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Surfaces with Parallel Mean Curvature
inS®xRand H? x R

DoRrREL FETCcU & HAROLD ROSENBERG

1. Introduction

In 1968, J. Simons discovered a fundamental formula for the Laplacian of the sec-
ond fundamental form of a minimal submanifold in a Riemannian manifold. He
then used this formula to characterize certain minimal submanifolds of a sphere
and Euclidean space (see [17]). One year later, K. Nomizu and B. Smyth general-
ized Simons’s equation for hypersurfaces of constant mean curvature (cmc hyper-
surfaces) in a space form (see [15]). This was extended, in Smyth’s work [18], to
the more general case of a submanifold with parallel mean curvature vector (pmc
submanifold) in a space form. Over the years such equations, called Simons-type
equations, turned out to be very useful, and a great number of authors have used
them in the study of cmc and pmc submanifolds (see e.g. [3; 10; 16]).

Nowadays, the study of cmc surfaces in Euclidean space and, more generally, in
space forms is a classical subject in the field of differential geometry; well-known
papers by H. Hopf [13] and S.-S. Chern [9] are representative examples from the
literature on this topic. When the codimension is greater than 1, a natural gener-
alization of cmc surfaces are pmc surfaces. These have been intensively studied
in the last four decades, and among the first papers devoted to this subject are
those by D. Ferus [11], B.-Y. Chen and G. D. Ludden [8], D. A. Hoffman [12],
and S.-T. Yau [20]. All results in these papers were obtained in the case when the
ambient space is a space form.

The next natural step was taken by U. Abresch and H. Rosenberg, who studied in
[1; 2] cmc surfaces and obtained Hopf-type results in product spaces M?(c) x R,
where M?(c) is a complete simply connected surface/\iv\it/h constant curvature c, as
well as in the homogeneous 3-manifolds Nil(3), PSL(2,R), and Berger spheres.
Some of their results in [1] were extended to pmc surfaces in product spaces
of M"(c) x R, where M"(c) is an n-dimensional space form, by H. Alencar,
M. do Carmo, and R. Tribuzy [4; 5].

In a recent paper, M. Batista [7] derived a Simons-type equation involving the
traceless part of the second fundamental form of a cmc surface in M?(c) x R and
found several applications.
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In this paper we compute the Laplacian of the squared norm of the traceless
part ¢ of the second fundamental form o of a pmc surface in a product space
M?3(c) x R; then, using this Simons-type formula, we characterize some of these
surfaces. The main results of our paper are the following.

THEOREM 5.2. Let X% be an immersed pmc 2-sphere in M"(c) x R such that:
(D) TP =00r|TP? = %and |o* <c2=3|T) ifc <0;

) ITP? < %and |o]* <c2—=3|T) ifc > 0.

Here T is the tangent part of the unit vector & tangent to R. Then %2 is either a
minimal surface in a totally umbilical hypersurface of M"(c) or a standard sphere
in M3(c).

THEOREM 5.3. Let ¥2 be an immersed complete nonminimal pme surface in M =
M3(c) x R, with ¢ > 0 and mean curvature vector H. Assume
(i) 19> < 2|HP +2¢ — SIT| and
(ii) either
(@) |T|=0or
(b) IT)* > % and |HI* = c|TP (1 — |T1*)/GIT* - 2).
Then either

(1) |¢|> =0 and X2 is a round sphere in M3(c), or
) |p|> = 2|H|* + 2¢ and X7 is a torus S'(r) x Sl(\/l/c —r2 ) r? #1/2c,
in M3(c).

ACKNOWLEDGMENTS. The first author would like to thank the IMPA in Rio de
Janeiro for providing a very stimulative work environment during the preparation
of this paper.

2. Preliminaries

Let M"(c) be a simply connected n-dimensional manifold with constant sectional
curvature ¢, and consider the product manifold M = M"(c) x R. The expression
of the curvature tensor R of such a manifold can be obtained from

(R(IX,Y)Z,W) = c{{dnY,dnZ)(dnX,dnW) — (dnX,dnZ){dwY,d7nW)},

where 7: M = M"(c) x R — M"(c) is the projection map. A straightforward
computation yields
where £ is the unit vector tangent to R.

