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Irregularity of the Bergman Projection
on Worm Domains in C”

DAvVID BARRETT & SONMEZ SAHUTOGLU

1. Introduction

Let Q be a bounded domain in C" and let A%(2) denote the Bergman space of
square-integrable holomorphic functions on 2. The Bergman projection on €2 is
the orthogonal projection from L*(2) onto A%(Q).

The Bergman projection is known to be regular in the sense that it maps W*
to W* for all s > 0, where W* denotes the Sobolev space of order s, on a large
class of smooth bounded pseudoconvex domains (throughout this paper a domain
is smooth if its boundary is a smooth manifold). Regularity is usually established
through the 8-Neumann problem, the solution operator for the complex Laplacian
[0 = 33" 4+ 3*0 on square-integrable (0, 1)-forms. For more information on this
matter we refer the reader to [ ; S] and the references therein.

Irregularity of the Bergman projection is not understood nearly as well as regu-
larity. The story of irregularity goes back to the discovery of the worm domains in
C? by Diederich and Fornass [DF]. Worm domains were constructed to show that
the closure of some smooth bounded pseudoconvex domains may not have Stein
neighborhood bases (a compact set K C C” is said to have a Stein neighborhood
basis if for every open set U containing K there exists a pseudoconvex domain V
such that K C V C U). Indeed, Diederich and Fornass showed that the closure
of a worm domain does not have a Stein neighborhood basis if the total wind-
ing is no less than . It turned out that worm domains are also counterexamples
for regularity of the Bergman projection. In 1991, Kiselman [Ki] showed that the
Bergman projection does not satisfy Bell’s condition R on nonsmooth worm do-
mains (a domain 2 satisfies Bell’s condition R if the Bergman projection maps
C>®(Q) to C®()). In 1992, Barrett [Ba] showed that the Bergman projection
on a smooth worm domain does not map W* into W* if s > m/(total winding).
On the other hand, Boas and Straube [BS2] showed that the Bergman projection
maps W¥ into WX if k < 7/(2 x total winding) and & is a positive integer or k =
1/2. Finally, in 1996 Christ [Ch] showed that the Bergman projections on smooth
worm domains with any positive winding do not satisfy Bell’s condition R. More
recently, Krantz and Peloso [KP1; ] studied the asymptotics for the Bergman
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kernel on the model domains in C? and derived L? (ir)regularity for the Bergman
projection on worm domains in C2.

In this paper we (i) construct smooth bounded pseudoconvex domains 245 C
C" that are higher-dimensional generalizations of the worm domains in C? and
(ii) study the irregularity of the Bergman projection on these domains on L7”
Sobolev spaces for 1 < p < oo. We will use the method developed in [Ba] to
show that irregularity on L? Sobolev spaces depends only on the total winding
whereas the irregularity on L? spaces with p # 2 depends not only on the total
winding but also on the dimension .

The two parameters « and B in Q2,4 represent the speed of the winding and the
thickness of the annulus, respectively. Both parameters play a role in the proof of
Theorem 1, but we find it interesting that the actual results depend only on the total
winding—whether this is achieved by fast winding along a thin annulus or slow
winding along a thick annulus.

The domains Q2,4 C C”", n > 3, are defined by

Q(xﬂ = {(ZI,Z,’Zn) eC": r(Zl’Z/,Zn) <0}

with
r(z1.2hzn) = 21 — XM 2P — T 0(|z,* = B + 01 — |zl
here 2/ = (22, ..., 2n—1), |2'|? = |22|*> + - - - + |zp—1|% the constants & > 0 and
B > 1, and
Me V', >0,
o(t) =
0, t<0

for some M > 0.
In Section 2 we show that €4 is smoothly bounded and pseudoconvex when
M is sufficiently large. The main result of this paper is the following theorem.

