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QuermalBintegrals and Asymptotic Shape of
Random Polytopes in an Isotropic Convex Body

N. DAFNIS, A. GIANNOPOULOS, & A. TSOLOMITIS

1. Introduction

The aim of this work is to provide new information on the asymptotic shape of the
random polytope
Ky = conv{=%xy,...,xy} (1.1)

spanned by N independent random points x,...,xy that are uniformly distrib-
uted in an isotropic convex body K in R”. We fix N > n and further exploit the
idea of [9] to compare Ky with the L ,-centroid body Z,(K) of K for g ~ log N.
Recall that the L ,-centroid body Z,(K) of K has support function

1/q
hz,x)(x) = (-, x)lg == (/I(y,x)l"dy> ; (1.2)
K

background information on isotropic convex bodies and their L ,-centroid bodies
is given in Section 2.

This idea has its roots in previous work [11; 19; 22] on the behavior of sym-
metric random =1-polytopes, the absolute convex hulls of random subsets of the
discrete cube D; = {—1,1}". These articles demonstrated that the absolute con-
vex hull Dy = conv({%xy,...,+xy}) of N independent random points xy, ..., xy
uniformly distributed over D7 has extremal behavior—with respect to several geo-
metric parameters—among all 1-polytopes with N vertices at every scale of n,
where n < N < 2". The main source of this information is the following esti-
mate from [19] (which improves on an analogous result from [11]): for all N >
(1 + 8)n (where 6 > O can be as small as 1/logn) and forevery 0 < 8 < 1,

Dy 2 c(v/Blog(N/m B4 N Q,) (13)

with probability greater than 1 — exp(—c;n?N'=#) —exp(—c,N). Here Bj is the
Euclidean unit ball and Q, = [—1/2,1/2]" is the unit cube in R".

In a sense, the model of Dy corresponds to the study of the geometry of a ran-
dom polytope spanned by random points that are uniformly distributed in Q,,.
Starting from the observation that Z,(Q,) ~ ./gB5 N Q,, whence (1.3) can be
equivalently written in the form

Dy 2 cZgiog(nm)(Qn)s (1.4)
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we proved in [9] that, in full generality, a precise analogue of (1.4) holds for the
random polytope Ky spanned by N independent random points xp, ..., Xy uni-
formly distributed in an isotropic convex body K. In particular, for every N > cn
(where ¢ > 0 is an absolute constant) and every isotropic convex body K in R",

Ky 2 c1Zy(K) forall g < cylog(N/n) (1.5)

with probability tending exponentially fast to 1 as n, N — oo.

The precise statement is given in Section 3, and it will play a leading role in this
paper. The inclusion is sharp; it is proved in [9] that Ky is “weakly sandwiched”
between Z,,(K) (i = 1,2), where ¢; 2~ log N, in the following sense. It can be
easily checked that for every « > 1 one has

Elo({6 : hky (0) = ahz, k) (0)D] = Na™9, (1.6)

and this implies that if g > ¢3 log(N/n) then, for most 6 S"~1 one has hiy () <
cshyz LK)(0). It follows that several geometric parameters of Ky are controlled by
the corresponding parameters of Zjog(n/n)1(K). For example, in [9] the volume ra-
dius of a random Ky was determined for the full range of values of N as follows.
For every cn < N < exp(n),

cs+/10g(N/n) <K |1/n - c¢Lk+/10g(N/n)
NN
with probability greater than 1 —1/N, where cs, cg > 0 are absolute constants. Ac-
tually, combining this argument with a result of Klartag and Milman [15] shows
that, in the range N € [cn,exp(y/n)], the isotropic constant Lx of K may be
inserted in the lower bound; this leads to the asymptotic formula

Lk /log(N/n)

Vi

Our first result gives an extension of this formula to the full family of quer-
maBintegrals W, _;(Ky) of Ky. These are defined through Steiner’s formula,

1.7

| Ky |" ~ (1.8)

n

K +1B}| = Z(Z)Wn_umr”, (1.9)

k=0
where W, _; (K) is the mixed volume V (K, k; B} ,n — k). We work with a normal-
ized variant of W,_;(K): for every 1 < k < n, we set

W, (K)\ 1 1k
Qk(K>=<;()) =(—/ |PF(K)|dvn,k(F)) R )
a)n Cl)k Gn,k

here the last equality follows from Kubota’s integral formula (see Section 2 for
background information on mixed volumes). In Section 3 we determine the ex-
pectation of Q(Ky) for all values of k by proving the following theorem.

THEOREM 1.1. Let K be an isotropic convex body in R". Ifn2 < N < exp(cn)
then, for every 1 <k <n,

Viog N S E[Qx(Ky)] S w(Ziog y (K)). (1.11)
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In the range n> < N < exp(y/n) we have the following asymptotic formula: for
everyl <k <n,

E[Q«(Ky)] >~ Lg+/logN. (1.12)

We remark that all our estimates remain valid for n'*% < N < n? where § € (0, 1)
is fixed, if we allow the constants to depend on . Working in the range N >~ n
would require more delicate arguments. We chose to simplify the exposition; in
fact, Proposition 3.1 is proved for the range cn < N < exp(cn), and it is quite
natural that similar extensions can be provided for most statements in this paper
(the interested reader may also consult [29] and [3]). We note also that in saying a
random Ky satisfies a certain asymptotic formula (F) we mean that this holds true
with probability greater than 1 — N ~!, where all the constants appearing in (F) are
absolute positive constants.

