. We abbreviate
(L, (·, ·)) to L. We write signL for the signature of L. We denote by L(m) the
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Table 3 Geometric invariants

No. (r, l, δ) Fixed curves (K−)

[1] (18,2,0) C(1) + 4P1 U ⊕ U(2)

[2] (18,4,0) 4P1 U(2) ⊕ U(2)

[3] (18,4,0) 4P1 U(2) ⊕ U(2)

[4] (16,4,1) C(1) + 3P1 U ⊕ U(2) ⊕ A1(2)

[5] (16,6,1) 3P1 U(2) ⊕ U(2) ⊕ A1(2)

[6] (14,6,1) C(1) + 2P1 U ⊕ U(2) ⊕ A1(2)2

[7] (14,8,1) 2P1 U(2) ⊕ U(2) ⊕ A1(2)2

[8] (12,8,1) C(1) + P1 U ⊕ U(2) ⊕ A1(2)3

[9] (12,10,1) P1 U(2) ⊕ U(2) ⊕ A1(2)3

[10] (10,6,0) C(2) + P1 U ⊕ U(2) ⊕ D4(2)

[11] (10,8,0) C
(1)
1 + C

(1)
2 U ⊕ U(2) ⊕ D4(2)

[12] (10,8,0) C(1) U(2) ⊕ U(2) ⊕ D4(2)

[13] (10,10,0) ∅ U(2) ⊕ U(2) ⊕ D4(2)

[14] (10,10,1) C(1) U ⊕ U(2) ⊕ A1(2)4

[15] (8,8,1) C(2) U ⊕ U(2) ⊕ D4(2) ⊕ A1(2)

[16] (6,6,1) C(3) U ⊕ U(2) ⊕ D6(2)

[17] (4,4,1) C(4) U ⊕ U(2) ⊕ E7(2)

[18] (2,2,0) C(5) U ⊕ U(2) ⊕ E8(2)

lattice (L,m(·, ·)) for a given lattice (L, (·, ·)) and m ∈ Q. L is called even if
(x, x) ∈ 2Z for all x ∈ L. For a lattice L, we have an injective homomorphism
α : L → L∗ = Hom(L,Z) defined by x 
→ (x,−). L is called unimodular if α is
bijective. Let U (resp. 〈n〉) denote the rank 2 (resp. rank 1) lattice given by the
matrix (

0 1
1 0

) (
resp.

(
n
))

.

The root lattices Al , Dm, En are considered to be negative definite.
A finite quadratic form is a triple (A,b, q), where A is a finite abelian group,

b : A × A → Q/Z is a symmetric bilinear form, and q is a map q : A → Q/2Z
satisfying the following conditions:

(1) q(na) = n2q(a) for all n ∈ Z, a ∈ A;
(2) q(a + a′) ≡ q(a) + q(a′) + 2b(a, a′) (mod 2Z) for all a, a′ ∈ A.

A finite quadratic form is called nondegenerate if b is nondegenerate. An element
x ∈ A is called characteristic if b(x, a) ≡ q(a) (mod Z) for all a ∈ A. We ab-
breviate (A,b, q) (resp. b(a, a′), q(a)) to (A,qA) or just qA (resp. aa′, a2). We
denote by w (resp. z) the finite quadratic form on Z/2Z whose value is 1 (resp. 0).
Note that w and z are degenerate as finite quadratic forms.
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The discriminant (quadratic) form of an even lattice L is a nondegenerate finite
quadratic form (AL,bL, qL), where AL := L∗/L, bL(x̄, ȳ) = (x, y) (mod Z),
and qL(x̄) = (x, x) (mod 2Z). We denote by u (resp. v, 〈 1

n
〉) the associated dis-

criminant form of the lattice U(2) (resp. D4, 〈n〉). We often use the following
discriminant forms:

(L,qL) =
(

A1(2),

〈−1

4

〉)
, (D4(2), v ⊕ F4),(

D6(2), u2 ⊕
〈

1

4

〉2)
,

(
E7(2), u3 ⊕

〈
1

4

〉)
, (E8(2), u4),

where un denotes the direct sum of n copies of u and F4 denotes(
(Z/4Z)2,

(
1
2

1
4

1
4

1
2

))
.

An embedding i : S → L of lattices is called primitive if L/i(S) is free. Two
primitive embeddings i : S → L and i′ : S → L′ are called isomorphic if there
exists f ∈ Isom(L,L′) such that f ◦ i = i′. Let S be a sublattice of L. We define
the sublattices

S⊥ := {x ∈ L | (x, y) = 0 ∀y ∈ S},
S∧ := (S ⊗Q) ∩ L

of L called the orthogonal complement to S and the primitive closure of S inside
L, respectively. When we emphasize L, we write S∧

L for S∧. Let T be a sublattice
of L orthogonal to S. We write


ST := (S ⊕ T )∧

S ⊕ T
.

Let M and N be even lattices, and let M → N be an embedding. Then N is
called an overlattice of M if N/M is a finite abelian group. Let l(A) denote the
minimal number of generators of an abelian group A. Note that

rankM � l(AM), l(AN) � l(AM) − 2l

(
N

M

)
(2.1)

for a lattice M and an overlattice N of M .
A lattice M is called 2-elementary if AM = M∗/M is a 2-elementary group

(Z/2Z)a .

Proposition 2.1 [Nik2, Theorem 3.6.2]. The isomorphism class of an even hy-
perbolic 2-elementary lattice M is determined by the invariants (r, l, δ), where r

is the rank of M , l is the minimal number of generators of AM , and δ is the parity
of qM , that is,

δ =
{

0 if qM(x) ≡ 0 (mod Z) for ∀x ∈ AM,

1 otherwise.



Classification of Involutions on Enriques Surfaces 165

Let L be a lattice and σ be an involution of L. Write

L〈σ 〉 = {x ∈ L | σ(x) = x},
L〈σ 〉 = (L〈σ 〉)⊥ = {x ∈ L | σ(x) = −x}.

Note that if L is unimodular, then L〈σ 〉 and L〈σ 〉 are 2-elementary lattices.
The next proposition is the analogue of Witt’s theorem.

Proposition 2.2 [Nik4, Proposition 1.9.2]. Let q be a finite quadratic form on a
finite 2-elementary group Q whose kernel is zero, that is,

{x ∈ Q | q(x) ≡ 0 (mod 2Z) and x ⊥ Q} = {0},
where x ⊥ Q means q(x + y) − q(x) − q(y) ≡ 0 (mod 2Z) for ∀y ∈ Q. Let
f : H1 → H2 be an isomorphism of two subgroups of Q that preserves the re-
strictions q|H1 and q|H2 and that maps the elements of the kernel and the char-
acteristic elements of the bilinear form q into the same sort of elements if they
belong to H1. Then f extends to an automorphism of q .

3. Involutions of a Lattice with Condition on a Sublattice

In this section we introduce the theory of involutions of a lattice with condition
on a sublattice due to Nikulin [Nik4]. See [Nik4, Section 1] for more details.

Definition 3.1 [Nik4, Definition 1.1.1]. By a condition on an involution we
understand a pair (S, θ), where S is a nondegenerate lattice and θ is an involution
of S.

Remark 3.2. In [Nik4], a condition on an involution is defined as a triple (S, θ,

G), where S is a (possibly degenerate) lattice, θ is an involution of S, and G ⊂
O(S, θ) is a distinguished subgroup of the normalizer of θ in O(S). In this paper,
we assume that G = {idS}.
Definition 3.3 [Nik4, Definition 1.1.2]. By a unimodular involution with the
condition (S, θ), we understand a triple (L,φ, i), where L is a unimodular lattice,
φ is an involution of L, and i : S → L is a primitive embedding satisfying φ ◦ i =
i ◦ θ .

Two unimodular involutions (L,φ, i) and (L′, φ′, i′) with the condition (S, θ)

are called isomorphic if there exists an isomorphism f : L → L′ with φ′ ◦ f =
f ◦ φ and f ◦ i = i′.

