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Variation Formulas for L;-Principal Functions
and Application to the
Simultaneous Uniformization Problem

SacHIKO HAMANO

1. Introduction

Let R = {J,c5(t, R(1)) and R = U,ep (@, R(1)) be unramified sheeted domains
over B x C;, where B = {|t| < p}isadiskinC, and R(7) € R(t) fort € B. We
set IR = UteB(t, dR(¢)) in R. In this paper, we assume that

R:teB — R(1)

is a C smooth variation of domains R(¢) with C® smooth boundaries in R(t).
Namely, we can choose a real-analytic defining function ¢(¢, z) of 'R such that
g—f # 0 on dR. We denote by C;(t) (j = 0,1,;..,\1), where v > 0 is indepen-
dent of ¢ € B, the boundary contours of R(#) in R(¢) with the orientation dR(¢) =
Z;zo C;(t). Assume that the total space R contains B x {0}. Precisely, there
exists at least one constant section O of R over B x {0}. For each ¢t € B, we con-
ventionally write O for the point O N R(¢).

Let ¢ € B be fixed. In the theory of one complex variable, it is known that there
exists a unique real-valued function u(t, z) on R(¢) \ {0} satisfying the following
four conditions:

(1) u(¢,z) is harmonic on R(¢) \ {0} and is continuous on m;
(2) u(t,z) —log ﬁ is harmonic at z = 0;
(3) u(t,z) =0o0n Co(1);
(4) foreachi =1,...,v, we have
(i) u(t,z) = a;(t) : constant on C;(¢) and
(ii) fCi(t) *du(t,z) =0.

We note that u (¢, z) extends harmonically across dR(¢) as a harmonic function
on V(7) such that dR(7) € V(1) € R(¢). By (2), we find a neighborhood Uj(¢) of
z = 0 such that

u(t,z) = log % + y(t) + h(t,z) on Uy(t), (1.1
where y () is the constant term and %(t, z) is harmonic for z on Uy (¢) such that

h(t,0)0=0, teB. (1.2)
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The function u(?, z) is called the L{-principal function on R(t) with logarith-
mic pole at 0 with respect to C(?), and y (¢) is called the L-constant for (R(t),0)
with respect to C(t) (cf. [7]). In this paper, we simply call u(z, z) the L-principal
function for (R(¢), 0, Co(¢)) and call y (¢) the L-constant for (R(t),0, Co(1)). We
note that u(¢,z) > 0in R(z) \ {0} and thata;(t) > 0 (i = 1,...,v).

Then we have the following variation formula for the L;-constant y(¢) for
(R(1),0,Co(1)).

LeEmMA 1.1. It holds for t € B that

2y (t 1 du(t, 2u(r
J/(_) __1 ko(1.2) u(t,z) |? __// u(t,z) 2| dx dy,
otdt T JaR(t) 0z R(t) Btaz
where
32 |dp|? 329 3¢ d dp|* 92 dp |’
ko(t,z) = 79|19 —2Re —_q)—q)—(f) % _(p_ o
otot | 0z dtdz ot 97 ot | 0z0z 0z

on 'R and does not depend on the choice of defining functions ¢(t,z) of 9R and
where ds, is the arc length element of dR(t) at z.

The function k, (7, z) on 3R is due to Maitani and Yamaguchi in [4], which is based
on [3]. This variation formula is formally the same as that for the Robin constant
A(t) (induced by the Green function g(z, z) on R(t) with logarithmic pole at z = 0)
in [4, Thm. 3.1]. The essential difference in the proofs for y () and A(?) is because,
unlike the Green function g(¢, z), u(t, z) is not a defining function of 9R.

THEOREM 1.2.  Under the same conditions as in Lemma 1.1, if R is pseudoconvex
over B x C; then y(t) is a C® superharmonic function on B.