A more careful analysis is carried out in Section 4, where we obtain the equiva-
lence Q. (Ky) =~ Lg+/log N with high probability (for arandom Ky ) in the range
n* < N <exp(y/n).

THEOREM 1.2.  Let K be an isotropic convex body in R". Ifn> < N < exp(y/n)
then, with probability greater than 1 — N\,

Ow(Ky) =~ Lg+/log N (1.13)

foralll <k <n.

From Theorem 1.2 one can derive several geometric properties of a random K.
In Section 4 we describe two such properties that concern the regularity of the
covering numbers N(Ky, eB/) and the size of random k-dimensional projections
of K N-

THEOREM 1.3. Let K be an isotropic convex body in R" and let n> < N <
exp(y/n).

(i) With probability greater than 1 — N~', a random Ky satisfies the entropy
estimate

1
log N(Ky, c1eLg+/log NBS) < con min{log(l + c_3>’ —2} (1.14)
e ) ¢

for every ¢ > 0, where c1, 3, c3 > 0 are absolute constants.
(ii) Moreover, with probability greater than 1 — N ' a random Ky satisfies the
following: for everyl <k <n,

1/k
<|PF(KN)|> ZLK\/@ (1.15)

Wi

with probability greater than 1 — e~

on Gy .

with respect to the Haar measure vy i

Given 1 < k < n, we can also establish upper bounds for the volume of the projec-
tion of a random Ky onto a fixed F € G, ; and onto the k-dimensional coordinate
subspaces of R". These are valid provided that N is not too large, depending on k.
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THEOREM 1.4. Let K be an isotropic convex body in R" and let 1 < k < n.
(i) Forallk < N < e and for every F € G, ,

Pr(Kn)\7*
(—' F( N”) < cLg/logN (1.16)
Wi
with probability greater than 1 — N\,
(i) For all k < N < exp(ch/k/logk), with probability greater than
1 - exp(—ch/k/logk) a random Ky satisfies the following: for every o C
{1,...,n} with |o| =k,

1/k
(M) < ¢3Lg log(en/k)y/log N, (1.17)

Wk

where the ¢; > 0 are absolute constants.

In Section 5 we generalize a result of Mendelson, Pajor, and Rudelson [22] on
the combinatorial dimension of the random polytope Dy. This is defined as fol-
lows. For a fixed orthonormal basis {ey,...,e,} of R" and for every ¢ > 0, the
Vapnik—Chervonenkis combinatorial dimension VC(K, €) of a symmetric convex
body K in R” is the largest cardinality of a subset o of {1, ..., n} for which

£0o C Pr(K), (1.18)

where O, is the unit cube in R? = span{e; : i € o} and P, denotes the orthogonal
projection onto R°. It is proved in [22] that a random Dy satisfies

[ clog(cNe?)

VC(Dy, €) >~ min — Ny (1.19)
e

We extend this estimate to the more general class of random polytopes K in which

K is an isotropic convex body in R” that is unconditional with respect to the basis
{el, cres en}‘

THEOREM 1.5. Let K be an unconditional isotropic convex body in R". If cyn <
N < exp(can), then a random Ky satisfies

c3log(N/n) n}

VC(Ky, &) > min{ 5 s (1.20)
£

for every e € (0, 1).

2. Notation and Background Material

We work in R”, which is equipped with a Euclidean structure (-, -). We denote by
[I-Il> the corresponding Euclidean norm, and we write B5 for the Euclidean unit
ball and S"~! for the unit sphere. Volume is denoted by |-|. We write w,, for the
volume of BY and o for the rotationally invariant probability measure on $"~!.
The Grassmann manifold G,  of k-dimensional subspaces of R" is equipped with
the Haar probability measure v, x. Let1 < k < nand F € G, . We will use Pr to
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denote the orthogonal projection from R” onto F. We also define Br := B} N F
and Sp := S*'NF.

The letters ¢, ¢/, ¢y, ca, ... denote absolute positive constants whose value may
change from line to line. Whenever we write a ~~ b, we mean that there exist ab-
solute constants ¢j,c; > 0 such that cja < b < cpa. Similarly, if K,L € R”
then we will write K =~ L provided there exist absolute constants c;, ¢, > 0 such
that c;K € L C ¢, K. We also write A for the homothetic image of volume 1 of a
convex body A C R”; thus, A := A/|A|'/".