Now let £2 be an immersed surface in M and denote by R its curvature tensor.
Then, from the Gauss equation
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(R(X,Y)Z,W) = (Ié(X, Y)Z, W)
n+1
+ ) (ALY, Z) (A X, W) — (Au X, Z){(A,Y, W)},
a=3
we obtain

RX.V)Z=c{{Y,Z)X —(X,Z)Y — (Y, TWZ,T)X + (X, T){(Z,T)Y
+{X, Z)(Y,T)T = (Y, Z)(X,T)T}
n+1
+ Z{(AO,Y,Z)AO(X — (A X, Z)A,Y Y (2.2)

a=3
here T is the component of £ tangent to the surface, and A is the shape operator
defined by the Weingarten equation

VxV = —AyX + ViV

for any vector field X tangent to 2 and any vector field V normal to the surface.
Here V is the Levi—Civita connection on M and V< is the connection in the nor-
mal bundle; also, A, = Ag,,, with {E a};’[ig a local orthonormal frame field in the
normal bundle.

DEFINITION 2.1.  If the mean curvature vector H of the surface X2 is parallel in
the normal bundle (i.e., if V*H = 0), then X is called a pmc surface.

We conclude this section by recalling the Omori—Yau maximum principle, which
will be used later.

THEOREM 2.2 [21]. If M is a complete Riemannian manifold with Ricci curva-
ture bounded from below, then for any smooth function u € C>(M) with supy u <
400 there exists a sequence of points { prYren C M satisfying

1 1
lim u(py) =supu, |Vul(pr) < -, and Au(py) < .
k— 00 M k k

3. A Formula for pmc Surfaces in M"(c) x R

Let X2 be an immersed surface in M"(¢) x R with mean curvature vector H. In this
section we prove a formula for the Laplacian of the squared norm of Ay, where V
is a normal vector field to the surface, such that V is parallel in the normal bundle;
that is, V1V = 0 and trace Ay = constant.

LeEMMA 3.1.  IfU and V are normal vectors to the surface and if 'V is parallel in
the normal bundle, then [Ay, Ay] = 0; in other words, Ay commutes with Ay .

Proof. The conclusion follows easily from the Ricci equation
(RY(X,Y)V,U) = ([Av, Ay]X,Y) + (R(X,Y)V,U),
since R+(X,Y)V = 0 and (2.1) implies that (R(X, Y)V,U) =0. O
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Now, from the Codazzi equation
(R(X,Y)Z,V) = (Vyo(Y,Z),V) — (6(VxY, Z),V) — (o(Y,VxZ), V)
—(Vyo(X,Z), V) + (o(VWyX, Z), V) + (0(X,Vy Z), V)
(where o is the second fundamental form of £2), we get
(R(X.Y)Z,V) = X(AvY. Z2)) — (0 (Y. Z), Vi V) — (Ay(VxY). Z)
— (AVY, VxZ) — Y({(AvX, Z) + (0(X, Z), Vy V)
+ (Ay(WyX), Z) + (AvX, Vv Z)
= ((VxAy)Y — (VyAV)X, Z),
since V+V = 0. Therefore, we can use (2.1) to obtain
(VxAy)Y = (VYyAy)X +c(V,N)(Y, T)X — (X, T)Y), 3.D

where N is the normal part of §.

Next, we have {
§A|Av|2 = |[VAy|* + (V?Ay, Ay), (3.2)

where we extended the metric (-,-) to the tensor space in the standard way. In
order to calculate the second term on the right-hand side of (3.2), we shall use a
method introduced in [15].

Let us write
C(X,Y) = Vx(VyAy) — Vy,yAy,

and note that the vanishing of the torsion of V and the definition of the curvature

tensor R on the surface together imply that
C(X,Y)=C(Y,X)+[R(X,Y),Av]. (3.3)

Now consider an orthonormal basis {e;, e;} in T,,Z2 (pe 32), extend ¢; and e; to

vector fields E| and E in a neighborhood of p such that VE; = 0 at p, and let X
be a tangent vector field such that VX = 0. Obviously, at p we have