THEOREM 1. The Bergman projection for Q2,p does not map WP *(Q4p) into
WP (Qqyp) whenl < p < oo ands > m —i—n(% — %)

Here W?*(Q4p) is the Sobolev space of order s with exponent p, and we write
WPS(Qq4p) € Lz(Qaﬂ) to indicate that the W7 ° bounds do not hold for the
Bergman projection on W75(Q245) N L*(Qqp). The denominator 2« In B appear-
ing in the theorem may be interpreted as the total amount of winding along the
annulus 1 < |z,| < B (see equation (1) in Section 3).

If we choose p = 2 then the amount of irregularity provided by a fixed amount
of winding is independent of the dimension.

CoROLLARY 1. The Bergman projection for Qqpg does not map W“(Qaﬂ) to
Wz’s(Qaﬁ) when s > ﬁ

REMARK 1. Suppose we have the Bergman projection Py of adomain U bounded
on L?(U), where p > 2. Then the duality and self-adjointness of the Bergman pro-
jection imply that Py is also bounded on L9(U), where i + é = 1. Furthermore,

interpolation implies that Py is bounded on L” for all » € g, p].

Thus, when s = 0 and no In 8 > 7, Remark 1 and Theorem 1 together imply the
following corollary.
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COROLLARY 2. The Bergman projection for Qa,g does not map LP(24p) to

1 1 1
LP(Q"‘ﬁ) when 0 < - = 2 Znaﬂlnﬂ + 2na]nﬁ = » <1

Theorem 1 is proved in Section 4. The proof is based on model domain asymp-
totics developed in Section 3.

ACKNOWLEDGMENT. We would like to thank the referee for pointing out a mis-
take in an earlier version of this manuscript.

2. Geometry of Worm Domains

PROPOSITION 1. The domain 2 4p is smoothly bounded and pseudoconvex when-
ever M is sufficiently large.

Proof. We start by requiring M > e2. Then Q C {Z eC":|z1] <3, 7] < 2,

1/2 < |za|l < V/B%2+1/2 } and so € is bounded. Now, by considering z;-, 7’-,
and z,-derivatives in order, it is easy to check that the gradient of r(z) does not
vanish on {z € C" : r(z) = 0}; hence €2 has smooth boundary.
It remains to show that 2,4 is pseudoconvex. It suffices to check this locally.
We focus on the case |z,,| > (1 + B)/2; the case |z,| < (1 4+ B)/2 is similar.
Multiplying r(z) by exp {Arg(z,%"‘)}, we obtain the new defining function

r1(z) = ra(z) — 2Re(z12,**),

where
r2(2) = (21 + 1217 4+ A(za)) explArg(z;*)}  and  A(z,) = o (|za]* — 7).

Since 2 Re(zlz‘z‘“) is pluriharmonic it will suffice to show that r; is plurisubhar-
monic. To simplify the notation let A(z) = |z]|2 + |z’|2 + A(z,) and B(z) =
Arg(zza) Let W = Z L Wj5— a - with w; constant. (In the following calculations,
H; (W) denotes the complex Hessmn of f in the direction W.) Then W(r,) =
eB(W(A) + AW(B)) and so the Cauchy—Schwarz inequality implies that

n—1 n—1 n—1
-2 Re(wnan > wjz,) < > lwilP + [, Bz, Pl
j=1 j=1 j=1
Using this inequality in the second line below yields

H,,(W) = e®(Hy(W) +2Re(W(A)W (B)) + A|W(B)|* + AHz(W))
> |w,[*eB(.,z, +2Re(h,, B:,) + A|B:, |*).

ZnZn

One can check that A, (z,) = 2,0'(|za)* — B?), |Bz,| = and

Iz\’

Aanin(zn) = 1z2al?0"(zal* = B?) + 0/ (124> — BP).