REMARK 1. For Lemma 1.1, we assumed that R is unramified over B x C,.
However, Lemma 1.1 (and hence Theorem 1.2) holds even if each R(t), t € B, has
a finite number of branch points ¢ (¢) (k =1, ..., m) such that, for t € B, {;(¢) is
a holomorphic function on B with i (¢) # &;(t) (k # [). The reason is that this
case can be reduced to Lemma 1.1 via the standard method by using Nishimura’s
theorem [5].

In the special case when R(¢) is a planar Riemann surface, the L;-principal func-
tion u(t, z) induces a circular slit mapping f(z, z). That is, if we choose a branch
u*(t, z) of a harmonic conjugate function of u(t, z) on R(¢), t € B, such that

f(t,z) = eV (D=, )+iu*(1,2))

is of the form

w=f(t.2) =2+ Y bi(t)z’ on Up(t),

j=2

then f(t,z) conformally maps R(t) onto a circular slit domain {|w| < e?¥} \
(Ui_i £i), where £;(1) = f(1,Ci(1)) (an arc of the circle {|w| = ¢?~41) If R
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is pseudoconvex over B x C, then e”¥ is logarithmic superharmonic on B, so the
total space |, p{lw| < €”"} is a Hartogs domain in B x C,,.

REMARK 2.  We note that the same property of radial slit mapping does not hold
for the radius ro (7). Indeed, as will be shown in the next section, there exist pseudo-
convex domains R in B x C, such that the logry(¢) are neither superharmonic
nor subharmonic on B.

Under the same conditions as for the unramified domain R = J,.z(¢, R(?)) in R
over B x C; and for dR(¢) = Z;ZO C;(t), we assume that there exist two holo-
morphic sections,

Ep:z=0 and E,;:z=§(),

of R over B such that Eqg N E; = @. Let ¢t € B be fixed. In the theory of one com-
plex variable, there exists a unique real-valued function p(t,z) on R(¢) \ {0, &(1)}
satisfying the following four conditions:

(I) p(t,z) is harmonic on R(?) \ {0, &(¢)} and continuous on Im;
(IT) p(t,z) —log ﬁ is harmonic at z = 0 and

lim <p(t,z) — log L) =0;
20 |z]
(ITII) p(t,z) — log|z — &(¢)| is harmonic at z = &£(¢);
(IV) foreach j =0,1,...,v, we have
(i) p(t,z) = a;(t) : constant on C;(¢) and
(i) fcj(z) *dp(t,z) =0.

We note that p(t, 7) extends harmonically across dR(¢) as a harmonic function
on V(t) such that dR(r) € V(1) € R(1), —oc0 < p(t,z2) < +o00, and —o0 <
aj(t) < +o0.

By (IT), we find a neighborhood Uy (¢) of z = 0 such that

p(t,z) =log % + ho(t,z) on Uy(t), (1.3)
where h(t, z) is harmonic for z on Uy(¢) and
ho(¢,0) =0, teB. 1.4
By (III), we find a neighborhood U (¢) of z = £(¢) such that
p(t,z) =loglz —&(t)| + a(t) + he(2,2) on Ug(t), (1.5)
where o(?) is a real constant, h; (¢, z) is harmonic for z on Ug(¢), and
he(t,6(t)) =0, teB. (1.6)

In this paper, we simply call p(t, z) the L-principal function for (R(t),0,&(t))
and call «(¢) the L;-constant for (R(t),0,&(t)).
Under this situation, we have the following.



274 SAcHIKO HAMANO

LeEmMA 1.3. It holds for t € B that

a() 1 ap(t,z
o _ _/ ko (2.2) p(t,2) |
oot T JaR(t) 9z

3%p(t,2)|?
0tz

dx dy.

el

THEOREM 1.4.  Under the same conditions as in Lemma 1.3, if R is pseudoconvex
over B x C, then «(t) is a C® subharmonic function on B. This is also true under
the same condition for R as in Remark 1.