A convex body is a compact convex subset C of R” with nonempty interior. We
denote the class of convex bodies in R" by K,. We say that C is symmetric if
—x € C whenever x € C. We say that C is centered if it has center of mass at
the origin—that is, if ]C(x,e) dx = 0 for every § € S"~!. The support function
he: R" — R of C is defined by h¢(x) = max{(x,y) : y € C}. For each —oo <
q < 0o (g # 0), we define the g-mean width of C by

1/q
w,(C) == (/ h’é(@)o(d@)) : @2.1)
Sn—l

The mean width of C is the quantity w(C) = w;(C). The radius of C is defined
as R(C) = max{||x||» : x € C}, and if the origin is an interior point of C then the
polar body of C is defined as

C°:={yeR":(x,y) <1forall xeC}. 2.2)
A centered convex body K in R” is called isotropic if it has volume |K| = 1
and there exists a constant Lg > O such that
/<x,9)2dx =L (2.3)
K

for every @ in the Euclidean unit sphere S"~!. For every convex body K in R”"
there exists an affine transformation 7 of R” such that 7'(K) is isotropic. More-
over, if we ignore orthogonal transformations, then this isotropic image is unique
and so the isotropic constant Lk is an invariant of the affine class of K. The reader
is referred to [23] and [ 10] for more information on isotropic convex bodies.

2.1. Quermaflintegrals

The relation between volume and the operations of addition and multiplication
of convex bodies by nonnegative reals is described by Minkowski’s fundamental
theorem, which may be stated as follows. If Ki,..., K,, € K,, (m € N) then the
volume of ;K| + - - - + 1, K, is a homogeneous polynomial of degree n in#; > 0,

WK+ -+t Kul = Y V(K Kty 1y, (24)
1<iy,...,ip<m

where the coefficients V(Kj,,..., K;,) can be chosen to be invariant under per-

mutations of their arguments. The coefficient V(Kj,, ..., K;,) is called the mixed

volume of the n-tuple (K, ..., K;,).
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Steiner’s formula is a special case of Minkowski’s theorem; the volume of
K +tB} (t > 0) can be expanded as a polynomial in ¢:

" n
K +tB!| = o =k, .
K + 1B} Z(k>w (Kt 2.5)
k=0
where W,,_;(K) := V(K,k; B5,n — k) is the (n — k)th quermaBintegral of K. It
will be convenient for us to work with a normalized variant of W, _;(K), so for
every | <k <n we set

1 1/k
Or(K) = <—/ IPF(K)Ian,k(F)) . (2.6)
Wk JG,

Note that Q;(K) = w(K). Kubota’s integral formula

W, i (K) = 22 f | Pe(K)| v, (F) @.7)
Wi Gk
shows that

Wi (K) )"

04(K) = (—) | 28)

The Aleksandrov—Fenchel inequality states that if K, L, K3, ..., K, € IC,, then
V(K,L,Ks,...,K,)* > V(K,K,K3,...,K,)V(L,L,K3,...,K,). 2.9)
This implies that the sequence (Wy(K), ..., W,(K)) is log-concave: we have
Wiz Wi (2.10)

if 0 <i < j < k < n. Taking into account (2.8), we conclude that Q;(K) is a
decreasing function of k. For the theory of mixed volumes, see [30].

2.2. L,-Centroid Bodies

Let K be a convex body of volume 1 in R”. For every ¢ > 1 and every y € R”,
we set

1/q
th(K)(y) = (/ |<x’ y)'qu> . (211)
K

The L ,-centroid body Z,(K) of K is the centrally symmetric convex body with
support function iz, (k). Note that K is isotropic if and only if it is centered and
Zy(K) = LgBj. Also, if T € SL(n) then Z,(T(K)) = T(Z4(K)) forallg > 1.
From Holder’s inequality it follows that Z1(K) € Z,(K) € Z,(K) € Z(K)
foralll < p < g < oo, where Z(K) = conv(K, —K). Using Borell’s lemma
(see [24, [Apx. III]), one can check that

Z,(K) C clgzp(K) 2.12)

forall 1 < p < g. In particular, if K is isotropic then R(Z,(K)) < c¢yqLg. One
can also check that if K is centered then Z,(K) 2 c3K forall g > n (see [25] for
a proof). We will also use that if K is isotropic then
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K C(n+1)LgB} (2.13)
and hence
Lx By = Z5(K) € Zy(K) S Zoo(K) S (n+ 1)Lg B} (2.14)

for all ¢ > 2. A proof of the first assertion is given in [ 14]; the second assertion is
clear from Holder’s inequality.

Let C be a symmetric convex body in R", and let || - || ¢ denote the norm induced
on R” by C. The parameter k,(C) is defined by
w(C)?
R(C)*’
It is known that, up to an absolute constant, k,(C) is the largest positive integer
k < n with the property that %w(C)BF C Pr(C) C2w(C)Br formost F € Gy,
(to be precise, with probability greater than n/(n + k)). The g-mean width w,(C)
is equivalent to w(C) provided g < k,(C): it is proved in [18] that, for every
symmetric convex body C in R”, the following statements hold.

(i) If 1 < g < k.(C), then w(C) < wy(C) < c4w(C).
(i) If ki (C) < g < n, then ¢51/g/nR(C) < we(C) < cov/g/nR(C).