We remark that, because A(z,) = A,,(2,) = A;,z,(zn) = 0 for |z,| < B, we can
assume without loss of generality that |z,| > B. Using the fact that 8 < |z,,| <
VB2 +1/2andt = |z,|* — B? in the third line of the following display, we obtain
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iz, +2Re(h,, Bz,) + AlB:, P
20|A |
|25
> 2’0" (124> = B*) 4+ (1 = 2a)0"(|za|* — B)
2 2
_ Me‘”’(ﬂ :—t B 2(8 3—1— 1) n 1—2201)
t t t
M(B%+1t)e 1 —20)1?
— u 1—2f+ & )
4 B>+t
We can choose M sufficiently large that z € Q4,5 N {z € C" : |z,| > B} implies ¢

is sufficiently small. That, in turn, implies

(1 —2a)t?
1-2t4+ ———>0.
B+
This inequality implies that Az, +2Re(A;, B;,) + A|B;, |* > 0 for z € Q44 such

that|z,| > (1+ B)/2. Therefore, the domain €24 is pseudoconvex for sufficiently
large M. UJ

v

ZnZn

REMARK 2. A similar calculation shows that the set of weakly pseudoconvex
points in the boundary is the set {(0,...,0,z,) €C" : 1 < |z,| < B}.

REMARK 3. We note that regularity of the 3-Neumann operator is closely con-
nected to regularity of the Bergman projection [BS1]. In particular, if the 9-
Neumann operator of a smooth bounded pseudoconvex domain is globally reg-
ular then the Bergman projection satisfies Bell’s condition R. One can show that,
on the set {(0,...,0,z,) € C" : 1 < |z,| < B}, the Levi form of r has only one
vanishing eigenvalue because the form has positive eigenvalues in the direction
transversal to the z,-axis. In this case, [$S, Thm. 1] implies that the 9-Neumann
operator is not compact on (0, 1)-forms (recall that compactness of the 3-Neumann
operator implies that it is globally regular by [ ]). However, showing irregu-
larity of the Bergman projection in Sobolev scale requires more work.

3. Model Domains

In this section we define a family of simplified model domains and calculate the
asymptotics for the Bergman kernels of these model domains. We use a modified
version of the method developed in [Ba].
For A > 0, let
(21,2, 20) = @N21, 02 20),

ro=Aror

D;. = 13(R24p).

Then for 1 < |z,| < B we have r) \{ 7o a8 A — 00, Where

reo(z1,2,20) = |2/|* — Re(zje 2 ey
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for |z, | outside this range we have r, — oo. It follows that the D, converge in an
appropriate sense to the limit domain

D = Dos = {(z1,7),2,) €C" : Re(zie 2 Marly S 12/ 1 < |z,] < B}, (1)

where the limit is increasing over the annulus 1 < |z, | < B.

The Bergman projection P of D is defined by Pf(z) = fD K(z,w) f(w)dV(w),
where f € L?(D) and K: D x D — C is the Bergman kernel characterized by
the following conditions:

(i) K(z,w) e A%(D) for fixed w € D;
(i) K(w,z) = K(z,w);
(i) [, K(z,w)f(w)dV(w) = f(z) for f € A*(D).
If fi, f>,...is an orthonormal basis for A%2(D), then K (z, w) = Zj fj(z)fj(_w).

To study the Bergman kernel of D, we begin by performing a Fourier decom-

position. We define

1 ) . ) .
(P f)(z1,2)20) = ———— f(z1,e7 ez, e PSe ™ ds dr,  (2)
2” 17'[” 1 [—7‘[,7‘[]”’1
where k € Z and
eiS — (eiﬂ, ”.7ei‘v,,,2)’
S == (S17 . --7Sn—2) S [_T[77T]n727

J = (jis-es jue2) EN" 2,
JS=jisi+ -+ ju-25n-2,
dS =dsy---ds,_».
Let us define the mapping ps:(21,2,2,) = (21,57 e"z,). Then Py is the
orthogonal projection from A?(D) onto
A2 (D) ={f € AX(D) : f o ps = eSe™f forall S,1}.
Hence the Bergman space A?(D) can be written as the orthogonal sum
A= P AW
JeN"2 keZ,
and the Bergman kernel K (z, w) for D satisfies
K(zzwy= Y  Kplz,w),
JeN""2 keZ,

where K (z, w) is the kernel for Azjk(D).
One can show that for f € A2jk(D) the function f(z1, 7/, Zn)zgj‘ .. .Z_-’"1-2Z;k is

locally independent of (z/, z,,). We notate such functions as functions of z;, where
it is understood that z; ranges over the Riemann domain described by —n/2 <
Argz; <2alnp + /2.