Let S± = {x ∈ S | θ(x) = ±x}. We denote the natural projections S/(S+ ⊕S−) →
AS± by pS± and their images pS±(S/(S+ ⊕ S−)) ⊂ AS± by 
±. Let γ := pS− ◦
p−1

S+ : 
+ → 
−. We write 
γ = S/(S+ ⊕ S−) since

S

S+ ⊕ S−
= {(x, y) ∈ 
+ × 
− | y = γ (x)}

is the graph of γ .
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Theorem 3.4 [Nik4, Theorem 1.3.1]. Any unimodular involution with the condi-
tion (S, θ) is determined by the 9-tuple (“the list”)

(H±, qr , q, γr ,K±, γK±), (3.1)

where H± are subgroups with 
± ⊂ H± ⊂ (S∗± ∩ 1
2S±)/S±, qr is a finite qua-

dratic form on the 2-elementary group (H+ ⊕ H−)/
γ with qr |H± = ±qS±|H± ,
q is the isomorphism class of a nondegenerate 2-elementary finite quadratic form,
γr : qr → q is an embedding of forms, K± are even lattices, and γK± : qK± → k±
are isomorphisms of forms. Here k± are defined by

k± = ((−qS± ⊕ ±q)|
⊥
γr |H±)


γr |H±
, (3.2)

where 
γr |H± are the graphs of the embeddings H± → q induced by γr . Following
the original translation of Nikulin’s paper [Nik4], we call this 9-tuple the list
hereafter.

Two lists (3.1) and (H ′±, q ′
r , q

′, γ ′
r ,K

′±, γ ′
K ′±

) determine isomorphic unimodu-

lar involutions with the condition (S, θ) if and only if H± = H ′±, qr = q ′
r , q =

q ′, and there exist isomorphisms ξ ∈ O(q) and ψ± ∈ Isom(K±,K ′±) such that
ξ ◦ γr = γ ′

r and (id, ξ)|k± ◦ γK± = γ ′
K ′±

◦ ψ±, where (id, ξ)|k± are isomorphisms

between k± and k′± induced by id ∈ O(qS±) and ξ , and ψ± are isomorphisms
between qK± and qK ′± induced by ψ±.

Proof. We divide the proof of this theorem into three parts as follows.

(1) The construction of the list (3.1) from the unimodular involution with the
condition (S, θ).

(2) The construction of the unimodular involution with the condition (S, θ) from
the list (3.1).

(3) The equivalence of the lists (3.1) and (H ′±, q ′
r , q

′, γ ′
r ,K

′±, γ ′
K ′±

).

The construction of the list from the unimodular involution. Let (L,φ, i) be a
unimodular involution with the condition (S, θ). We write

L± = {x ∈ L | φ(x) = ±x}.
Define q := qL+ . The primitive embedding i : S → L defines primitive embed-
dings i± : S± → L±. Hence we define 2-elementary groups

H± := pS±(
L∓S±) ⊂
(

S∗± ∩ 1

2
S±

)/
S±.

Note that both projections pS± are injective, since the embeddings i± are primi-
tive. The group 
L−S+ (resp. 
L+S− ) is the graph of an injective homomorphism

γH+ : H+ → AL− (resp. γH− : H− → AL+).

Note that the notation of γH± is slightly different from that of [Nik4]. We define
the embedding of forms γr and the quadratic form qr on (H+ ⊕ H−)/
γ as

γr := (γ −1
L+L− ◦ γH+ , γH−) : H+ ⊕ H−


γ

→ q,
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qr := q ◦ γr ,

where γL+L− is an isomorphism between AL+ and AL− . The even lattices K±
are defined by K± := (S±)⊥L± . The quadratic forms −k± in (3.2) are equal to
the discriminant forms of (L∓ ⊕ S±)∧. Hence the sign reversing isometries give
γK± : qK± → k±. Therefore we have the list (3.1).

The construction of the unimodular involution from the list. The invariants
(H±, γr |H± ,K±, γK±), which are part of the list (3.1), determine primitive em-
beddings S± → L± with orthogonal complements K±, respectively, by [Nik2,
Proposition 1.15.1]. Here L± are the lattices with the discriminant forms ±q ,
respectively. The diagonal set � ⊂ AL+ ⊕ AL− is the isotropic subgroup with re-
spect to q ⊕ (−q). Hence we have an overlattice L of L+ ⊕ L−. This lattice L

is unimodular since � is the diagonal set. The embedding S+ ⊕ S− ⊂ L+ ⊕ L−
extends to a primitive embedding i : S → L since γr |H+ and γr |H− extend to an
embedding γr : qr → q . Since L± are 2-elementary lattices, there exists an invo-
lution φ ∈ O(L) such that φ|L+ = 1 and φ|L− = −1 by [Nik2, Corollary 1.5.2].
We see that φ|S = θ . Therefore we have the unimodular involution with the con-
dition (S, θ).

The equivalence of the lists. This part is omitted in [Nik4]. Let (L,φ, i) and
(L′, φ′, i′) be the unimodular involutions with the condition (S, θ) determined by
the lists (3.1) and (H ′±, q ′

r , q
′, γ ′

r ,K
′±, γ ′

K ′±
), respectively.

Assume that two lists determine isomorphic unimodular involutions. There ex-
ists f ∈ Isom(L,L′) such that f ◦ i = i′ and φ′ ◦ f = f ◦ φ. It follows from φ′ ◦
f = f ◦ φ that f induces f± := f |L± ∈ Isom(L±,L′±) with f± ◦ i± = i′±, where
i± : S± → L± and i′± : S± → L′± are primitive embeddings induced by i and i′,
respectively. Since f induces f |L+⊕S− = (f+, id) ∈ Isom(L+,L′+) × O(S−), so
does an isomorphism between (L+ ⊕ S−)∧ and (L′+ ⊕ S−)∧. Hence we have

H− = pS−(
L+S−) = pS−(
L′+S−) = H ′−

and f+ ◦ γr |H− = γ ′
r |H ′− , where f+ is an isomorphism between q and q ′ induced

by f+.
Similarly, f induces an isomorphism between (L− ⊕ S+)∧ and (L′− ⊕ S+)∧.

Hence we see that H+ = H ′+ and f− ◦ (γL+L− ◦ γr |H+) = γL′+L′− ◦ γ ′
r |H ′+ . From

f− ◦ γL+L− = γL′+L′− ◦ f+, we have f+ ◦ γr = γ ′
r . Since (L+ ⊕ S−)∧ = (K−)⊥L

and (L′+ ⊕ S−)∧ = (K ′−)⊥
L′ , there exists ψ− with the condition by [Nik2, Corol-

lary 1.5.2]. Similarly, we have ψ+ with condition. It is clear that q = q ′ and
qr = q ′

r .
We show the contrary. Assume that H± = H ′±, qr = q ′

r , q = q ′ and there exist
ξ = ξ+ ∈ O(q) and ψ± ∈ Isom(K±,K ′±) with conditions. Recall that invariants
(H±, γr |H± ,K±, γK±) determine primitive embeddings i± : S± → L± with or-
thogonal complements K±, where L± are the lattices with discriminant forms
±q , respectively. Let T1 (resp. T2) be any lattice which is unique in its genus; and
furthermore, O(T1) → O(qT1) (resp. O(T2) → O(qT2)) is surjective and qT1 = q

(resp. qT2 = −q). Note that the existence of such lattices T1 and T2 follows from
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[Nik2, Theorem 1.14.2] by adding some unimodular lattices if necessary. From
q = q ′ and K− � K ′− (resp. K+ � K ′+), we see that L− and L′− (resp. L+ and
L′+) are obtained as orthogonal complements of a primitive embedding T1 → L1

(resp. T2 → L2), where L1 (resp. L2) is a unimodular lattice with

signL1 = signL− + signT1 = signL′− + signT1

(resp. signL2 = signL+ + signT2 = signL′+ + signT2).

Moreover, T1 is obtained as an orthogonal complement of a primitive embedding
T2 → L3, where L3 is a unimodular lattice with

signL3 = signT1 + signT2.