Let K be a centered convex body of volume 1 in R". For every g € (—n, 00),

q # 0, we define
1/q
1,(K) := </ ||x||§dx) . (2.16)
K

In [26] and [27] it is proved that, for every 1 < g < n/2,
I,(K) = /n/qwe(Z,(K)) and I_,(K) = /n/qw_,(Z,(K)). 2.17)

Paouris [26] introduced the parameter

q«(K) :=max{g < n : k.(Z,(K)) = q}. (2.18)

k.(C)=n

2.15)

Then the main result of [27] states that, for every centered convex body K of vol-
ume 1 in R”, one has I_,(K) >~ I,(K) forevery 1 < g < ¢,(K); in particular, for
all ¢ < q.(K) one has I,(K) < ¢71,(K). If K is isotropic then one can check
that g, (K) > cga/n, where cg > 0 is an absolute constant (for a proof, see [26]).
Therefore,

1,(K) < coi/nLg for g < /n. (2.19)

When g >~ g,(K), the result of [18] shows that w(Z,(K)) =~ w,(Z,(K)). Then
the following useful estimate is a direct consequence of (2.19) and (2.17).

Facr 2.1.  Let K be an isotropic convex body in R". If 1 < q < q.(K), then
w(Zy(K)) =~ wy(Z,(K)) =~ /qLk. (2.20)
In particular, this holds for all ¢ < \/n.

Associated with any centered convex body K C R” is a family of bodies that was
introduced by Ball in [4] (see also [23]); to define these bodies, let us consider a
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k-dimensional subspace F of R” and its orthogonal subspace E. For every ¢ €
F\ {0} we set ET(¢) = {x € span{E, ¢} : (x,¢) > 0}. Ball proved that, for every
q > 0, the function

—1/(g+1)
¢ > ||¢||§+q/(q“)(/ (x, ) dx) 2.21)
K

NE*(¢)

is the gauge function of a convex body B, (K, F') on F. We shall need some facts
about the relation of the bodies B,(K, F) to the L ,-centroid bodies Z,(K) and
their projections. If K is a centered convex body of volume 1in R"” and if 1 < k <
n — 1 then, for every F € G, ; and every g > 1, we have

Pr(Zy(K)) = (k+ @) Biig1(K, F)|V*YV1Z (Byyy—1(K, F))  (2.22)

and
k+q)( 1 \/ 1
Biyy (K, F)Vits < & . 2.23
| Bitq-1(K, F) =— k+q) IKNFLk (2.23)
Also, for every F € G, x and every g > 1,
mzq(ék+l(l<, F)) € Zy(Biig-1(K, F))
k _
c 7B (K F). @24
If K is isotropic, then
L, k.r >~ I1KNFHY L. (2.25)

For the proofs of these assertions we refer to [26] and [27].

3. Expectation of the QuermaBintegrals

In this section we give the proof of Theorem 1.1, which is a consequence of the
following proposition.

PropoSITION 3.1.  Let K be an isotropic convex body in R". Ifcn < N < exp(cn)
then, for every 1 <k <n,

i1 Ziogonym (KM < E[Q(Kn)] < c2w(Ziog v (K)), (3.1

where ¢y, ¢y > 0 are absolute constants.

Proof. We first recall the precise statements of the main results from [9] on the
asymptotic shape of a random polytope with N vertices chosen independently and
uniformly from an isotropic convex body.

Facr3.2. Let Be(0,1/2land y > 1. If N > N(y,n) = cyn, where c > 0 is
an absolute constant, then for every isotropic convex body K in R" we have

Ky 2 c1Zy(K) forall g < cyBlog(N/n) (3.2)
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with probability greater than 1 — f(B, N,n), where f(B, N,n) — 0 exponentially
fast as n and N increase.

The upper bound obtained in [9] for (B, N,n) is
f(B.N.n) <exp(—csN'Pnf) + P(|T: €5 — €Y | = yLk VN ),  (3.3)

where I': £ — EZZV is the random operator I'(y) = ((x1,y),..., {(xy,y)) defined
by the vertices xj,...,xy of Ky. There are several known bounds for this last
probability (see e.g. [13; 21]). The best-known estimate can be extracted from [2,
Thm. 3.13]: one has IP’(||1": 0 — 612V|| > yLK\/IV) < exp(—coy\/ﬁ) for all
N > cyn. If we assume that 8 < 1/2, then

f(B.N,n) < exp(—ca/n). (3.4)

Since Qy(-) is decreasing in k, we immediately obtain

K 1/n
E[Q«(Kn)] > E[Q.(Ky)] = E(' N|> . (3.5)
Then Fact 3.2 shows that
K 1/n 7 ; K 1/n
E(' N|) ch(l log(N/n)( )|> , 3.6)
Wy Wy

where cs5 > 0 is an absolute constant. Combining (3.5) and (3.6) yields the first
inequality in (3.1).