2 2
(VAN X = Z Ve, (Ve, Ap)X = Z C(Ei, E)X.
i=1 =
Using equation (3.1) yields, at p,
C(E;, X)E; = (VE,(VxAy))E; — (Vy, xAV)E;
= Vg, ((VxAy)E;) — (VxAy) (Vg E))
= Vg, (Vg Ay)X) + cVE (V. NY(E;, TYX — (X, T)E}));
then
C(E;,X)E; = (Vg,(VE;Ay)) X + (VE; Ay)(VE, X)
—c(AvE;, T)(Ei, T)X —(X,T)E;)
+c(V,N)(ANE;, E))X — (ANX, E)E)})
=C(E, EDX —c(AVvE, TY(E;, T)X — (X, T)E;)
+c(V.N)(ANEi, E)X — (AnX, E))E;). 3.4
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Here we have used that o (E;, T) = —VELI_ N and Vg, T = AyE;, which follow be-
cause £ is parallel.
We also have
C(X,E)DE; = Vx((Vg, Ay)E); (3.5)

then (3.3)—(3.5) yield

CELENX =C(E, X)Ei + c(AvE,, T)(E;, T)X — (X, T)E))
—c(V,NY(ANE;, Ei)X — (AnX, EV) E})
=C(X,E)E; + [R(E;, X), Av]E
+c(AVE, TY(E, T)X — (X, T)E;)
—c(V,N)(ANE;, E)X — (AN X, E)) E)),

which means that

C(Ei, E))X = Vx((VE, Av)E) + [R(E;, X), Av]E;
+c(AvE;, TY(E;, T)X — (X, T)E;)
—c(V,N)(ANE;, E;)X — (ANX,E})E)).
Since Ay is symmetric, it follows that also Vg, Ay is symmetric. Hence by (3.1)

we have
2

2 2
<Z(VE,.AV)E,-, Z> = Z<E,», (VE,ANZ) =) (Ei, (VZAV)E))

i=l = i=l

2
N)Y (Ei(Z,T)E; — (E;, T)Z)

i=1
= trace(VzAy) + c(V,N)(T, Z)
= Z(trace Ay) + c(V,N)(T, Z)
= ¢(V,N\T, Z)

for any vector Z that is tangent to X2, since trace Ay = constant.
Therefore, at p,

(VZAX =Y C(Ei, E)X
i=1
2

=cVx((V,N)T) + Z[R(Ei,x),Av]Ei

i=l1
2

+c Y (AvELTY(E, T)X — (X, T)E))
i=1
2

—c Y (V.N)(ANEi, E)X — (AyX, E)E)).
i=1

Then, since Vx& = 0 implies o(X,T) = —V¢ N and VxT = AyX, we have
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2
(VZANX =Y [R(E;, X), Av]E;
i=1
+c¢f2(V,NYAyX — (AyX, T)T + (AT, T)X
— (X, TYAyT —2(H,N){(V,N)X}. (3.6)

From the Gauss equation (2.2) of the surface ¥? and Lemma 3.1, it now fol-
lows that

2 2
Y R(E, X)AvE; =c ) {(X,AvE)E; — (E;, AvE))X
i=1 i=l

— (X, TY(AvE;, T)E; + (E;, T){(AvE;,T)X

+(E;, AyvE){(X,T)T — (X, AvE;){E;,T)T}
2 n+l
+ D AKX AVE)AE; — (AuEi, AvE) Ao X},
i=1 a=3
which means that
2

Z R(E;, X)AvE; = c{AyX — (trace Ay)X + (trace Ay) (X, T)T

= —(AvX,T)T — (X, T)AyT + (AyT, T)X}
n+l1
+ Z{AVAiX — (trace(AyAy)) Ay X}
a=3
and
2 2
D AVR(ELX)Ei = c ) (X ENAVE; — (E;, E) AvX

i=1 i=1
— (X, TEi,T)AvE; + (E;,T)(E;,T)AvX

+(Ei, EN(X, T)AvT — (X, E;)(E;, T)AvT}

2 n+l
+ Y Y {(AuX, ENAvAE; — (AgEi, E)AvAoX)
i=1 a=3
n+l
=—c(1—=|TPAvX + Z{AVAﬁx — (trace Ag)Ay A X ).
a=3

Finally, replacing in equation (3.6), we find
(VZANX = {2 = |ITHAvX +2(AyT, T)X —2(AyX,T)T — 2(X,T)AyT
+2(V,NYAyX —2(H,N)(V,N)X

— (trace Ay) X + (trace Ay)(X,T)T}
n+l1
+ 3 {(trace A,) Ay Ao X — (trace(AyAy)) Ao X}:

a=3



Surfaces with Parallel Mean Curvature in S* x R and H3 x R 721

a straightforward computation then yields
2
(V’Ay, Av) =Y ((VPAV)E;, AvE;)
i=1
=c{2— |ITP)|Av[* — 4|AyT|* + 3(trace Ay)(AyT, T)
+ 2(trace(Ay Ay))(V, N) — (trace Ay)?
— 2(trace Ay)(H, N)(V, N)}
n+1
+ Z{(trace Ay)(trace(A% A,)) — (trace(Ay A,))?).
a=3

Thus, from (3.2) we obtain the following result.