As an application of Theorem 1.4, we demonstrate the following fact. Let B be
a simply connected domain in C,. Let 7: S — B be a holomorphic family of
compact Riemann surfaces S(¢) = 7 ~!(¢) over B such that each fiber S(¢) is of
genus > 2 and nonsingular in S. For a fixed ¢ € B, we consider the Schottky cov-
ering S‘(t) of each S(7) (see [1, 19F, p. 241; 2, Sec. 101, p. 266]). We denote by S
the total space of the variation t € B — S(1); namely, S = U,ep(®, S()). Then
we have our final result as follows.

THEOREM 1.5. The total space S consisting of the Schottky covering S(1) of com-
pact Riemann surfaces S(t) with one complex parameter t € B is holomorphically
uniformized to a univalent domain on B x P!,

In [4], Maitani and Yamaguchi proved that, if R = [, <g(t, R(¢)) is an unrami-
fied pseudoconvex domain over B x C, such that each R(?), ¢t € B, is planar and
parabolic, then R is holomorphically uniformizable to a domain in B x P!. Since
the Schottky covering S(7) of a compact Riemann surface S(r) of genus g > 2 is
planar but not parabolic, their theorem and method cannot be applied to our case.
In [8], Yamaguchi discussed Theorem 1.5 and offered a rough sketch of the proof.
However, his sketch had a “gap”. This paper bridges that gap by establishing the
variation formula for L,-principal functions (Lemma 1.3), leading to Theorem 1.5.

ACKNOWLEDGMENTS. The author would like to offer thanks to Professor Hiroshi
Yamaguchi for invaluable discussions and comments. The author would also like
to express her gratitude to the referee, who read the manuscript with care.

2. Proof of Lemma 1.1

In the proof we put a((t) = 0 on Cy(#), so that we can simply write
u(t,z) =a;(t) on Ci(t), i=0,1,...,v.
We divide the proof into two steps.
Step 1: Foreacht e Bandi =0,1,...,v, it holds, along C;(t), that

3%u du ou |? 9%a; du
————ds, = 2ky(t,2)|—
oot on, S = 225

z

g @y,
S ¥ St om, O

w4l Pu N LR 2.1
ar 9oz - ™M or ar0z C '
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Proof. Since R: t € B — R(t)isa C® smooth variation of unramified domains
R(t) with C® smooth boundary over C,, we remark from the standard argument
that u(t, z) is real-analytically extended for (7, z) beyond d'R to a neighborhood
V =, V() of R in R such that, for each fixed ¢ € B, we have V(t) D
o0R(t) and u(t, z) is harmonic for z € R(t) U V(¢) \ {0}. (This immediately im-
plies that y (7) is also real-analytic on B, since y (t) = ﬁ 02” h(t,se™®) dé‘.)

It suffices to prove (2.1) for = 0 and at an arbitrary fixed point ¢ on C;(0). We
first prove (2.1) at (0, ¢) when

ou
—(0,¢) > 0. (2.2)
an;

In this case we have a neighborhood By x V; of (0, ¢) such that By € B and V) €
V(t) for t € By and such that

u(t,z) < a;(t) on R(t)NVy for t e By,

u(t,z) = a;(t) on oR(t) NV, for t € By,

u(t,z) > a;(t) on R(t)°NVy for te€ By.
It follows that u(t,z) — a;(t) is a C® defining function of 9R N [By x Vy]. We
simply set

u;(t,z) = u(t,z) —a;(t) in By x Vj.