We now turn our attention to the opposite direction. Let N > n. Observe that,
for every & > 0 and § € S"~!, by Markov’s inequality we have

P(a,0) :=P({x € K : |{x,0)| = || (-,0)ll¢}) < ™% (3.7

therefore,

P(hiy (6) = ahz, k() = P( max|(x;,0)] = (- 6)]], )
J=N

< NP(«,0) < Na™1. (3.8)
Then a standard application of Fubini’s theorem shows that, for every o > 1,
E[o(8 : hiy (0) > ahz,x) ()] < Na™. 3.9
Using that hg, (0) < hz_(x)(0) < cenLg, which follows from (2.14), we write
w(Kn) Sf hky (0) do(0) + ceo(Ay)nLk, (3.10)
AN
where Ay = {6 : hKN(Q) < Ol/’lzq(K)(e)}. Then
w(Ky) < O[/ l’lzq(/()(@) do(0) +CGO'(A§V)I’1L[( (3.11)
AN

and so, by (3.9),
E[w(Ky)] < aw(Zy(K)) + ceNna™ 7 Lg. (3.12)
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Since w(Z,(K)) > w(Z»(K)) = Lk, we obtain
E[w(Kn)] < (@ + ce Nna™HYw(Z4(K)). (3.13)
Choosing o = e and g = 2log N, we see that
E[Q1(KN)] = E[w(Ky)] < crw(Za1ogn (K)) = csw(Ziogn (K));  (3.14)

here we have taken into account that Z;oe v (K) € ¢Zjoe v (K), a consequence of
(2.12). Since Q;(K) is decreasing in k, it follows that

E[Qx(Kn)] < E[Q1(KNn)] < cow(Ziogn (K)) (3.15)
forall 1 < k < n, where c¢g > 0 is an absolute constant. This completes the proof
of the proposition. O

For the proof of Theorem 1.1 we combine Proposition 3.1 with the following known
bounds for | Z,(K)|. The first bound, expressed by (3.16), follows from the results
of [26] and [15]; the second bound, expressed by (3.17), was obtained in [20].

FacT 3.3.  Let K be an isotropic convex body in R". If 1 < g < /n then
|Z, (K" ~ \/q/nLk, (3.16)
butif /n < q < nthen
cov/a/n <1Z,(K)I"" < ciov/a/n L. (3.17)

Proof of Theorem 1.1. We first assume that n2 < N < exp(y/n). From (3.16)
we have

| Z1og v (K)|"" > c1y/log N/n L, (3.18)
and from Fact 2.1 we have
w(Ziog v (K)) < cpy/log NLg. (3.19)
Therefore, (3.1) takes the form
E[Qi(Ky)] ~ /log NLg (3.20)

as claimed. If exp(y/n) < N < exp(cn) then we use (3.1) and the first inequality
in (3.17). It follows that

czy/1og N < E[Qi(Kn)] < cow(Ziog N (K)) (3.21)
for every 1 < k < n, and the proof is complete. O

4. The Range n?> < N <exp(/n)

Next we prove Theorem 1.2 on the quermaBintegrals of a random K in the range
n> < N < exp(s/n). The precise statement is as follows.

THEOREM 4.1.  Let K be an isotropic convex body in R". Ifn> < N < exp(y/n)
then, with probability greater than 1 — N, a random Ky satisfies
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Ok(Ky) < c1Lgy/logN 4.1
for all 1 < k < n and with probability greater than 1 — exp(—+/n) it satisfies
Or(Ky) = caLg+/log N (4.2)

forall 1 <k <n,where ci,co > 0 are absolute constants.

Proof. Letn> < N < exp(y/n). For the proof of (4.2) recall that, with probabil-
ity greater than 1 — exp(—+/n ), arandom K contains c3Z log N (K). Then we can
use (3.5), (3.6), and the volume estimate from Fact 3.3 to show that any such Ky
satisfies

Or(Kn) = Qu(Kn) = ¢33/ Ziog n (K)|'" > cyLg+/log N 4.3)

foralll <k <n.
For the proof of (4.1) we need two lemmas.

LEMMA 4.2. Let K be an isotropic convex body in R". For every n> < N <
exp(cn) and for every q > log N and r > 1, we have

i, ()

q—da(@) < (c1r)? 4.4
sn=1 hzq(K)(Q)

with probability greater than 1 — r~9, where c¢; > 0 is an absolute constant.

Proof. We have assumed that K is isotropic and so, by (2.13) and (2.4), Ky <
conv(K,—K) € (n+ 1)LgBj and Z,(K) 2 Z,(K) = Lg Bj. This implies that
hgy(0) < (n+ Dhz,k)(0) forall 6 € §"~1. We write

hKN(e)q n+l -1
/ ———do(9) = / qt? o0 : hgy(0) > thz,k(0))dt.  (4.5)
sn-1 hz,x)(0)1 0 !

We fix @ > 1 (to be chosen) and estimate the expectation over K": using (3.9),

we obtain
h 0)4 n+1
]E(/ KN—()dG(H)) < af +f gt Nt dt
sn—1 hz,x)(0)1 p

|
<af 4+ gN 1og<i). (4.6)
o

We now choose @ = e. If ¢ > log N, then
hg, (0)4
E(/ K”—()da(e)> <! (4.7)
sn—1 hz,k)(0)9

for some absolute constant ¢; > 0. Markov’s inequality shows that, for every
r=1,

5ot 0 0)1 = '

with probability greater than 1 — r~9. UJ
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LEMMA 4.3. Let K be an isotropic convex body in R". For every n> < N <
exp(cn) and for every g > log N and r > 1, we have

w(Ky) = cirwg(Z4(K)) 4.9)

with probability greater than 1 — r~4.