PROPOSITION 3.2. Let X2 be an immersed surface in M"(c) x R. If V is a nor-
mal vector field, parallel in the normal bundle and with trace Ay = constant, then
1
FAIAVE = VAV + e{@ = ITP)|AvI* = 4| AT + 3(trace Ay)(AvT, T)
+ 2(trace(Ay Ay))(V, N) — (trace Ay)?

— 2(trace Ay)(H, N)(V, N)}
n+1

+ Z{(trace Ay)(trace(A} A,)) — (trace(Ay A,))?), (3.7)

a=3

where { E(,,}Z;'l3 is a local orthonormal frame field in the normal bundle.

COROLLARY 3.3. If %2 is an immersed nonminimal pmc surface in M"(c) x R
and if ¢y is the operator defined by ¢y = ﬁAH — |H|1d, then

1
§A|¢H|2 = |Voul* +{c@ = 3ITP) +4|H* = |o*}|pn?

2c
—2¢c|H|{¢puT,T) + m(H,N) trace(Aydg). (3.8)
Proof. From the definition of ¢y we have Vo = “11—|VAH as well as |¢py|? =
el Anl? = 21HP and o | AR T = 3ITPI¢ul® + [HPITI? + 2|H|(¢nT. T);

here we have used that |y T'|* = 1|T|?| ¢ |>, which can be easily verified by work-
ing in a basis that diagonalizes ¢y while taking into account that trace ¢y = 0.

Next, from equation (3.6) with V = H we get (V?Ay,1d) = 0; therefore, from
Proposition 3.2 it follows that

1

§A|¢H|2 = |Véul* +c2 = 3IT*)|¢ul* — 2¢|H|(¢uT,T)
2¢
|H|

n+1
+ Z{(trace Ay)(trace(¢p7 A,)) — (trace(pu Ay))*).  (3.9)

a=3

+ (H, N)trace(Aydn)
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‘We now consider the local orthonormal frame field {E3 = H/|H|, Eq4, ..., E, 11}
in the normal bundle. One sees that trace A; = 2|H| and trace A, = 0 for
o > 3,s0

n+1

Z(trace Ay)(trace(¢p3 A,)) = 2| H|(trace (¢ A3)) = 2(trace(ds An)).

a=3
From the definition of ¢y it follows that ¢, Ay = |H|$3, + |H|*¢3 and, because
trace ¢, = 0,

2(trace ¢ Ay) = 2|H | trace ¢3, + 2| H|* trace 7 = 2|H|*|pu|>
We have just proved that

n+1
Z(traceAa)(trace(¢§,Aa)) =2|H?|¢pul* (3.10)
a=3

As we have seen in Lemma 3.1, since H is parallel, Ay commutes with Ay for
any normal vector field U. Then, either there exists a basis that diagonalizes Ay,
for all vectors U normal to X2, or the surface is pseudo-umbilical (i.e., Ay =
|H|?1d). Moreover, since the map p € 2> (A — Id)(p) for u a constant is
analytic, it follows that if H is an umbilical direction then this either holds on the
whole surface or only on a closed set without interior points.

That the vector H is an umbilical direction everywhere implies that ¢y vanishes
on the surface; hence (3.8) is verified and so we will study only the case when H
is an umbilical direction on a closed set without interior points (which means that
H is not umbilical in an open dense set). We will first work on this set and then
extend our result throughout X2 via continuity.

Let {e, e;} be a basis that diagonalizes Ay for all vectors U normal to the sur-
face. Then, with respect to this basis and for « > 3, since trace A, = trace ¢y =

0 we have 0 0
Ma a
A = = N
= ) e e (5 5
therefore,
(trace(py Ay))” = 4a’py, = |Aul’|pnl. (3.11)
We also obtain ¢y Az = ¢121 + |H|¢py, which leads to
(trace(¢pr A3)* = |oul* = (|As]> = 2|H ) |¢pul” (3.12)
Finally, substituting (3.10)—(3.12) into (3.9), we get equation (3.8). O

REMARK 3.1.  For the case of an immersed pmc submanifold in S"(1), the La-
placian of |¢y|> was computed in [6; 19].