Let |J| = ji + -+ + ju—2. Then a square-integrable holomorphic function f
on D can be written as
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fO= > Fu,
JeN"—2 kel
where
Fu(zi,7zn) = 2 2 ()22
and the sum converges locally uniformly.
Now we will calculate the L?-norm of Fy, on D. Let z; = rie'®!, r; = |z;]| for

j=1....nr =/rj+---+r> and s = In|z,|% Then D is described by the
following inequalities:

0<r<oo,
0<s<2Ing,

|01 —as| < m/2,

0 <r’ <+/ricos(0; — as).

We have

2
I Frllp

_ 012~ Jl=n+l 2jo+1 2jn—2+1 2k+1
—/|fjk(rle DIFry T, N ry 0 dly---dO,dry - dry,
D

01N12 || Fn—2 k1) 1
= Cn1/0<r]<oo | i (rie) [ cos! T2 (0, — as)e**Vr 1 a6, dry ds
|01—as|<m/2
O<s<2Inp

=/ oo 1 EOPWR@) 22 dV(z); 3)
—n/2<arg(z1)<2aln B4m/2

here C,,; is a positive constant,

o0
Wy (01) = Cny / cosT72(0) — at) 201 — at) eV 1 5(t — In B) dt,

—00

and yx,(¢) is the characteristic function of the interval [—a, a] fora > 0. (The pos-

itivity of C,,; follows because we are integrating only over positive values of r;.)
Now we use a change of coordinates z = In z; in the last integral to obtain

| Frlly, = f cooexeoo | FEPWi(»)dV(2)
—m/2<y<2alnB+m/2

= / cvoieco P Wi(») dV(2), “)

w/2<y<2alnf+m/2

where z = x + iy and fjk(z) = fi(e®). Then f Jx 18 a square-integrable holomor-
phic function on Spp = {z € C: —n/2 < Im(z) < 7/2 + 2« In B} with weight
W;k. Furthermore, the Bergman kernel K for A%k(D) can be calculated as

Z/]Zﬁa)/Jwrllc

Z(I\JH—n)/Zu—)f\Jl-&—n)/Z

Kz, w) = K;f(Inzy, Inw)) ©)
where K}';(ﬂ is the Bergman kernel on Sy with weight Wj,. (One way of seeing this
is to observe that (4) allows us to convert an orthonormal basis for the Bergman
space on S, with weight Wy, to an orthonormal basis for A%k.)
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Let F(f) denote the Fourier transform of f; thus

1 e )
F(© = = / F(tye—® dr,

1 e .
T / F©)e de.

PROPOSITION 2. K is given by the integral

1 elz—w)§
V2r Jr F(Wp)(=2i8)
Proof. See [Ba] and [ , Lemma 6.5.1].

KP(z,w) = dE. (6)

Note also that —7 < Im(z — w) < 7 +4alnf for z,w € Sug.

ProposITION 3. The Fourier transform of Wy is given by

FWn) (&)
= Dyje En®) G
E+J+n=-2E+|J|+n—-d---E—-|J|—n+2)
where

. 2k +l—iee) np _ |
Ej() = (e — (—D'”")(—)

k+1—iak
We postpone the proof of Proposition 3 until later in this section.

In order to apply residue methods to equation (6), we must find the zeros of
F (W) (—2i€). Let us denote the set {s € Z : —m < s < m} by I(m). From

Proposition 3 we see that if |J| + n is even then the zeros of F (W) (—2i&) are
located at

.. |J|+n—2 miwi k+1
{I’l’ll .meZ\H(T)}U{m—l—W.mGZ\{O}}

whereas if |J| + n is odd then they are located at

o omen (2522|2221}

U mii k+1 710
{2alnﬁ+ Sme \{}}

For simplicity we focus on the case J = 0, k = —2; in so doing, we guarantee
that the zeros just enumerated are simple (see Remark 4 to follow).
Let vyp = 2alnﬂ and pu, = —a > 0.