Hence there exists ξ− ∈ O(−q) such that ξ− ◦ γT1T2 = γT1T2 ◦ ξ+.
Since O(T1) → O(qT1) = O(q) is surjective, there exists f1 ∈ O(T1) such that

f1 = ξ+. By ξ+ ◦γr |H− = γ ′
r |H ′− and H− = H ′−, it follows that (f1, id) ∈ O(T1)×

O(S−) extends to an isomorphism

α1 : (T1 ⊕ S−)∧ → (T1 ⊕ S−)∧.

Note that the former (T1 ⊕ S−)∧ is equal to (K−)⊥L1
, and the latter is equal to

(K ′−)⊥L1
. From the condition of ψ−, it follows that (α1,ψ−) extends to an auto-

morphism

β1 : L1 → L1.

Similarly, there exists an automorphism β2 : L2 → L2 such that β2|T2 ∈ O(−q),
β2|S+ = id and β2|K+ = ψ+. Therefore we have the following commutative dia-
gram:

AL−

β1|L−

AT1

ξ+

AT2

ξ−

AL+

β2|L+

AL′− AT1 AT2 AL′+

Hence (β2|L+ , β1|L−) extends to an isomorphism β : L → L′ with β ◦ i = i′ and
β ◦ φ = φ′ ◦ β , which is the desired isomorphism. �

Remark 3.5. In the proof of Theorem 3.4, we see that

β2|L+ = (ψ+, id)|
⊥
K+S+/
K+S+ , β1|L− = (ψ−, id)|
⊥

K−S−/
K−S− .

Moreover, if both lattices L± are indefinite, then we can take T1 and T2 as L+
and L−, respectively. Hence we see that

ξ+ = (ψ+, id)|
⊥
K+S+/
K+S+ , ξ− = (ψ−, id)|
⊥

K−S−/
K−S− . (3.3)
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4. Classification

4.1. Involutions on Enriques Surfaces

Let Y be an Enriques surface and X be its covering K3 surface with the covering
involution ε. Consider an involution ι of Y . Then ι lifts to two involutions of X.
One of them acts on H 0(X,�2) trivially, which we denote by g. Then another
involution is τ = g ◦ ε = ε ◦ g.

The second cohomology group H 2(X,Z) is an even unimodular lattice with
the signature (3,19). Let S = {x ∈ H 2(X,Z) | g∗(x) = −x}, where g∗ is the in-
volution of H 2(X,Z) induced by g. It is known that S is isomorphic to E8(2) and
this does not depend on g [Mor; Nik1].

Lemma 4.1. Let L be a unimodular lattice and S be a 2-elementary lattice. The
following are equivalent.

(1) There exists an involution α of L such that L〈α〉 � S.
(2) There exists a primitive embedding S → L.

Proof. Assume (1). Since S = (L〈α〉)⊥, it follows that the sublattice S is primitive
in L.

Assume (2). Let K = S⊥. Since S and K are 2-elementary lattices, there ex-
ists an involution α ∈ O(L) such that α|K = 1 and α|S = −1 by [Nik2, Corol-
lary 1.5.2]. Since S is primitive in L, it follows that S = L〈α〉. �

To classify ι, it suffices to classify the pair of involutions (g∗, ε∗) on the uni-
modular lattice H 2(X,Z). By Lemma 4.1, giving the pair (g∗, ε∗) is equivalent
to giving the involution ε∗ on H 2(X,Z) with the condition (S, θ) for some θ .
Therefore we will first classify the condition θ on S in Lemma 4.2 and then clas-
sify ε∗ by using Theorem 3.4. The next subsection is devoted to the realization of
these statements.

4.2. Classification of Lattice Structure

We classify the unimodular involutions (L,φ, i) with condition by applying The-
orem 3.4. Here we identify L = H 2(X,Z), φ = ε∗, S = {x ∈ L | g∗(x) = −x} �
E8(2), and i : S → H 2(X,Z). In this case, it is known that

L+ � U(2) ⊕ E8(2), L− � U ⊕ U(2) ⊕ E8(2)

and these do not depend on ε (cf. [BP]).
First we classify the action of ε∗ on S in Lemma 4.2. This shows all possi-

bilities of the involution θ of the condition (S, θ). Ultimately, for each condition
(S, θ), we calculate and classify the list (3.1), that is,

(H±, qr , q, γr ,K±, γK±).

The invariant q is q = qL+ = u5 in our case. In Lemmas 4.5 and 4.6, we narrow
the possibilities of H± down. To investigate γr , we prepare H̃± in Definition 4.7.
Finally, we classify the list (3.1) in Theorem 4.11.
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Lemma 4.2. Suppose that S = E8(2) and θ is an involution of S. Then the iso-
morphism class of (S+, S−) is determined by one of the following:(

S+
(

1

2

)
, S−

(
1

2

))
= (E8, {0}), (E7,A1), (D6,A

2
1), (D4 ⊕ A1,A

3
1),

(D4,D4), (A4
1,A

4
1), (A3

1,D4 ⊕ A1), (A2
1,D6), (A1,E7), ({0},E8).

Proof. It suffices to prove the lemma for S( 1
2 ) = E8. Since θ is an involution, it

follows that S± are even 2-elementary lattices. By symmetry, we can assume that
the rank of S+ is at most 4. By [Nik2, Theorem 3.6.2], invariants (r, l, δ) of S+
are one of the following:

(0,0,0), (1,1,1), (2,2,1), (3,3,1), (4,4,1), (4,2,0).

We see that {0}, A1, A2
1, A3

1, A4
1, and D4 have the above invariants, respectively,

and these lattices have exactly one class in their genus (cf. [Nik2, Remark 1.14.6]).
Hence S+ is one of them. It follows that S− is obtained as an orthogonal comple-
ment to S+ in S. Interchanging S+ and S−, we obtain the claimed list. �

Lemma 4.3. Suppose that S+ is one of the lattices in Lemma 4.2. Then there exists
a unique primitive embedding S+ → L+.

Proof. Since S+( 1
2 ) is an even negative definite lattice of rank at most 8 and

L+( 1
2 ) � U ⊕ E8 is a unimodular lattice of signature (1,9), the lemma follows

from [Nik2, Theorem 1.14.4]. �

Corollary 4.4. We have K+ � U(2) ⊕ S− in all cases. In particular, 
S+S− �

K+S+ .

Proof. Recall that L+ � U(2) ⊕ E8(2) and S � E8(2). By Lemma 4.3, a primi-
tive embedding S+ → L+ is unique. Hence K+ = (S+)⊥L+ is uniquely determined
as U(2) ⊕ S−. Therefore we see that


K+S+ = L+
K+ ⊕ S+

� U(2) ⊕ S

U(2) ⊕ S− ⊕ S+
� S

S+ ⊕ S−
= 
S+S− . �

Lemma 4.5. Suppose that (S+, S−) is one of the pairs in Lemma 4.2. We have the
following about H±:

(1) 
+ ⊂ H+ = 1
2S+/S+, 
− ⊂ H− ⊂ 1

2S−/S−.
(2) qS±|H± ≡ 0 (mod Z).
(3) rankS− − 1 � rankH− � rankS−.
(4) qS+|
+ (resp. qS−|
− ) is a direct summand of qS+|H+ (resp. qS−|H−).

Proof. Since S±( 1
2 ) are even lattices, we have H± ⊂ 1

2S±/S±. Let x ∈ 1
2S+.

From L+( 1
2 ) � U ⊕ E8, we have x ∈ L∗+. Since L is unimodular, there exists
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y ∈ L∗− such that x + y ∈ L, which implies x + y ∈ (S+ ⊕ L−)∧. Therefore
H+ = 1

2S+/S+.
Since γr : qr → q is an embedding and q = u5 ≡ 0 (mod Z), qr also satisfies

qr ≡ 0 (mod Z). Hence qS±|H± = qr |H± ≡ 0 (mod Z).
By K− = (S−)⊥L− , we see that rankK− = rankL− − rankS− = 12 − rankS−.