4. A Simons-Type Equation and Applications

In the following we shall derive a Simons-type equation for nonminimal pmc sur-
faces in M3(c) x R and then use that equation to characterize some of these sur-
faces. Throughout this section, > will be an immersed nonminimal pmc surface



Surfaces with Parallel Mean Curvature in S* x R and H3 x R 723

in a product space M3(c) x R, with mean curvature vector H and the Gaussian
curvature K.

Let us consider the local orthonormal frame field { E5 = H/|H|, E4} in the nor-
mal bundle, and denote by ¢35 = A3 — |H|Id and ¢4 = A4. The normal part of &
can be written as N = v3E3 + v4 E4, where vy = (&, E3) and vy = (€, Ey4).

Since H is parallel in the normal bundle, it follows that also E is parallel in the
normal bundle. We use the same argument as in the proof of Corollary 3.3 to see
that either H is an umbilical direction on the whole surface or it is not umbilical
on an open dense set. In both cases, it is easy to verify that

(trace Az)(trace(¢3 A3)) = 2| H*|$al?,
(trace($s A3))* = (A3 > = 2|H D) 9al*;
then, since (trace qbﬁ)z = |¢4|* trace g, = 0, and |p4T|> = %|T|2|¢4|2, Proposi-
tion 3.2 allows us to derive the following formula for the Laplacian of |¢4|*:
1
FA19al* = IV$al* +{c2 =3IT ") + 4H|* = |0} g4l
+ 2cvy trace(An Pq). “.1)

Next, let ¢ be the traceless part of the second fundamental form o of the surface

4
(X.Y)=0(X.Y)— (X.Y)H =) (¢ X.Y)E,.
a=3
We have |¢|*> = |p3]> + |¢4]* = |o|*> — 2| H|* and then, using (3.8) and (4.1), we
can state our next proposition.

PROPOSITION 4.1.  If £ is an immersed nonminimal pmc surface in M3(c) x R
and if ¢ is the traceless part of its second fundamental form, then
1
S 1B = [Ves® + [Voal” — 161" + {c2 = 3IT") + 2| H P} g1
—2c(¢(T.T), H) + 2¢|v3p3 + v4pal® 42)

or, equivalently,
1
FAIB1 = 1Voal + Vgal” — 161 + (e = 3IT1") + 2| H )¢
—2¢{¢p(T,T), H) + 2¢c|Ax|* — 4c(H, N)~
THEOREM4.2. Let ¥? be an immersed complete nonminimal pme surface in M =
M3(c) x R, with ¢ < 0, such that

sup|gp|®> < 2|H> +c(4 —5|T|?) and (¢(T,T),H) > 0.
22

Then |¢|*> = 0 and X? is a round sphere in M3(c).

Proof. We start by using the Schwarz inequality to obtain
v3¢3 +vadal® < 3 + )31 + (¢4l = (1 = ITP)|gl;
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this expression, together with (4.2) and the hypothesis, leads to

> {—[¢]* +c@ —5|T1*) +21H*} 9]
> 0. 4.3)

1
5A|¢|2 > —[¢|* + {c(@ = SIT1») +2|H[*}p|* — 2¢(¢(T.T), H)

Next we show that the Gaussian curvature K of the surface is bounded from
below. Indeed, by (2.2) we have

2K =2¢(1 —|T») +4|H> — |0
=2c(1 —|T*) +21H> = |¢I* > cBITI> = 2) > c.

Therefore, since %2 is complete, the Omori—-Yau maximum principle holds on the
surface.

We take u = |¢|* in Theorem 2.2, from which it follows that there exists a se-
quence of points { pi}ren C =2 such that

lim [P (p) = suplgl® and  AlBP(po) < .

k—o00 52 k
By (4.3), lim;_, o |¢|>(pr) = 0 and then sups:2|¢|> = 0, which implies |¢|> = 0.
Since ¢35 = A3 — |H|1Id = 0, it follows that H is an umbilical direction; this, in
turn, implies that X is a totally umbilical surface in M3(c) (see [5, Lemma 3]).
Therefore, X2 is a horosphere or a round sphere. But |¢|*> < 2|H|? + 4c implies
that K > —c > 0, so X2 cannot be flat; hence we conclude that the surface is a
round sphere. U

THEOREM 4.3. Let ¥2 be an immersed complete nonminimal pme surface in M =
M3(c) x R, with ¢ > 0, such that
91> <2/H* +c2=3ITI>) and (¢(I.T).H) <0.
Then & is normal to the surface, and either
(1) |¢|> =0 and X2 is a round sphere in M>(c) or

() |¢> = 2|H|*> + 2¢ and =2 is a torus S'(r) x Sl(,/l/c — rz), r? # 1/2c,
in M3(c).