Since k,(t, z) on R does not depend on the choice of defining functions, it fol-
lows that on 9R N [Bgy x Vo] we have

-3

(82u,- du; |2 {Bzui ou; ou; } ou; Zazu,-) ou;
ky(t,2) = —=|—]| —2Re{———— — — || —
atdt | 9z dtdz ot 0z ot | 0z0z /| 0z
Since u;(t, z) is harmonic for z and a;(¢) is independent of z, we have
3%u; ou; ou ou; du 3%, 3%u
029z 9z 0z 0 0z 0z ooz oioz
Since u;(t,z) = 0 on C;(¢) and u;(t,z) < 0 on R(¢) N Vy, we have
8_u = % = l% = 18_14 > 0 along C;(r) N V.
0z 0z 20n, 20n,

It follows that, along C;() N Vo,

du |? du; du 3%u ou
_— + 2 Re —_— —_—
0z at 0z 010z 9z
lk « )8u LoR u; 9%u ou
= = N _— ey —— — (>
2, a 9tz | oz

so that

9%u 8%a; n 1k (t.2) ou 412R du —a;) 9%u ou
- = —= - Py - e R —— - .
oo orar 2 2 an, o ooz | oz

Consequently, along C;(t) N Vy for t € By, we have

-2
82ui

otor

= (kz(t, 2)
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9%u du
010t dn,

9%a; du —a;) 3%u ou ou
=|——=+ -ky(t,7)— +2Re{ ——— —t|—ds,.
[8t8t 5k Z) + { or ooz / az”anz 5

Since u(t,z) = a;(t) : constant on C,-(t) for each ¢ € By, we have

ou(t,z) 2 du(t,z)
dSZ = -
an, i 0z

Sz

dz along Ci(1).

ou(t,z)
on;

Since ds, is real it follows that, along C;(¢) N V|, for each ¢ € By,

3%u du
0tdt on,

92a; du . 29(u —a;) 9%u
=S s k 1, ds, +2Ref 22— S0 % 2 g
aror on. 5 T gk Z)(an) S+ e{ o1 dioz Z’}

2 2
_ Vi ou dsz+4lm{—a(u_ai)a_—udz}.
otot on, ot 0tz
In particular, putting (¢, z) = (0, ¢) in this equality yields formula (2.1) at the point
¢ € C;(0) in the case (2.2).

We next prove formula (2.1) at the point ;“ € Ci(0) when 5 (O ) < 0.1In
fact, we put ¢(7,z) := —u(7,z) in R so that 5 q (0 Z) > 0. Smce q(t z) is a con-
stant —a;(¢) on dC;(¢), we can apply our reasomng from the first case for ¢(z, z)
and obtain equation (2.1) for g (¢, z)—that is, for —u(¢,z) (with —a;(t) instead
of a;(t)). On the other hand, the formula (2.1) for u(t,z) (with a;(t)) is identi-
cal to the formula (2.1) for —u(t, z) (with —a;(¢)), so (2.1) for u(¢, z) holds when

-(0,0) < 0.
Flnally, we prove formula (2.1) at the point ¢ € C;(0) when

Sz

2

ou
.+ 2k, (1, 2)
0z

E)n

ou

or, equivalently, g—‘Z‘(O, £) = 0. Let ¢(t, z) be a C® defining function of 9R. Since
u(t,z) —a;(t) =0on dR N[By x Vy], we find a neighborhood B; x V| C By X
Vo of (0,¢) and a C® function f(¢,z) on By x V; such that

u(t,z) —ai(t) = f(t,2)¢(1,z) on By x Vi. (2.3)
By differentiating (2.3) with respect to z, we first have
ou af

= —onB x V
a7z Bz +f ' a

Since o 5
S0.0=0, ¢0.5)=0, and 22 0.0) #0,
z 0z

we have f(0,¢) = 0. Differentiating both side of (2.3) with respect to ¢, we

th
next nave Su 361, 3f + f 5 y
— - = — on x Vi,
ot ot az ! !
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so that
ou aa; af g
—(0 0 — ()=§(0,§)-0+0-§(O,§)=0-

Together with ;T”;(O, ¢) = 0, this implies that both sides of (2.1) are zero at (0, )
and thus completes the proof of Step 1.

Step 2: Lemma 1.1 is true.