From (2.1), we see that

l(AK−) = l(A(L+⊕S−)∧) � l(AL+⊕S−) − 2l(
L+S−) = 10 + l(AS−) − 2l(
L+S−).

Obviously, l(AS−) = rankS−. The primitivity of L+ in (L+ ⊕ S−)∧ gives
l(
L+S−) = l(H−) = rankH−. Therefore rankK− � l(AK−) yields

12 − rankS− � 10 + rankS− − 2 rankH−.

Hence we have (3).
Recall that (S+, S−) is one of the pairs in Lemma 4.2. We can write AS+ =

(Z/2Z)a ⊕ (Z/4Z)b and qS+ = q2 ⊕ q4, where q2 (resp. q4) is a finite quadratic
form on (Z/2Z)a (resp. (Z/4Z)b). Since 
+ = 2AS+ = {2x | x ∈ AS+}, we have
qS+|
+ = 2q4, where 2q4 denotes the finite quadratic form whose generators are
twice the size of those of q4. Since qS+|(1/2)S+/S+ = q2 ⊕ 2q4, we see that qS+|
+
is a direct summand of qS+|(1/2)S+/S+ . Hence qS+|
+ is also a direct summand of
qS+|H+ . The same proof works for qS−|
− . �

Lemma 4.6. (1) In the cases S−( 1
2 ) = E8,E7,D6,D4 ⊕A1, we have 
+ = H+ =

1
2S+/S+.

(2) In the cases S−( 1
2 ) = A4

1,A
3
1,A

2
1,A1, {0}, we have 
− = H− = 1

2S−/S−.

Proof. We give the proof only for the case S−( 1
2 ) = E7; the other cases are left to

the reader. In the case S−( 1
2 ) = E7, we have S+( 1

2 ) = A1. Hence we see that


+ = pS+

(
S

S+ ⊕ S−

)
= pS+

(
E8(2)

A1(2) ⊕ E7(2)

)
� pS+

(
E8

A1 ⊕ E7

)
= AA1 � Z/2Z.

At the same time, we see that

1

2
S+/S+ = 1

2
A1(2)/A1(2) � Z/2Z.

The lemma follows from Lemma 4.5 (1). �

We consider the behavior of γH± : H± → AL∓ . Note that


⊥
K±S± ∩ AK± = 
⊥

K±S± ∩ AK±

K±S± ∩ AK±

⊂ 
⊥
K±S±


K±S±
� AL± .
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Definition 4.7. Let ÃK+ := 
⊥
K+S+ ∩AK+ ⊂ AL+ and ÃK− := 
⊥

K−S− ∩AK− ⊂
AL− . The subgroups H̃− of H− and H̃+ of H+ are defined by

H̃− := γ −1
H− (ÃK+), H̃+ := γ −1

H+ (ÃK−).

We see that (H̃−, γH−|H̃−) and (H̃+, γH+|H̃+) determine (K+ ⊕ S−)∧ and (S+ ⊕
K−)∧, respectively, since (H∓, γH∓) determines (L± ⊕ S∓)∧. It follows from
Corollary 4.4 that 
+ = pS+(
K+S+). Therefore we have


− ⊂ H̃− ⊂ H−. (4.1)

From Theorem 3.4, if two unimodular involutions with the condition (S, θ)

determined by the lists (3.1) and (H ′±, q ′
r , q

′, γ ′
r ,K

′±, γ ′
K ′±

), respectively, are iso-

morphic, then there exist ξ± ∈ O(±q) and ψ± ∈ Isom(K±,K ′±) with conditions.
As stated in Remark 3.5, we have (3.3). It follows that

H̃− = H̃ ′− (resp.H̃+ = H̃ ′+)

since (ψ+, id)|
⊥
K+S+/
K+S+ (resp. (ψ−, id)|
⊥

K−S−/
K−S− ) induces an isomor-

phism between ÃK+ and ÃK ′+ (resp. ÃK− and ÃK ′− ). Hence we define the follow-
ing equivalence relation:

γH∓ ∼ γH ′∓
def⇐⇒ there exists ξ± ∈ O(±q) such that ξ± ◦ γH∓ = γH ′∓ and H̃∓ = H̃ ′∓.

The existence condition of ξ± follows from Proposition 2.2. Thus we have a one-
to-one correspondence between {γH∓}/∼ and {H̃∓}.
Lemma 4.8. We have an equality

|H−|
|H̃−| = |H+|

|H̃+| .

Proof. It is easy to check that

|
L+S−|
|
K+S−| = |
S+L−|

|
S+K−| .

Since L± and K± are primitive in L,

pS− : 
L+S− → H−, pS− : 
K+S− → H̃−

and

pS+ : 
S+L− → H+, pS+ : 
S+K− → H̃+
are all bijective, which proves the lemma. �

Lemma 4.9. Let λ ∈ K∗+, μ ∈ S∗+, ν ∈ S∗−. If λ + μ + ν ∈ L, then λ ∈ 1
2K+,

μ ∈ 1
2S+, ν ∈ 1

2S−.
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Proof. Let T be the primitive sublattice of L spanned by K+ ⊕ S−, that is, T =
(K+ ⊕ S−)∧. Since T is also the fixed part of the action of the involution (g ◦
ε)∗ on L, it follows that L/(T ⊕ T ⊥) is a 2-elementary group. Hence we have
2(λ + ν) + 2μ ∈ T ⊕ T ⊥, in particular 2μ ∈ T ⊥ ⊂ L. Since S+ is the primitive
sublattice of L, we see that 2μ ∈ S∗+ ∩ L ⊂ (S+)∧L = S+. We thus get μ ∈ 1

2S+.
The rest of the proof is left to the reader. �

From this lemma, we see that

γH−(H−) ⊂
(

1

2
K+/K+ ⊕ 1

2
S+/S+

)/

K+S+ . (4.2)

Lemma 4.10. We have H̃± = H± unless S± = D4(2).

Proof. In the cases S−( 1
2 ) = A4

1,A
3
1,A

2
1,A1, {0}, it follows from (4.1) and Lem-

ma 4.6 that H̃− = H−. In the cases S−( 1
2 ) = E8,E7,D6,D4 ⊕ A1, we have

γH−(
−) ≡ 1
2S+/S+ (mod 
K+S+) by Lemma 4.6. From (4.2), we see that H̃− =

H−. It follows from Lemma 4.8 that H̃+ = H+. �

Theorem 4.11. The unimodular involutions (L,φ, i : S ⊂ L) such that

(1) L is the unimodular lattice with the signature (3,19),
(2) φ is an involution with L+ � U(2) ⊕ E8(2), L− � U ⊕ U(2) ⊕ E8(2),
(3) S is isomorphic to E8(2)

are classified into 18 types by the list (3.1) as in Table 1 and Table 2 in Theo-
rem 1.1.

Proof. By Lemmas 4.5 and 4.10, we calculate (H−,K±, γK±) for each (S+, S−)

except the case S± = D4(2). In the case S± = D4(2), we have to calculate (H−,

H̃−,K±, γK±). We first calculate H−.
In the case S− = E8(2), we see that qS−|(1/2)S−/S− = u4. By Lemma 4.5 (3),

rankH− = 8 or 7. For rankH− = 8, we have H− = 1
2S−/S−. For rankH− = 7,

we have qS−|H− = u3 ⊕ w or u3 ⊕ z by Lemma 4.5 (2).
In the case S− = E7(2), we see that qS−|(1/2)S−/S− = u3 ⊕ w and qS±|
± = w.

By Lemma 4.5 (3), rankH− = 7 or 6. For rankH− = 7, we have H− = 1
2S−/S−.

For rankH− = 6, we have qS−|H− = u2 ⊕w2 by Lemma 4.5 (2) and (4) (note that
we have w ⊕ z = w2). The same proof works for the cases S−( 1

2 ) = D6,D4 ⊕A1.
So we omit it.