Proof. From the Gauss equation (2.2) of the surface it follows that, since |¢|> <
2|H|? + ¢(2 = 3|T|%), we have
2K =2c(1—|T) +4[HP —|o|* =2c(1 — [T +2|H|* — |¢|* = c|T* > 0;

a result of Huber [14] then implies that X7 is a parabolic space.

On the other hand, by (4.2) we have Alg]? > 0 and so |¢|? is a bounded sub-
harmonic function on a parabolic space. Hence || is a constant and, again using
(4.2), we obtain

{—1¢1* + (2 = 3|T|*) + 2|H|*}|¢|* = 0,
<¢(T9 T)’ H) = O’ and V3¢3 + V4¢4 = 0
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Now we can split our study in two cases.

Case I: |¢|> = 0. This case can be handled exactly as in the proof of Theo-
rem 4.2.

Case II: |¢|> = ¢(2 = 3|T|*) + 2|H|> Since |¢|* is a constant, it follows that
|T|? is a constant and thus that (Vx T, T) = 0 for any vector X tangent to 2. Since
Vxé = 0 implies VxT = Ay X, we have (AyX,T) = 0. But v3¢3 + vapy =
0 means that Ay = (H, N)Id, which implies (H, N)(X,T) = 0 for any tangent
vector X. Therefore, £ is orthogonal to X either at any point or only on a closed
set without interior points. In the latter case, (H, &) = 0 holds on an open dense
set in which we also have (V; H, &) = —(AyxT, T) = 0. We have just shown that
(A3T, T) = 0 on an open dense set; therefore, since also

((I.T), H) = |H|($:T. T) = |H|(A3T, T) = |H||IT|*) = 0,

it follows that 7 = 0 on the whole surface. Hence X2 lies in M3(c) and its Gauss-
ian curvature is K = 5|T | = 0. We use a similar argument to that in the proof of
[3, Thm. 1.5] (see also [16]) to conclude. O

5. A Gap Theorem for pmc Surfaces with
Nonnegative Gaussian Curvature

In this section we will prove our main results, Theorem 5.2 and Theorem 5.3. In
order to do so, let us consider an immersed pmc surface >21in M"(c) x R. We
begin by computing the Laplacian of |T|%

Let {e}, e2} be an orthonormal in 7, %% (p € £?), and extend ey, > to vector
fields Ey, E, in a neighborhood of p such that VE; = 0 at p. At p, we have

l 2
—AIT|> = VT, Ve T Ve Ve T, T
SAIT ;« T, Vi, T) + (Ve Vi, T, T))
B 2
= |AnP + ) (Ve ANE,LT);
i=l1
then, since Vxy Ay is symmetric,

2 2
> AV ANEi T) =Y ((Ve,AN)E:, T)
i=1 i=1
2 2
=Y (Ve ANT, E) = Y (Vg AyT — ANVi, T, E;)
i=1 i=1
2
= Z(VE;VTT = Vy,rT, E;)

i=l

(VENTT + VirgaT, Ei) =

Il
'M'\’

i=1
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2
Z VrVe, T, Ei) — (R(T, ENT, E;))

= |TI’K +Z<VTANE,-,E,->
i=1

2

= |TPK + ) T(ANE E) = |TI’K + T(trace Ay)
i=1

=|TI°’K +2T((H,N)) = |TI’K — 2(o(T,T), H)

1
=c|T(1—|T]?) — 5|T|2|¢>|2 —2(¢(T,T),H) — |T*|H|.

Here we used that VxT = Ay X and V;N = —0(X,T), and ¢ is the traceless
part of the second fundamental form o of the surface.
Now we can state the following result.