Proof. Using Holder’s inequality and the Cauchy—Schwarz inequality, we write

2
[w(Ky)]? < ( f hi, (0)4/* do(0)>
Sn—l

< [w,(Z (K))]q/ P © o) (4.10)
- a a Sn—] th(K)(e)q ) ’
Lemma 4.2 shows that if ¢ > log N and r > 1, then
hi, (0)4
/ e ©7 o 6) < eyt 4.11)
sn—1 hz, k) (0)1
and hence
w(Ky) < cirwy(Z,(K)) (4.12)
with probability greater than 1 — r~9. UJ

We can now prove (4.1). We have assumed that log N < /i, and we choose ¢ =
log N and r = e. Hence, by Lemma 4.3 and Fact 2.1,

w(Ky) < cwiogn (Ziogn (K)) = w(Ziogn (K)) < c1Lg+/10g N (4.13)

with probability greater than 1 — N~'. Since Qi (Ky) < w(Ky) forall 1 < k <
n, the proof of the theorem is now complete. OJ

NoTE. Theorem 1.2 and Fact 3.2 show that if 1> < N < exp(4/n) then, with
probability greater than 1 — N !, a random Ky has the two properties

(P1) Ky 2 c1Zjogn(K) and

(P2) Qx(Ky) ~ Lg+/logN foralll <k <n.

In Sections 4.1 and 4.2 we derive the two claims of Theorem 1.3 from (P1) and (P2).

4.1. Regularity of the Covering Numbers

Recall that if K and L are nonempty sets in R”, then the covering number N (K, L)
of K by L is defined to be the smallest number of translates of L whose union
covers K. If K is a convex body and L is a symmetric convex body in R”, then a
standard volume argument shows that

K+ L| < NK.L) 52n|K—i—L|.

IL] IL]

The next proposition concerns the covering numbers of a random Ky by multiples
of the Euclidean unit ball; in particular, it provides a proof for Theorem 1.3(i).

nl

4.14)
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PROPOSITION 4.4. Let K be an isotropic convex body in R", and let n> < N <
exp(y/n). Then a random Ky satisfies the entropy estimate

1
log N(Ky, c1eLg+/log NB}) < can min{log(l + 6—3), —2} (4.15)
e ) ¢

for every ¢ > 0, where cy,ca,c3 > 0 are absolute constants. Moreover, if 0 <
e <1then

cynlog & <log N(Ky,ceeLg+/log NB%) < c¢7nlog & (4.16)
£ £
for suitable absolute constants c;,i = 4,...,8.

Proof. We will give estimates for the covering numbers N(Ky, er, vy B}), where
Ky satisfies (P1) and (P2) and where

K 1/n
Fa N :=(| N') ~ Lg+/log N 4.17)

n

is the volume radius of K. Using the second inequality in (4.14), we write

|5r,l N

Ky + B3|
N(Ky,er, yBy) <2" .

(4.18)

Wy
By Steiner’s formula,

N+B"

|”N Y KKy ) ——; 4.19
—Z 0O ( N)SkT, (4.19)

n,N

now, since Qy(Ky) = r, v by (P2), we have

| Ky + B3| & ¢ Y
LSO e e

Returning to (4.18), we see that

log N(Ky ., ery v BY) < clnlog(l n 2) 421)
&

for suitable absolute constants c,c, > 0. A second upper bound can be given
by Sudakov’s inequality log N(K,tB}) < cnw?(K)/t* (see e.g. [28]). Since
w(Ky) = 1, y, it follows immediately that

log N(Ky, ern xBY) < ﬂ (4.22)

for all ¢ > 0. This proves (4.15).

A lower bound on the covering numbers can also be obtained for the case where
0 < & < 1. For this we can use the lower bound on the volume of K from equa-
tion (1.7) or (1.8) depending on whether or not (respectively) log N < ./n. For
example, if the inequality holds then
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Kyl V"1 (4.23)
lern, n By | T ’
Hence log N(Ky, ey, nB}) > nlog(l/e). O

N(Ky,ery, yBH" > <

4.2. Random Projections of Ky

Next we show that, if Ky has properties (P1) and (P2), then the volume radius of
arandom projection Pr(Ky) onto F € G,  is completely determined by n, k, and
N; this is the content of Theorem 1.3(ii).

PROPOSITION 4.5.  Let K be an isotropic convex body inR", and let n*> < N <
exp(s/n ). Then, with probability greater than 1 — , a random Ky satisfies the
following: for everyl <k <n,

<W> Lx+/log N (4.24)

Wi

—ck

with probability greater than 1 — e
on Gy .

with respect to the Haar measure v, i

Proof. The upper bound is a corollary of Theorem 1.2. We know that if log N <
/n then Ky satisfies (P2) with probability greater than 1 — N ~'; in particular,

1 1/k
Ow(Ky) = (;/ |PF(KN)|an,k(F)) < Lgy/log N (4.25)
k Gk
for all 1 < k < n. Applying Markov’s inequality then yields the following fact.