In the cases S−( 1
2 ) = A4

1,A
3
1,A

2
1,A1, {0}, we see that qS−|H− = qS−|(1/2)S−/S−

by Lemma 4.6.
We next deal with the case S± = D4(2). We see that qS−|(1/2)S−/S− = v ⊕ z2

and qS±|
± = z2. By Lemma 4.5 (3), rankH− = 4 or 3. For rankH− = 3, we
have qS−|H− = w ⊕ z2 by Lemma 4.5 (2) and (4). From (4.1), we have qS−|H̃− =
w ⊕ z2 or z2. For rankH− = 4, we have H− = 1

2S−/S−. From (4.1), a candidate
for qS−|H̃− is one of v ⊕ z2, w ⊕ z2, and z2. Here we claim that qS−|H̃− = z2 is
impossible.
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Suppose that qS−|H̃− = z2. This yields H̃− = 
−. From Corollary 4.4, we have

K+ = U(2) ⊕ D4(2). Note that qK+|(1/2)K+/K+ = u ⊕ v ⊕ z2. Recall (4.2). Let

H− = GH− ⊕ H̃−,

1

2
K+/K+ = GK+ ⊕ pK+(
K+S+),

1

2
S+/S+ = GS+ ⊕ pS+(
K+S+),

where GH− (resp. GK+ , GS+ ) is a subgroup of H− (resp. 1
2K+/K+, 1

2S+/S+)

whose quadratic form is v (resp. u ⊕ v, v). It follows from H̃− = 
− and Corol-
lary 4.4 that


K+S− ∼= 
S+S− ∼= 
K+S+ .

Hence we have

γH−(H̃−) = pK+(
K+S−) = pK+(
K+S+) ≡ pS+(
K+S+) (mod 
K+S+).

It follows from (4.2) that

γH−(GH−) ⊂ GK+ ⊕ GS+ .

Let 0 �= x ∈ GH− . We see that

γH−(x) /∈ GK+ , γH−(x) /∈ GS+ ,

since we have H̃− = 
− � H−. Hence a nonzero element of γH−(GH−) is a sum
of nonzero elements of GK+ and GS+ . This contradicts the fact that the quadratic
form of GH− is v. Now we have Table 1.

We proceed to calculate K±. From Corollary 4.4, we see that K+ = U(2) ⊕
S−. By calculating (3.2) we have k−. From [Nik2, Theorem 1.14.2 and Corol-
lary 1.9.4], K− is uniquely determined with the signature (2,10 − rankS−) and
the discriminant form k−. Since these K± are unique in their genus and O(K±) →
O(qK±) are surjective, γK± are uniquely determined for each K±. Therefore we
have Table 2. �

Corollary 4.12. There are 18 types of involutions on Enriques surfaces.

Proof. We saw that there are at most 18 lattice types by Theorem 4.11. Here
we show the converse, namely the existence of geometric involutions on some
Enriques surface for each type.

Let us pick a type from Tables 1 and 2, which determines a unimodular involu-
tion (L,φ, i : S ⊂ L). Using i, we regard S as a sublattice of L. By Lemma 4.1,
we get another involution α on L with L〈α〉 = S. Note that φ and α generate a
group isomorphic to the Klein group K4.

Recall that K− has the signature (2,10 − rankS−). By an easy computation,
we can find an element ω ∈ K−,C (C denotes the scalar extension) with ω2 = 0,
ωω > 0 such that for any l ∈ K− −{0} we have ωl �= 0. Then by the surjectivity of
the period map, there exists a marked K3 surface X with γ : H 2(X,Z) � L and
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H 2,0(X) � Cω by the identification γ . By the construction, NS(X) is mapped
bijectively to the primitive closure of K+ ⊕ S+ ⊕ S− inside L.

Next we look at the ample cone AX ⊂ NS(X)R. It is one of the fundamental
domains of the reflection group W ⊂ O(NS(X)) generated by (−2)-elements,
acting on the positive cone (one component of {x ∈ NS(X)R | x2 > 0}). Since the
orthogonal complement of K+ inside γ (NS(X)) is given by (S+ ⊕ S−)∧ = S �
E8(2), which contains no (−2)-element, we can find an element w ∈ W such that
w(AX) ∩ γ −1(K+,R) �= ∅. Then the pullback of the K4-action on L to H 2(X,Z)

by γw preserves the intersection numbers, the Hodge structure and some ample
element; hence by the Torelli theorem [PS] we get a K4-action on the surface X.
By the condition L+ � U(2) ⊕ E8(2), the pullback of φ corresponds to a fixed
point free involution ε, and we get the Enriques surface Y = X/ε with an action
by K4/〈ε〉, which determines an involution on Y as stated.

In the next section, we give projective realizations to these involutions. �

5. Examples

Our Theorem 4.11 and Corollary 4.12 achieve the classification of involutions on
Enriques surfaces in the abstract sense. In this section we construct examples of
involutions on Enriques surfaces. Additionally, we give the other invariants and
complete Theorem 1.1.

We denote by ι an involution on an Enriques surface Y . The K3-cover is de-
noted by X with the covering transformation ε. The symplectic lift of ι to X is
denoted by g and the other nonsymplectic one is τ = g ◦ ε = ε ◦ g.

We first note that the fixed locus of τ ,

Xτ = {x ∈ X | τ(x) = x},
can be computed from Theorem 4.11 via the following theorem.

Theorem 5.1 [Nik3, Theorem 4.2.2]. Let τ be a nonsymplectic involution of X,
and let T = H 2(X,Z)〈τ∗〉. Since T is 2-elementary, the lattice T is determined by
invariants (r, l, δ) by Proposition 2.1. Then the fixed locus Xτ has the following
form.

Xτ =

⎧⎪⎨⎪⎩
C(g) � ∐k

i=1 Ei where g = 22−r−l
2 and k = r−l

2 ,

C
(1)
1 � C

(1)
2 if r = 10, l = 8, δ = 0,

∅ if r = 10, l = 10, δ = 0.

.

Here we denote by C(g) and Ei a nonsingular curve of genus g and a nonsingular
rational curve, respectively.

Proposition 5.2. The invariant (r, l, δ) for each type in Table 1 is as in Table 3.

Proof. We see that T = H 2(X,Z)〈τ∗〉 is exactly the sublattice (K+ ⊕ S−)∧ =
((K+ ⊕S−)⊗Q)∩L of L = H 2(X,Z). Therefore we get r = rankK+ + rankS−.
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Since T is 2-elementary, we have detT = 2l . It follows from pS−(
K+S−) =
H̃− that

|H̃−| = |
K+S−| =
√

det(K+ ⊕ S−)

det(K+ ⊕ S−)∧
=

√
det(K+ ⊕ S−)

2l
.

From this equation we get l.
Next we compute the invariant δ. In cases No. [4], [5], [8], [9], [15]–[17], the

invariants (r, l) already determine δ uniquely by the existence condition for the
2-elementary hyperbolic lattices, see [Nik3]. In cases No. [1]–[3], [18], we have
that the parity of K+ ⊕ S− is zero, hence the overlattice T has parity zero, too.
In No. [6], we see from Table 1 that the length of H̃− is 6, which equals the rank
of S−. By straightforward computations, we see that the discriminant group of T

has elements of noninteger square, that is, we have δ = 1 in this case. In No. [7],
we see that T ⊥ has rank 8, signature (2,6), and length 8. Therefore T ⊥( 1

2 ) is an
integral unimodular lattice, which must be odd because of the signature. We get
T ⊥ � A1(−1)2 ⊕ A6

1 and so δ = 1.
The remaining five cases, where rankS+ = rankS− = 4, are established by the

next two lemmas.

Lemma 5.3. Assume that S± = A1(2)4 and (r, l) = (10,10). Then T = U(2)⊕A8
1

and δ = 1.

Proof. Let K+ = U(2) ⊕ A1(2)4 = U(2) ⊕ 〈e1〉 ⊕ · · ·⊕ 〈e4〉, where ei are gener-
ators of A1(2), respectively. Similarly, let

S+ = A1(2)4 = 〈e′
1〉 ⊕ · · · ⊕ 〈e′

4〉,
S− = A1(2)4 = 〈e′′

1〉 ⊕ · · · ⊕ 〈e′′
4〉.