PROPOSITION 5.1.  If %2 is an immersed pmc surface in M"(c) x R, then
lATZ—A 2—1T2 2 _2Up(T,T),H
2||—|N| 2|||¢| (¢(T,T), H)

+c|TPA = T1») = |TPIHI (5.1)

In [4] the authors introduced a holomorphic differential defined on pmc surfaces
in M"(c) x R (when n = 2 this is just the Abresch—Rosenberg differential defined
in [1]). This holomorphic differential is the (2, 0)-part of the quadratic form Q,
which is given by

Using this result and Proposition 5.1, we can characterize pmc 2-spheres ¥ im-
mersed in M"(c¢) x R and whose second fundamental form satisfies a certain
condition.

THEOREM 5.2. Let X2 be an immersed pmc 2-sphere in M"(c) x R such that:
() |T?=00r|T|*> > %and lo]?> < c=3|T?) ifc < 0;
@) ITP? < %2and o> < c2=3|TP) ifc > 0.

Then X2 is either a minimal surface in a totally umbilical hypersurface of M"(c)
or a standard sphere in M3(c).

Proof. If & is orthogonal to the surface in an open connected subset, then this sub-
set lies in M"(c) and, by analyticity, it follows that 2 lies in M"(c). In this case
we use [20, Thm. 4] to conclude.

Next, let us assume that we are not in the previous case. Then we can choose an
orthonormal frame {e;, e,} on the surface such thate; = 7/|T|. Since >2isa sphere
and since the (2, 0)-part of Q is holomorphic, it follows that the (2, 0)-part of Q
vanishes on the surface. This means that Q(ey,e1) = Q(es,e2) and Q(ey,er) =
0. From Q(e;,e;) = Q(es,e) we obtain 2{c(e;,e;) — o(es, e2), H) = ¢|T |-
Then
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(@¢(T,T),H) = (o(T,T), H) — |T|*|H|?
1, [
= §|T| (o(er,e1) —ol(er,er), H) = ZC|T| ,
after which (5.1) becomes
1 1
SAITE =1AN]® + SITP(=lol + e =3IT%) = 0.

Since X? is a sphere and |T|?> a bounded subharmonic function, it follows that
|T|? is constant and hence that [Ay|?> = 0 and |T|?(—|o|*> + ¢(2 — 3|T|?)) = 0.
Because Ay = 0 and £ is parallel, we have VxT = O for any tangent vector X.
This implies that K = 0—a contradiction, since our surface is a sphere. There-
fore, =2 lies in M"(c) and, again using [20, Thm. 4] (see also [5, Thm. 2]), we
come to the conclusion. O

Next we assume that 2 is an immersed nonminimal pmc surface in M3(c) x R.
Then (4.2) and (5.1) yield

1
5A(|¢|2 — T
= |Vos3)* + |Voal* + {—|¢|2 + §<4 —5IT1H) + 2|H|2}|¢|2

+c|Ay? —4c(H,N)* + c|TPH)? = ATFA - |T)H. (5.2)
We shall use this equation to prove the following theorem.

THEOREM 5.3. Let ¥ be an immersed complete nonminimal pme surface in M =
M3(c) x R, with ¢ > 0. Assume

() 91> <2|H* +2c — ¥IT|? and
(ii) either
(@) |[T|=0or
(b) IT)* > 3 and |H)* = c|T* (1 — |T)/GIT* - 2).
Then either
(1) |¢|> =0 and X2 is a round sphere in M?3(c), or
() |¢)*> = 2|H|> + 2¢ and £? is a torus S'(r) x Sl(w/l/c — rz), r? £ 1/2c,
in M3(c).
Proof. If |T|* = 0, then it is easy to see that (5.2) implies
1
FAUSI = cIT?) = {=I9[* +2¢ +2/H}I$[* = 0.
We therefore assume that |7 |> > %and |H|?> > c|T)1>(1—=|T?)/G|T|*—2). Since

|AnI? = 2(H,N)* = |v3¢3 + vagal> > 0

and since
(H,NY? < INPIH* = (1 = |TP)IH|? (5.3)

by the Schwarz inequality, it follows from (5.2) that
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1
5A(|¢|2 — TP > {—|¢|2 + 2(4— SIT%) +2|H|2}|¢>|2

+c@BIT? =2)|HI> = AITFA - IT])
> 0.