PROPOSITION 4. The kernels Ko, _» satisfy

[Vaﬁ7”/2]
0o —ton_—2 =2
Ko —2(z,w) = Z Cezywy "z, w,

—|—C Vap—n/2— maw;”aﬂ n/2+ika 72 _72+'R(Z w), @)
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where ¢ > 0, the constants C and C, are nonzero, and the remainder term R (z, w)
satisfies

a\" n m - — n
(8_) R(z,w) ( Vep—n/2+e— IZ)] Vap—n/2— 8)
21

uniformly on closed subannuli of 1 < |z,| < B.

Proof. We apply the residue theorem to the integral in (6) along the strip —v,g— & <
Imé& < 0 to obtain

[Votﬁ*"/zl
K(;éz(z’ w) = Z C[e(l-‘rn/z)(z—ﬂ)) + CeVap—ika)(z=W) + R(z, w)
=0

for nonzero C and Cy, where R (z, w) and all of its derivatives are O (e Veste)(@=1))
on closed substrips of S,g. If we plug the preceding equality into (5), the result
is (8). O

REMARK 4. We have focused on the case J = 0, k = —2 because this is the sim-
plest choice and avoids possible problems with double poles. Analogous formulas
hold for other values of & in the absence of double poles. When double poles do
occur, they contribute factors of In(z; — wy).

LEMMA 1.

i(,) (—D* (=2a)’j!
E+a(j—25) E+apE+a(j-2)E—aj)

s=0

Proof. The statement is true for j = 0. '
Working inductively and recalling that (i ) = (ij) + (J 1) we have

st
2\s ) xati—29)
J J .
jo1y 1y jo1y 1y
Z( ) +a<j—2s>+§(s—1>s+a<j—2s>

s=0
~ (—22)/7'(j = D!
T EFapEFa(—2) G +a(—j+2)
(—22)77'(j = !
T Eta(j—20)E+a(j—4) - E—aj

_ (—2a)/71(j — )! ( 1 )
CEta(j-2)Eta(—j+2)\E+aj E—aj
(—2a)7j!

T ErapEra(-2)- ¢ —a))
Proof of Proposition 3. Write
Wik (y) = Cpg (Wit % Wyka) (y/ )
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for —m/2 <y < /2 +2aln B, where f *x g denotes the convolution of f and g
and where

W (1) = cos!” ™72 (at) y 2 (at),
Wika () = ¢"* Dy p(r — In ).
To calculate the Fourier transform of W, we first calculate

. 1 J j . .
J - i(2s—j)t
cos/(t) = 5 E <S>e .

5s=0
One can then calculate that

J j (e!ETI=29)7/2 _ p=iE+j-25)7/2)
iN2m2i-1 ;( ) 26 +j—29)

Lemma 1 now implies that

F(cos’ () xn/2(at)) ()

1 .
= _j:(cosj([)Xn/2(t))<§)
o o

]—'(cosj(t)xn/z(t))@) = s

_ ij—l(eién/za _ (_1)je—i§n/2a) j (J)i
V2r2i T\SJE+alj—29)
(—ai)Ij) (8720 — (—1)Jg—i6m/20)
i«/E(E +aj)E+a(j—2)--(& —aj)-

We also need to find the Fourier transform of e x,(t — a):

» eZa(k—ié) -1
Fe"" x.(t —a)) = ;
(e xalt —a)®) = =5
Using F(f x g) = v/ 2n F(f)F(g), we find that the Fourier transform of Wy, is
given by (7). UJ

4. Proof of Theorem 1
The proof of Theorem 1 follows immediately from Lemmas 3 and 4.

LEMMA 2. If P is continuous on WP (2 ,g) then

a m
|7’A|t<8—zl) P f

where m is a nonnegative integer, 0 <t < 1 such thatm = s +t, and the constant
C is independent of A and f.