Proof. We set
9%u R A0)
8t8t( 0=
Then we see from (1.1) and (1.2&2& the function %(z‘, z) for each fixed t € B
is harmonic for z on the whole R(t). There exists a tubular neighborhood W, of
dR(0) such that u(0, z) is harmonic on R(0) U Wj. Then we can take a neighbor-
hood By C B of t = 0 such that, for each t € By, Wy D 9R(¢) and u(t,z) is
harmonic in (R(0) U Wp) \ {0, &(¢#)}.
For arbitrary fixed ¢ € By, it follows from Green’s formula that

du(t,
/ ut:3) 4o o,
CO—ci(ny  nz

On the other hand, we see from the condition (4)(ii) for the L-principal function
u(t,z) that, for each fixed r € By,

/ WD s =0 i=1,...,0). 24
Ci(0)

on,

Differentiating both sides of (2.4) with respect to 7 and 7 then yields

(azu(z,z))
M L s, =0 (i=1,...,v).
o ong
Hence,

3%u(t,2) 8%u(t,2)
;‘,;f) ()

8( orot
0, s, = o—dzzo. 2.5
/aR(O)m 7)—" ” Z/ a;(0) s (2.5)

aC;(0) n;

We draw a small disk U§ = {|z| < ¢} such that u(t, z) is harmonic for z in R(0) \
U; and 1s harmonic for z in R(0). It follows from Green’s formula that

92u au(o 2 3(24(0,2)
—( ,2) ds, = u(0,z7) ——— ds,.
ar©)\Ug 0101 AR(O)\UE on;

Letting ¢ — 0, we see from (2.5) that

3%u ou(0, z) 3%u
——=(0,z2) ds, + 27 ——=(0,0) = 0.
ar(0) 010t on, otot

Thus,
3%y 1 3%u ou (0 Z)

5070~ "3x oy D am,
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By (2.1) we have

9%y 1 ou
2k2(0,2)|—
otor ( )= 27'[ i)R(O)( 200.9) 0z

2 2
d-a; ou
ds, + ——d
<t Gt om, O

+4Im {3” O dz} m{ oy 0% dz})
dr 019 ot 919z
_ _l/ L stz 1 / 8%a; du LT
7T Jar©) 0z 2 IR(0) 9107 dn.,

2 du 3%u 2 Ba, 9%u
— —Im ———dz;+—Im ——dz
T 3R (0) ot Btaz T AR(0) 8l 8t3Z
=h+hL+5L+ 14

Here the integrand in I} (k =1,...,4) is evaluated at t = 0 and z € dR(0).
We note that a;(¢) does not depend on z and that ag(¢) = 0 on B. By condition
(4)(ii) for the L;-principal function u(?, z), we thus have

1« 3% au (0,
L= —— _"’_(0)/ u©.2) 4
2 i—0 darot C;(0) anz

s 0u(0,2) 0%a; _
__ZH(OX/C(O) a0 +Z 527 ) )_0.

By (1.1) and (1.2) we see that, if we set 2 5 (2,0) := BW) for each fixed r € B,

then both a" ;(t,z) and 8%‘ (t,7) are harmomc for z on the whole R(7). It follows

from Green s formula and the harmonicity of u for z that
2 du 02
I3=——Im// d(—u_—udz>
R(0) ot 8[8Z
0%u 9%u 8 a3
:__1 // ( u u _u_)dZAdZ
R(O) 3laZ E)taz 8l 010707

" -/\/R(O) Btaz

Since 23” dz = l + du along C;(0), we have

ou ou ou
2/ —dz— / —dsZ / du:l/ —dsZ
ci0) 9z ci(0) Onz Ci(0) ci(0) 9n;

It follows from (2.4) that, for each t € B,

ou(t, 1 du(t,
/ u Z)dz=i/ W3 g0 =10,
o 0z 2 Jeop O

Hence, by an argument similar to that used for I, = 0, we obtain

2 da;
Iy =—1 —( 0,z)dz; =0.
4 T m{g Jat ( ) C;(0) ot 8 ( Z) Z}

dx dy.