The Gaussian curvature of the surface satisfies
1
2K =2¢(1 = |TI") + 2|H|* = |§[ = ZcITI* = 0,

which means that X2 is a parabolic space. Now, as a bounded subharmonic function,
|¢|> —c|T|? is constant. Therefore, either |¢|> = Oor |¢|?> = 2|H[>+2c— ¥ |T|%
The first case can be handled exactly as in the proof of Theorem 4.2. For the sec-
ond case, by (5.2) we have v3¢3 + v4¢p4 = 0, which means that Ay = (H, N)1d
and that the equality holds in (5.3); in other words, either N = v3H or § is tan-
gent to the surface. If £ is tangent to the surface then, by (5.2) and the hypothesis,
%2 is a minimal surface—a contradiction. Hence N = v3H and we obtain Ay =
|H|? Id, which (again using [5, Lemma 3.1]) implies that the surface lies in M3(c).
We then arrive at the conclusion in the same way as in the proof of the second part
of Theorem 4.3. O

References

[1] U. Abresch and H. Rosenberg, A Hopf differential for constant mean curvature
surfaces in S* x R and H? x R, Acta Math. 193 (2004), 141-174.

2] , Generalized Hopf differentials, Mat. Contemp. 28 (2005), 1-28.

[3] H. Alencar and M. do Carmo, Hypersurfaces with constant mean curvature in
spheres, Proc. Amer. Math. Soc. 120 (1994), 1223-1229.

[4] H. Alencar, M. do Carmo, and R. Tribuzy, A theorem of Hopf and the
Cauchy—Riemann inequality, Comm. Anal. Geom. 15 (2007), 283-298.

, A Hopf theorem for ambient spaces of dimensions higher than three,

J. Differential Geom. 84 (2010), 1-17.

[6] A.Balmus and C. Oniciuc, Biharmonic submanifolds with parallel mean curvature
vector field in spheres, J. Math. Anal. Appl. 386 (2012), 619—-630.

[71 M. Batista, Simons type equation in S* x R and H?> x R and applications, Ann. Inst.
Fourier (Grenoble) 61 (2011), 1299-1322.

[8] B.-Y. Chen and G. D. Ludden, Surfaces with mean curvature vector parallel in the
normal bundle, Nagoya Math. J. 47 (1972), 161-167.

[9] S.-S. Chern, On surfaces of constant mean curvature in a three-dimensional space of
constant curvature, Geometric dynamics (Rio de Janeiro, 1981), Lecture Notes in
Math., 1007, pp. 104-108, Springer-Verlag, Berlin, 1983.

[10] J. Erbacher, Isometric immersions of constant mean curvature and triviality of the
normal connection, Nagoya Math. J. 45 (1971), 139-165.

[11] D. Ferus, The torsion form of submanifolds in EV, Math. Ann. 193 (1971), 114-120.

[12] D. A. Hoffman, Surfaces in constant curvature manifolds with parallel mean
curvature vector field, Bull. Amer. Math. Soc. 78 (1972), 247-250.

[13] H. Hopf, Differential geometry in the large, Lecture Notes in Math., 1000, Springer-
Verlag, Berlin, 1983.

(3]



Surfaces with Parallel Mean Curvature in S* x R and H3 x R 729

[14] A. Huber, On subharmonic functions and differential geometry in the large,
Comment. Math. Helv. 32 (1957), 13-71.

[15] K. Nomizu and B. Smyth, A formula of Simons’ type and hypersurfaces with constant
mean curvature, J. Differential Geometry 3 (1969), 367-377.

[16] W. Santos, Submanifolds with parallel mean curvature vector in spheres, Tohoku
Math. J. (2) 46 (1994), 403—415.

[17] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. (2) 88 (1968),
62-105.

[18] B. Smyth, Submanifolds of constant mean curvature, Math. Ann. 205 (1973),
265-280.

[19] H.-W. Xu, A rigidity theorem for submanifolds with parallel mean curvature in a
sphere, Arch. Math. (Basel) 61 (1993), 489-496.

[20] S.-T.Yau, Submanifolds with constant mean curvature I, Amer. J. Math. 96 (1974),
346-366.

, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl.

Math. 28 (1975), 201-228.

[21]

D. Fetcu H. Rosenberg
Department of Mathematics IMPA

and Informatics Estrada Dona Castorina, 110
Gh. Asachi Technical University of Iasi 22460-320 Rio de Janeiro
11 Carol I Blvd. Brazil
700506 Iasi

. rosen@impa.br
Romania P

dfetcu@math.tuiasi.ro

Current address
Department of Mathematics
Federal University of Bahia
Av. Ademar de Barros s/n
40170-110 Salvador, BA
Brazil

dorel @impa.br