By pS−(
S+S−) = 
− = 〈e′′
1/2〉 ⊕ · · · ⊕ 〈e′′

4/2〉, elements of norm 1 (mod 2Z)

in 
− are of the form either e′′
i /2 or (e′′

j + e′′
k + e′′

l )/2. Hence γ : 
+ → 
−
maps e′

i/2 to either e′′
j /2 or (e′′

j + e′′
k + e′′

l )/2. In the former case, it contradicts
the fact that S = E8(2) does not contain (−2)-vector. Similarly, the patching
pS+(
K+S+) → pK+(
K+S+) maps e′

i/2 to (ej + ek + el)/2. Hence 
K+S− con-
tains an element of the form

ei + ej + ek + e′′
l + e′′

m + e′′
n

2
.

This element has norm (−6). The assumption (r, l) = (10,10) yields that T ( 1
2 ) =

U ⊕ E8 or U ⊕ 〈−1〉8. Since U ⊕ E8 does not contain (−3)-vector, we conclude
T = U(2) ⊕ A8

1. �

Lemma 5.4. Assume that S± = D4(2). Then the parity δ of T = (K+ ⊕ S−)∧ is
equal to 0.

Proof. By Corollary 4.4, we see that K+ = U(2) ⊕ D4(2). Let qK+ = u ⊕ v ⊕
F4 = u ⊕ 〈e1, f1〉 ⊕ 〈g1, h1〉, where 〈e1, f1〉 and 〈g1, h1〉 are generators of v and
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F4, respectively. Similarly, let

qS+ = v ⊕ F4 = 〈e2, f2〉 ⊕ 〈g2, h2〉,
qS− = v ⊕ F4 = 〈e3, f3〉 ⊕ 〈g3, h3〉.

Recall that L+ = U(2) ⊕ E8(2) and S = E8(2). We see that 
K+S+ = 〈2g1 +
2g2,2h1 + 2h2〉 and 
S+S− = 〈2g2 + 2g3,2h2 + 2h3〉. Hence 
K+S− contains
〈2g1 + 2g3,2h1 + 2h3〉. This shows that T is an overlattice of U(2) ⊕ E8(2).
Therefore the parity of T is equal to 0. �

This completes the proofs for all cases. �

5.1. Horikawa Constructions

The general construction is as follows.

Proposition 5.5 [BHPV, V. 23]. Let ψ be an involution on P1 × P1 given by
ψ : (u, v) 
→ (−u,−v), where u and v are inhomogeneous coordinates of P1,
respectively. Let B be a curve on P1 × P1 whose bidegree is (4,4) with at worst
simple singularities and which is preserved under ψ . Assume that B does not
pass through any of the fixed points of ψ . Then the minimal resolution X of the
double cover of P1 × P1 branched along B is a K3 surface. Moreover, ψ lifts to
two involutions of X. One of them is a fixed point free involution ε. In particular,
Y = X/ε is an Enriques surface.

In this construction, the other lift of ψ gives a symplectic involution g on X

and induces an involution ι on Y (namely the construction is always associated
with an involution on Y ). The covering involution τ of X/P1 × P1 is the same as
ε ◦g, which is a nonsymplectic involution of X. In what follows, we exhibit many
choices of branch B so that the resulting ι covers all involutions in Theorem 1.1
except for No. [13]. We remark that the condition for B to have the expected
number of components, types of singularities, and not to pass through the fixed
points of ψ is Zariski open, so that we will always assume that the coefficients
(parameters) of the exhibited equation of B are general enough to satisfy these
conditions. Further remark is that by choosing very general coefficients, we can
assume that the resulting K3 surface X does not contain any accidental divisors.
This results in saying that the transcendental lattice TX is isomorphic to the lattice
K− in Table 3. (In other words, the transcendental lattice is just contained in K−
in not very general cases.) This way of choice is used in No. [11] and No. [12] in
order to compute transcendental lattices geometrically.

Example No. [1]. This example was constructed by Horikawa [Hor] and studied
by Dolgachev [Dol] and Barth–Peters [BP]. Here we give another construction
given by Mukai–Namikawa [MN].

Consider the following curves on P1 × P1 (Figure 1):

X± : u = ±1, Y± : v = ±1,

E : u2v2 − 1 + a1(u
2 − 1) + a2(v

2 − 1) = 0 (ai ∈ C).
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Figure 1
Figure 2

Blow up P1 × P1 at the four intersection points of X±, Y±, and E. Let F±,±
be the exceptional curves over (±1,±1), respectively. Blow up again at the 12
intersection points of F±,± and the strict transforms of X±, Y±, and E. Let R

be the blown-up surface. We denote by X′±, Y ′±, F ′±,±, and E′ the strict trans-
forms of X±, Y±, F±,±, and E, respectively. The configuration of curves in R

is given in Figure 2. Note that X′±, Y ′±, and F ′±,± are all (−4)-curves, and other
rational curves are all (−1)-curves. Let B ′ = ∑

(X′± + Y ′± + F ′±,±) + E′. The
K3 surface X is the double cover of R whose branch locus is B ′. Since Xτ = B ′
consists of one elliptic curve and eight rational curves, we see that (r, l) = (18,2)

by Theorem 5.1. This is enough to conclude that this example belongs to No. [1]
by Table 2.

Example No. [2]. This example was found by Kondo and overlooked in [MN]
(cf. [Muk1]).

Consider the following curves on P1 × P1 (Figure 3):

X± : u = ±1, Y± : v = ±1,

C± : uv − 1 + a1(±u − 1) + a2(±v − 1) = 0 (ai ∈C).

Blow up P1 × P1 at the ten intersection points of X±, Y±, and C±. Let F+
and F− be the exceptional curves over (1,1) and (−1,−1), respectively. Blow up
again at the six intersection points of F± and the strict transforms of X±, Y±, and
C±. Let R be the blown-up surface. We denote by X′±, Y ′±, C′±, and F ′± the strict
transforms of X±, Y±, C±, and F±, respectively. The configuration of curves in
R is given in Figure 4. Note that X′±, Y ′±, C′±, and F ′± are all (−4)-curves, and the
others are all (−1)-curves. Let B ′ = ∑

(X′± + Y ′± + C′± + F ′±). The K3 surface
X is the double cover of R whose branch locus is B ′. Since Xτ = B ′ consists of
eight rational curves, we see that (r, l) = (18,4) by Theorem 5.1. Note that the
configuration of curves in X is the same as in Figure 4. We notice that the dual
graph of the continuous lines in Figure 5 is the Dynkin diagram of type E7 ⊕ A1.
Let ei (i = 1, . . . ,8) denote the cohomology classes of these curves. The images
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Figure 3 Figure 4

Figure 5

of these curves by ε are given by the dashed lines in Figure 5. Let M be the lattice
generated by ei − ε∗(ei) (i = 1, . . . ,8). We see that M � E7(2) ⊕ A1(2) and
M ⊂ S−. For (ei − ε∗(ei))/2 ∈ 1

2M , there exists (ei + ε∗(ei))/2 ∈ L∗+ such that

ei − ε∗(ei)

2
+ ei + ε∗(ei)

2
= ei ∈ L.

It follows that
1

2
M/S− ⊂ H−.

By calculation, we have qE8(2)|(1/2)(E7(2)⊕A1(2))/E8(2) = u3 ⊕ w. Therefore this is
the example of No. [2].