It turns out that

92 1
L=-=| k.2
arot T J3R(0)
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0u(0, z)

]
ds, — —
8Z T R(0)

which proves Step 2—namely, Lemma 1.1.

ou 2
—0,2)| dxdy,

010z

Proof of Theorem 1.2. If R is pseudoconvex over B x C,, then k»(¢,z) > 0 on

0R. It follows from Lemma 1.1 that % < 0. Thus, y () is a superharmonic func-
tion on B. U

REMARK 3. In the theory of one complex variable, the circular slit mapping and
the radial slit mapping have good correspondence. But the same result for the cor-
responding radius of the radial slit mapping does not hold. In fact, we have two
counterexamples of pseudoconvex domains R in B x C,.

(1) The radius of radial slit mapping is not superharmonic on B. Let

R={lt] <3} x{lzl <Y\ {(1,2) : |z = 5| < l1l < 3},
B={|t| <3}, RO ={zl <P\ {|]z—3| =ll}.

The total space R = UteB(t’ R(t)) is a pseudoconvex domain in B x C,.

Let Co = {|z| = 1} and C(t) = {|z — §| = It|}, where 0 < ¢ < 1; that is,
dR(t) = Co— C(t). There exists a unique harmonic function g (¢, z) on R(1)\ {0}
such that

q(t,z) =log|z| + A(t) + h(t,z) at z =0, where h(¢,0) = 0;
q(t,z2) =0 on Cyp; and

1D — o on C(1).

Note that ¢ (0, z) = log|z| on R(0) and A(0) = 0. The radial slit mapping fy (¢, z)
for (R(1),0, Cp) is given by fy(t,z) = e*®~@®9+a*(1.9) on R(), so the radius
ro(t) stated in Remark 2 is in this case equal to ¢*. Our claim is thus to show
that A () is not superharmonic on B.

Let z and z* be inverse points with respect to C(z). We use R*(¢) to denote
the domain obtained from R(¢) by inversion with respect to C(¢). If we define
q(t,z*) = q(t,z) on R*(t), then q(t,z) can be continued harmonically across
C(t) into the domain R*(¢) by a reflection principle due to Schwarz. More pre-
cisely, let é(t) = R(#) U C(t) U R*(¢) and let Cj(¢) (resp. a(t)) be the circle
(resp. point) obtained from Cy (resp. z = 0) by inversion with respect to C(t).
Here 8I§(t) = Co — C((t). Then q(t,z) on R(t) is harmonically extended to the
harmonic function ¢ (z, z) on ﬁ(t) \ {0, a(¢)} such that

q(t,z) =log|z| + A(t) + h(t,z)  atz =0, where h(t,0) = 0;
q(t,z) —log|z — a(t)| is harmonic at z = «(¢); and
q(t,z) =0 on Co U C*(1).

We note that C3(r) C C3(3) = {|z — 3| < §} =: 8 fort € B. We set Ry :=
{lz] < 1} \ 8, so that Ry C R(¢) for t € B. If we put s(¢,z) := q(t,z) — log|z|
and s(z,0) = A(#), then s(¢,z) is harmonic on ﬁ(t) with pole log|z — «(¢)| at
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a(t) and with boundary values 0 on Cy and —log|z| on C{(#), so that s(#,z) <
log 3 on Cj(¢). Further, we consider the harmonic function 5(¢, z) on R with pole
log|z —a(t)| at a(t) and with boundary values log 3 on dR. Since 5(¢,z) —s(t,2)
is harmonic on the whole R;, whose boundary values > 0, it follows from the
maximum principle that 5(z,0) > s(#,0) = A(¢). Since a(t) — 0 as |t] — %,
we have 5(¢,0) — —oo and hence A(t) — —o0 as |t| — % Since A(0) = 0, it
follows that A(¢) is not superharmonic on B.
(ii) The radius of radial slit mapping is not subharmonic on B. Let

R = U{Izl <r(®)}\ B x (CiUCy),
teB

where € = [1, %], Cr=[4, %] inC.,7(t) > 1,and log r(¢) is superharmonic on

B. Thus R is a pseudoconvex domain in B x C,. In this case the radial slit map-
ping fo(t, z) for (R(%),0,Co(2)), where Cy(t) = {|z| = r(¢)}, is identical with z;
hence ro(t) = r(t) for t € B. Thus log ro(¢) is not subharmonic on B.