< Cll fllwrs(psys 9

LP(D)

Proof. Assume that P maps W?¥(24) onto itself continuously and let 7}, f =
f o 1,. Then one can check that



196 DAvVID BARRETT & SONMEZ SAHUTOGLU

G (&) s

— P Q=2/p ) 2p1+2q1+ P +1Q|=2n/p

LP(Q4p)

’

LP(D;)

AW E R
() () 7
Z 0z
in this equation, P = (py,..., pu), O = (q1,..-.qn), P' = (p2,..., ps—1), Q' =
(G2, qu-1), |P'| = p1+ -+ pu_1,and |Q'| = g1 + - - - + q—1. Therefore,

k—2 2k—2
IT f lwrkiuy < 257 2PR5 2P| fllywokp,)-

By interpolation we also have || T, f [lwr.s@us) < 2° P22 2P| fllwo.s(p,) for all
s > 0.
Let s = m — t, where m is a nonnegative integer and 0 < ¢ < 1. Then

8 m
|r|l(8—zl) S

for f holomorphic on 4 (see e.g. [L]).
Let P, be the Bergman projection for D, . Then P, = T/\_lP T, and

a\" o\ _
|rA|f<—> P.f Iml’(—) T 'PTf
0z 921 LP(D;)

8 m
|r|t<8_zl) PT.f

< CuATPIPTEPT, fllwrs(@op
2n/p—2s

< C32"PEN T f lwrs(@ap)

< Cull fllwrspy)s

where the constants are independent of X. UJ

< Cill fllwrs(ap) (10)
LP(Qap)

LP(Dy)

— 22/p7m)\’2t+2n/p72m

LP(Qap)

LEMMA 3. If the estimate (9) holds on D, then

8 m
|roo|t — | Pxf
azy

where Py, is the Bergman projection on D and the constant C is independent of f.

< Cl fllwrspys
LP(D)

Proof. The proof follows that of [Ba, Lemma 1]. O

LEMMA 4. Lets > vup +n(% — %), where vyp = ﬁ and s = m —t as before.

Then there exists an f € C3°(D) such that |roo|’(%)mPoof is not in LP(D).

Proof. Because Py, maps WwP3(D)YNAP(D) onto W”"S(D)ﬂAﬁk(D) forall§ > 0,
it is sufficient to prove that there exists an f € Cy°(D) such that Py Py f ¢
WPS(D). Fixwe D, J =0, and k = —2. Let f be a nonnegative smooth func-
tion with compact support in D such that f depends on |z — w| and |, pf =1
Then Ko _2(-,w) = Po,_2 P f. We can write s = m — ¢ for m a nonnegative
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integer and 0 < ¢ < 1. In view of [10] adapted to D, it suffices to show that
1700 (2) ' 22 Ko, _»(z, w) ¢ LP(D) for fixed w. Proposition 4 implies that
1

Z

m

oz

Ko_2(z,w) = Cg# 27 Ha= L o(gymr /2oy

Let

D' ={(z1,2",z,) €C" : Re(z1e 2™y > 12/ 148 < |z,] < B — 6,

21| <8, 161 — 2eIn|z,|| < 7/4}

for suitably small § > 0. Then |ro| is comparable to |z;| on D’ and

aln
f|roo<z>|"’
D
s +pt—pm-+n—1—pn/2
v, —pm-+n—Il—pn
Zc/rlp“ﬂpp PR dry,
0

ozy"
where c is a positive constant. The last integral in this expression is divergent if
§ > Vg + n( %) As a result,

P

dv(z)

m

ad
— Ko,—2(z, w)
0z}

Ko, —2(z, w)

P
dv(z) Z/ |70 ()|
D/

1 _
P
t am t am p
[7oo (D' = Po,—2 P f = |roo(2)|' 7, Ko,-2(z, w) ¢ L¥(D)
0z 0z

for s > veg —}—n(%—%). O
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