Example No. [3]. This example was constructed by Lieberman.
Consider the following curves on P1 × P1 (Figure 6):

X1± : u = ±1, Y1± : v = ±1,

X2± : u = ±a1, Y2± : v = ±a2 (ai ∈C).
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Figure 6 Figure 7

Figure 8

Blow up P1 × P1 at the 16 intersection points of X1±, X2±, Y1±, and Y2±.
Let R be the blown-up surface. We denote by X′

1±, X′
2±, Y ′

1±, and Y ′
2± the strict

transforms of X1±, X2±, Y1±, and Y2±, respectively. The configuration of curves
in R is given in Figure 7. Note that X′

1±, X′
2±, Y ′

1±, and Y ′
2± are all (−4)-curves,

and the others are all (−1)-curves. Let B ′ = ∑
(X′

1± + X′
2± + Y ′

1± + Y ′
2±). The

K3 surface X is the double cover of R whose branch locus is B ′. Since Xτ = B ′
consists of eight rational curves, we see that (r, l) = (18,4) by Theorem 5.1. Note
that the configuration of curves in X is the same as in Figure 7. We notice that the
dual graph of the continuous lines in Figure 8 is the Dynkin diagram of type D8.
Let ei (i = 1, . . . ,8) denote the cohomology classes of these curves. The images
of these curves by ε are given by the dashed lines in Figure 8. Let M be the lattice
generated by ei − ε∗(ei) (i = 1, . . . ,8). We see that M � D8(2) and M ⊂ S−.
Similarly to Example No. [2], we have 1

2M/S− ⊂ H−. By calculation, we have
qE8(2)|(1/2)(D8(2))/E8(2) = u3 ⊕ z. Therefore this is the example of No. [3].

Example No. [4]. Consider the following curves on P1 × P1 (Figure 9):

X± : u = ±1, Y± : v = ±1,

E : u2v2 − 1 + a1(u
2 − 1) + a2(v

2 − 1) + a3(uv − 1) = 0 (ai ∈ C).
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Figure 9
Figure 10

Figure 11 Figure 12

Blow up P1 × P1 at the eight intersection points of X±, Y±, and E. Let F+
and F− be the exceptional curves over (1,1) and (−1,−1), respectively. Blow
up again at the six intersection points of F± and the strict transforms of X±, Y±,
and E. Let R be the blown-up surface. We denote by X′±, Y ′±, F ′±, and E′ the
strict transforms of X±, Y±, F±, and E, respectively. The configuration of curves
in R is given in Figure 10. Note that X′±, Y ′±, and F ′± are all (−4)-curves, and
other rational curves are all (−1)-curves. Let B ′ = ∑

(X′± +Y ′± +F ′±)+E′. The
K3 surface X is the double cover of R whose branch locus is B ′. Since Xτ = B ′
consists of one elliptic curve and six rational curves, we see that (r, l) = (16,4)

by Theorem 5.1. Therefore this is the example of No. [4].

Example No. [5]. This example was studied by Mukai [Muk2] as the example of
numerically reflective involution.

Consider the following curves on P1 × P1 (Figure 11):

X± : u = ±1, Y± : v = ±1,

C± : uv ± a1u ± a2v + a3 = 0 (ai ∈ C).

Blow up P1 × P1 at the 14 intersection points of X±, Y±, and C±. Let R be
the blown-up surface. We denote by X′±, Y ′±, and C′± the strict transforms of X±,
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Figure 13 Figure 14

Y±, and C±, respectively. The configuration of curves in R is given in Figure 12.
Note that X′±, Y ′±, and C′± are all (−4)-curves and the others are all (−1)-curves.
Let B ′ = ∑

(X′± + Y ′± + C′±). The K3 surface X is the double cover of R whose
branch locus is B ′. Since Xτ = B ′ consists of six rational curves, we see that
(r, l) = (16,6) by Theorem 5.1. Therefore this is the example of No. [5].

Example No. [6]. Consider the following curves on P1 × P1 (Figure 13):

X± : u = ±1, Y± : v = ±1,

E : u2v2 + a1u
2 + a2v

2 + a3uv + a4 = 0 (ai ∈ C).

Blow up P1 × P1 at the 12 intersection points of X±, Y±, and E. Let R be the
blown-up surface. We denote by X′±, Y ′±, and E′ the strict transforms of X±, Y±,
and E, respectively. The configuration of curves in R is given in Figure 14. Note
that X′±, Y ′± are all (−4)-curves and other rational curves are all (−1)-curves.
Let B ′ = ∑

(X′± + Y ′±) + E′. The K3 surface X is the double cover of R whose
branch locus is B ′. Since Xτ = B ′ consists of one elliptic curve and four rational
curves, we see that (r, l) = (14,6) by Theorem 5.1. Therefore this is the example
of No. [6].

Example No. [7]. Consider the following curves on P1 × P1 (Figure 15):

Y± : v = ±1, C± : u2v ± uv ± a1u
2 + a2u + a3v ± a4 = 0 (ai ∈C).

Blow up P1 × P1 at the 12 intersection points of Y± and C±. Let R be the
blown-up surface. We denote by Y ′± and C′± the strict transforms of Y± and C±,
respectively. The configuration of curves in R is given in Figure 16. Note that
Y ′± and C′± are all (−4)-curves and the others are all (−1)-curves. Let B ′ =∑

(Y ′± + C′±). The K3 surface X is the double cover of R whose branch locus is
B ′. Since Xτ = B ′ consists of four rational curves, we see that (r, l) = (14,8) by
Theorem 5.1. Therefore this is the example of No. [7].

Example No. [8]. Consider the following curves on P1 × P1 (Figure 17):

Y± : v = ±1,
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Figure 15 Figure 16

Figure 17
Figure 18

E : v2(u4 + a1u
2 + a2) + 2a3uv(u2 − a4) + a5(u

2 − a4)
2 = 0 (ai ∈C).

Note that E has two nodes at (u, v) = (±√
a4,0).

Blow up P1 ×P1 at the eight intersection points of Y± and E and at two nodes
of E. Let R be the blown-up surface. We denote by Y ′± and E′ the strict trans-
forms of Y± and E, respectively. The configuration of curves in R is given in
Figure 18. Note that Y ′± are (−4)-curves and other rational curves are all (−1)-
curves. Let B ′ = Y ′+ +Y ′− +E′. The K3 surface X is the double cover of R whose
branch locus is B ′. Since Xτ = B ′ consists of one elliptic curve and two rational
curves, we see that (r, l) = (12,8) by Theorem 5.1. Therefore this is the example
of No. [8].

Example No. [9]. Consider the following curves on P1 × P1 (Figure 19):

C± : v2(u2 ± a1u + a2) ± 2a3v(u ∓ a4)
2 + a5(u ∓ a4)

2 = 0 (ai ∈C).

Note that C+ and C− have a node at (u, v) = (a4,0) and (−a4,0), respectively.
Blow up P1 × P1 at the eight intersection points of C± and at two nodes of

C±. Let R be the blown-up surface. We denote by C′± the strict transforms of C±,
respectively. The configuration of curves in R is given in Figure 20. Note that
C′± are (−4)-curves and the others are all (−1)-curves. Let B ′ = C′+ + C′−. The
K3 surface X is the double cover of R whose branch locus is B ′. Since Xτ =
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Figure 19 Figure 20

Figure 21
Figure 22

B ′ consists of two rational curves, we see that (r, l) = (12,10) by Theorem 5.1.
Therefore this is the example of No. [9].

Example No. [10]. Consider the following curves on P1 × P1 (Figure 21):

Y± : v = ±1,

C : v2(u4 + u2 + a1) + vu(a2u
2 + a3) + a4u

4 + a5u
2 + a6 = 0 (ai ∈C).

Blow up P1 × P1 at the eight intersection points of Y± and C. Let R be the
blown-up surface. We denote by Y ′± and C′ the strict transforms of Y± and C,
respectively. The configuration of curves in R is given in Figure 22. Note that
Y ′± are (−4)-curves and other rational curves are all (−1)-curves. Let B ′ = Y ′+ +
Y ′− + C′. The K3 surface X is the double cover of R whose branch locus is B ′.
Since Xτ = B ′ consists of a curve of genus 3 and 2 rational curves, we see that
(r, l) = (10,6) by Theorem 5.1. Therefore this is the example of No. [10].

Example No. [11]. Consider the following curves on P1 × P1:

E1 : u2v2 + u2 + a1v
2 + a2uv + a3 = 0,

E2 : u2v2 + v2 + a4u
2 + a5uv + a6 = 0 (ai ∈C).