FACT 4.6. Ifn®> < N < exp(s/n) then, with probability greater than 1 — N ',
Ky satisfies the following: for every 1 <k < n and everyt > 1,

1/k
<m) <city/logNLg (4.26)

Wk

with probability greater than 1 — t = with respect to v, ;.

For the lower bound we use (P1). Integrating in polar coordinates, we have

/GM wm}n,k(ﬂ = /G"Vk /SF m dop (0) dv, « (F)
- /Gnk /;F ﬁ dor () dv, ((F)
k/n
<-/Gnk /Sp "0 dUF(Q)dUn’k(F)>
k/n
( sn1 Wy (9) 0(9))
(%

k/n
) (4.27)

IA
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By the Blaschke—Santald inequality and the inclusion Ky 2 Z,10¢ v (K), We get

Ke° k/n k/n k/n
() () ) o
Wy Kyl |Z 3 10g v (K|
Recall that if ¢ < /n then (lzi)i(m)l/ "> ¢34/q L, from which we conclude that
| P2 (Kn)I k
/ SN vy i (F) < (L> . (4.29)
Gk Wk v91og NLg

From Markov’s inequality we obtain an upper bound for the volume radius of a
random PZ(Ky), and the reverse Santalé inequality proves the following.

FAacT 4.7. Ifn* < N < exp(y/n) then, with probability greater than 1 — N,
Ky satisfies the following: for every 1 < k < n and everyt > 1,

Pe(Kn)I\"* _ csLgy/logN
(| F( N)|) s ¢skylog (4.30)
[oys t
with probability greater than 1 — t = with respect to v, ;.
Together, Fact 4.6 and Fact 4.7 prove Proposition 4.5. O

REMARK 4.8. Using [16, Prop. 3.1], one can actually prove that if k < n/4 (or,
more generally, if k¥ < An for some A € (0, 1)) then most k-dimensional projec-
tions of K contain a ball of radius Lg+/log N:

Pr(Ky) 2 Ct—6LK‘/10g NB (4.31)

with probability greater than 1 — ¢ ~* with respect to v, ;. This, in turn, shows that
(4.30) is satisfied by Pr(Ky). We omit the details.
4.3. Coordinate Projections of Ky

Here we prove Theorem 1.4. Part (i) is proved by our next proposition, which esti-
mates the size of the projection of a random Ky onto a fixed subspace F in G, .

PrROPOSITION 4.9.  Let K be an isotropic convex body in R" and let 1| < k < n.
Forallk < N < ¢e* and for every F € G i,

Pr(Ky)| /¥
(M> < cLg+/log N (4.32)
o)

with probability greater than 1 — N\,

Proof. Fix F € G x. For all 0 € Sr and all x € K, we have hp,(z,x)(0) =
hz,x)(0) and (Pr(x),0) = (x,0). Hence we can argue as in Lemma 4.2 to show
that if ¢ > log N then a random Ky satisfies
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h @)
/ q’*& dor(9) < ¢’ (4.33)
St Mpy iz, (@)

Applying the Cauchy—Schwarz inequality, we obtain

_ 1 .
[w_g/2(Pr(Zy(K)))] ™ = ( /S hq/z—)dop(e))

Pp(Z4(K))

<< / _ daF(G))( / e @) dw(@))
B S h%F(KN)(G) sr h}

Pr(Z4(K))
< w_g(Pr(Ky)) et
therefore, if ¢ > log N then
w_g(Pr(Ky)) < cisw_g2(Pr(Z4(K))) (4.34)

with probability greater than 1 — s 7.
Assume that ¢ < k. Using Holder’s inequality and taking polars in the sub-
space F' yields

Ny 1/k
(1L EDTY ([ o)
| B3| Sr Ppp (i) (@)

1 1/q
> ([ o)
Sr Py k) (©)

= w_y(Pr(Ky)) ™" (4.35)
Applying the Blaschke—Santal6 inequality on F, we see that

| P ()|t < %w,q(mKN)) (4.36)

for a suitable absolute constant ¢, > 0. Then (4.34) shows that

| Pr(Ky)| /< %wfq/z(PF(zqm)) (4.37)

with probability greater than 1 —s 7 forlog N < ¢ < k. From (2.22) we know that
Pr(Zy(K)) = (k + @)V Byg-1(K, F)IYVIZy(Biig-1(K F)),  (4.38)

and from (2.24) we obtain Z,(By4,—1(K, F)) € c4Z,/2(Bit1(K, F)) for a new
absolute constant ¢4 > 0. Hence, with probability greater than 1 —s 79, iflog N <
q < k then

| Pr(Ky)|"*
Cs5S8 -
< ﬁ(k + ) Biy g1 (K, P00 o (Zy 2 (Bipa (K, F))). (4.39)

But By 1(K, F) is easily checked to be isotropic, and from (2.17) and (2.19) it then
follows that
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W_q2(Zg/2(Bis1 (K, F))) < C6%I—q/z(ék+l(l(, F))