Then Ei are smooth elliptic curves preserved by ψ (Figure 23).
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Figure 23

Figure 24

Blow up P1 × P1 at the eight intersection points of E1 and E2. Let R be the
blown-up surface. We denote by E′

1 and E′
2 the strict transforms of E1 and E2,

respectively. Let B ′ = E′
1 +E′

2. The K3 surface X is the double cover of R whose
branch locus is B ′. Since Xτ = B ′ consists of two elliptic curves, we see that
(r, l, δ) = (10,8,0) by Theorem 5.1. To see which No. this example belongs to,
we discuss as follows.

The involution ψ of P1 × P1 lifts to the rational elliptic surface R/P1 and it
acts on the base P1 trivially. Hence, by choosing a zero-section, it corresponds
to a translation by a 2-torsion section σ . In this case, the Horikawa construction
corresponds exactly to the quadratic twist construction discussed in [Kon; HS]:
the free involution ε is the lift of the translation automorphism. We remark that
generically the elliptic surface R has eight singular fibers 4I2 + 4I1 (Kodaira’s
notation).

Here we consider a deformation of the K3 surface X. Fix the rational elliptic
surface R. We move the branch locus B ′ = E′

1 + E′
2, the union of two smooth

fibers, to B ′
1, the union of one I2 fiber plus one smooth fiber. We denote by X1

the smooth K3 surface obtained by the double cover branched along B ′
1 and then

taking the minimal desingularization. Since only rational double points appear in
the construction, X and X1 are connected by a smooth deformation by the si-
multaneous resolution. Now X1 has also an Enriques quotient Y1 by the quadratic
twist construction. By definition of B ′

1, the main invariant of τ1 on X1 is (12,8,1)

and the associated involution on Y1 has type [8]. We recall that a specialization
of K3 surfaces X � X1 exists if and only if their transcendental lattices satisfy
TX1 ⊂ TX . Recall that when we consider very general cases, the transcendental
lattice is isomorphic to K− as remarked in sentences before Example No. [1].
Since the lattice K− � U(2) ⊕ U(2) ⊕ D4(2) of type [12] does not contain the
summand U of type [8], we see that our example belongs to No. [11].

Example No. [12]. Consider the following curves on P1 × P1:

E± : v2(u2 ± a1u + a2) ± v(u2 ± a3u + a4) + (u2 ± a5u + a6) = 0 (ai ∈C).

Then E± are elliptic curves which are exchanged by ψ (Figure 24).
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Blow up P1 × P1 at the eight intersection points of E±. Let R be the blown-
up surface. We denote by E′± the strict transforms of E±, respectively. Let B ′ =
E′+ + E′−. The K3 surface X is the double cover of R whose branch locus is B ′.
Since Xτ = B ′ consists of two elliptic curves, we see that (r, l, δ) = (10,8,0) by
Theorem 5.1. To check that they correspond to No. [12] in this case, we discuss
as follows.

We remark that case No. [9] is a specialization of our family: it is exactly the
case where both E± acquire a node. Thus we can regard the K3 surface X0 in
No. [9] as a special member of a smooth deformation with general fiber X from
our family No. [12]. Here, the two elliptic curves E′± deform into the sums of two
rational curves F± +F ′±, where (F 2±) = ((F ′±)2) = −2 and (F±,F ′±) = 2 (double
sign corresponds).

Moreover, since the formation of ε is preserved in this specialization, our de-
formation is in fact a family of K3 surfaces equipped with free involutions ε on
X and ε0 on X0. By the theory of period maps, we have an inclusion NS(X) ⊂
NS(X0). The orthogonal complement of this inclusion is generated by the (−4)-
vector F+ −F−, and the overlattice structure of NS(X0) ⊃ NS(X)⊕Z〈F+ −F−〉
is given by

F+ = F+ + F−
2

+ F+ − F−
2

∈ NS(X0).

(Here we have used that (F+ + F−) ∈ H 2(X0)
ε0 = H 2(X)ε ⊂ NS(X), the equal-

ity in the middle holds since the deformation is with involutions.) Hence, un-
der the condition of being very general as in No. [11], we get detNS(X0) =
detNS(X) · 4/22 = detNS(X). Thus, for transcendental lattices, we get detTX =
detTX0 = 210 (type [9]). Therefore our example belongs to No. [12].

Example No. [14]. We need an irreducible curve on P1 × P1 which has eight
nodes and is stable under ψ , but it seems not easy to construct them in a direct
way. The following construction is due to H. Tokunaga.

Let B0 be a smooth irreducible divisor of bidegree (2,2) to which the four lines
u = 0,∞; v = 0,∞ are tangent. We remark that, in general, if a divisor is tangent
to the branch curve (with local intersection number 2), then by pulling back to
the double cover, the divisor acquires a node at the point of tangency. Thus in
our case the following construction works: We consider the two self-morphisms
ψ1 : (u, v) 
→ (u2, v) and ψ2 : (u, v) 
→ (u, v2) of P1 × P1. Then the pullback
C8 := (ψ1 ◦ ψ2)

∗(B0) has bidegree (4,4) with eight nodes and is stable under ψ

(Figure 25).
For example, we can exhibit the equation for C8 as follows:

(c2u4 + 2cbu2 + b2)v4 + (2cau4 + du2 + 2b)v2 + (a2u4 + 2au2 + 1) = 0.

Blow up P1 × P1 at eight nodes of C8. Let R be the blown-up surface. We
denote by C′

8 the strict transforms of C8. The K3 surface X is the double cover
of R whose branch locus is C′

8. Since Xτ = C′
8 is an elliptic curve, we see that

(r, l, δ) = (10,10,1) by Theorem 5.1. Therefore this is the example of No. [14].
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Figure 25

Example Nos. [15]–[18]. Let C2i (i = 0,1,2,3) be irreducible curves on P1 ×
P1 whose bidegree is (4,4) with 2i nodes, respectively.

Blow up P1 × P1 at 2i nodes of C2i . Let R2i be the blown-up surface. We
denote by C′

2i the strict transforms of C2i . The K3 surface X2i is the double cover
of R2i whose branch locus is C′

2i . Since Xτ
2i = C′

2i is a curve of genus 9 − 2i, we
see that (r, l) = (2i + 2,2i + 2) by Theorem 5.1. Therefore the cases i = 3, 2, 1,
and 0 are the examples of No. [15], [16], [17], and [18], respectively.

5.2. Enriques’ Sextics

The non-normal sextic surface in P3, which is singular along the six edges of a
tetrahedron, is a model of an Enriques surface, the one first considered by En-
riques himself. In fact its normalization gives a smooth Enriques surface, see
[GH]. By setting the tetrahedron as xyzt = 0, we have the general equation of
such surfaces

q(x, y, z, t)xyzt + (x2y2z2 + x2y2t2 + x2z2t2 + y2z2t2) = 0,

where q is a quadratic equation. By considering various linear actions on P3, we
can get many examples of involutions on Enriques surfaces. The most important
for us among them is the following example exhibiting No. [13].

Example No. [13]. Let us consider the involution ι : (x : y : z : t) 
→ (y : x : t : z)
on P3. The general equation of invariant Enriques’ sextic Y is of the form(

a1(x
2 + y2) + a2(z

2 + t2) + a3xy + a4zt + a5(xz + yt) + a6(xt + yz)
)
xyzt

+ (x2y2z2 + x2y2t2 + x2z2t2 + y2z2t2) = 0,

where ai ∈C are general. Then the normalization Y is a smooth Enriques surface
with the induced action by ι.

Let us show that they belong to No. [13]. Since in this case τ is also fixed point
free, this is equivalent to saying that the fixed locus Y ι is a finite set. Moreover,
since the normalization Y → Y is a finite morphism, it suffices to show that Y

ι
is

a finite set. However, this set is the intersection of Y with the fixed locus in P3,
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{x = y, z = t}∪{x +y = 0, z+ t = 0}. Since the general element does not contain
these lines, the intersection is a finite set as desired.
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