< C7\/§LBH1(K7F). (4.40)
From (2.23) and (2.25) we have
Lj, k.r <cslKNFY Ly (4.41)
and
1/q 1/k+1/k 1 k+4q
(k+q) " Brtqg-1(K, F)| IKNF-|<e <2e (4.42)
for g < k. We can now use (4.39) to conclude that
q
|Pr(Ky)|V* < cLK% (4.43)

with probability greater than 1 — s~7 for all g satisfying log N < g < k. The
k

proposition follows if we choose ¢ = log N for N < e*. U
In Proposition 4.9, F may be one of the k-dimensional coordinate subspaces of
R". Using a result from [1] gives us a uniform estimate of the same order on the
size of all projections of a random Ky onto k-dimensional coordinate subspaces
of R”. This is part (ii) of Theorem 1.4.

PropPoSITION 4.10. Let K be an isotropic convex body in R" and let 1 <
k <n. Forallk < N < exp(ch/k/logk), with probability greater than 1 —
exp(—cz,/k/logk) a random Ky satisfies the following: for every o C {1,...,n}
with |o| = k,

1/k
<M> < c3Lg log(en/k)+/log N, (4.44)

Wk

where ¢; > 0 are absolute constants.

Proof. Letl < k < n. Itis proved in [|, Thm. 1.1] that, for every t > 1,

t\/%log €n
P(maxHPa(x)Hz > clrLKﬁlog<T>> < exp(—J) (4.45)
lol=k k V/1og(ek)
Assume that N < exp(cay/k/logk ). Then, with probability greater than 1 —
exp(—c3y/k/logk ), we have that N random points xy, ..., xy from K satisfy the

following: for every o C {l,...,n} and forevery 1 <i < N,
éen
I Po(x)ll2 < caLg~k log - ) (4.46)

Now we recall a well-known volume bound that was obtained independently in
[5], [8], and [12]: if zy, ..., zy € R* and max|z;[> < «, then
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- csoy/log N

jeonv({zr, ..., zv DIV = == (4.47)
In our case inequality this implies that, for every o with |o| =k,
Py (K
<M> < csL log(en/k)/log N, (4.48)
Wi
as claimed. OJ

5. Combinatorial Dimension in the Unconditional Case

In this section we assume that K is an unconditional isotropic convex body in
R". Thus K is symmetric, and the standard orthonormal basis {ey,...,e,} of R”
is a l-unconditional basis for |- || x: for every choice of real numbers 74, ..., 1, and
every choice of signs ¢; = +£1,

||81t1€1 +---+ gntnen”l( = ||t1€1 +-+ tnen||l(~ (51)

It is known that the isotropic constant of K satisfies Lxg ~ 1. Moreover, Bobkov

and Nazarov [7] have proved that K 2 ¢, Q, for O, = [—%, %]n

We will use that, for this class of convex bodies, the family of L ,-centroid
bodies of the cube Q,, is extremal (the argument is due to R. Latatla).

LEMMA 5.1. Let K be an isotropic unconditional convex body in R". Then
Zy(K) 2 cZy(Qn) (5.2)

forall g > 1, where ¢ > 0 is an absolute constant.

Proof. Let €1,¢€,...,&, be independent and identically distributed £1 random
variables defined on some probability space (€2, F,P) and with distribution
P =1) = P, = —1) = % For every € S"~!, the following expres-
sions are a consequence of the unconditionality of K, Jensen’s inequality, and the

contraction principle:
n q 1/q
Z 9,‘ X dx)
K i

Zes,|x|

/|x|dx

€5 O lLack) = (

1/q
dx dIP’(e))

dIP(s))

Ztﬁ Vi

i=1

=/,

dy) = [, )l Laco,)s (5.3)
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here t; = [, |xildx ~ Lg ~ land t6 = (1,6,,...,1,6,). Recall that

1/2
1 O)laon = Y67 + v ( 2 (9-"*)2> oY

J=q qg<j=n
(see [6]). Since t; >~ 1foralli =1,...,n, it follows that
(-, OMlzacky = I1€-> @O I Laco,y = cll-> O lLaco,)» (5.5)
and this proves the lemma. UJ

Since Z,(Q,) ~ \/gB5 N Q,, from Fact 3.1 we immediately get the following.

PROPOSITION 5.2. Let K be an isotropic unconditional convex body in R". If
cin < N <exp(cyn) andif Ky = conv{xy,...,xy}isa random polytope spanned
by N independent random points xi, ..., xy uniformly distributed in K, then for
everyo C {l,...,n} we have

P,(Ky) 2 ci(y/1og(N/n) B, N Q) (5.6)
with probability 1 — 0,(1).

Proof of Theorem 1.5. Let ¢ € (0,1). Forevery o C {1,...,n} with |o| = k, we
have Q, C vk B, and hence

Po(Kn) 2 € min{—”"g(N/”),l}Qa > £0, 5.7)
Vk
provided that
- c2+/log (N/n) (5.8)

e < NG .

c3log(N/n)

This shows that

VC(Ky,¢e) > min{ (5.9)

which is the lower bound in Theorem 1.5. O
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