3. Proof of Lemma 1.3

It suffices to prove the lemma for7 = 0. We find a neighborhood By = {|7| < ro} €
B of t = 0, a neighborhood V; € R(0) of dR(0), and a neighborhood UE’)(%) =
{lz — £(0)| < po} € R(0) of £(0) such that:
(i) £(t) € UL, 1 € By;
(ii) UE’J(%) N{z=0}=0;
(iii) UleBo(t, OR(t)) C By x Vy; and
(iv) p(t,z),t € By, is harmonically extended for z beyond dR(¢) onto Vj.
We see from (1.3), (1.4), and (1.5) that if we put

92 0%h
2P 0,0):= 290,00 =0 and
atot atot
P 0,600 = %0+ 22 0,600
arar T 0rdr ardr

then the function %(0, z) is harmonic for z in the whole R(0). We note that, for
arbitrary fixedt € Bpand j =0,...,v,

ap(t, ap(t,
/ p( Z)dSZ:[ p( Z)dszzo
cj) Ong ¢y ong

by Green’s formula and the condition (IV)(ii) for the L -principal function p(z, z).

Thus,
d [3%p(t,
/ —<M> ds, = 0.
Cj(O) 87’12 arot

On each boundary component C;(0), j = 0,1,...,v, of R(0), we have p(0,z) =
constant = g;(0); therefore,
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220,z 3(Z2.(0,2)
/ P, z)(a’a’— ds, = Z a;(0) W ©2) ds,=0. (3.1)
IR(0)

cio  ong

We draw small disks U5 = {|z| < e} and Ug,, = {lz — §(0)| < ¢}, where
0 <& < poand Uy NUf, = 0, so that p(t,z), t € By, is harmonic for z in
R(0) \ Ug U (0)) By Green’s formula we have

a’p ap(0,z)
/ 9P (0,2) ds.
OR(0)— UG — U, otdr on;

§00)

2p
3(2L(0,2))
=/ 20,2) aror ds..
OR(0)—dUE — U on;

£(0)

Since p(0, z) has singularities (IT) and (IIT) at z = 0 and z = £(0), respectively,
2 R

and since %(0, 7) is harmonic on R(0), by (3.1) we have

0°p . 0p(0.2) 0%
/é;R(O) Tat'(o’ 2 on, ds; —2m (%( )+ —= 8t3t_ (0 ";:(O))>

as ¢ tends to 0. Therefore
9 1 9?2 ap(0,
/ P o p(0,2) d
R

7e 0,£(0)) = — TP (o, .
Btat()+ (é( V=27 e 900700,

Reasoning much as in the proof of (2.1),
32 2

a°h
%( s —2(0.£(0))

=2

C;(0)

2 2
d-a; 0
ds, + a]_ » ds,
atdt on,

ap 02 da; 9%p
+4ml L 2P 4, m{ 2P 4,
a1 970z 3t otoz

1 < 3%a; 9
dsz—i——Z/ a']_—pdsZ
c

2w =0 (0) darot an

2 ap 32 2 . da; 9>
+—Im{/ —p_—pdz}——lm{Z/ 9P dz}
T AR(0) ot 81‘81 3 =0 Cj(0) ot 81‘81

=i+ +J3+ s

By reasoning similar to the case I, = I, = 0fori =1,...,v, we have J, = J; =
0for j =0,1,...,v. Hence for proving the lemma it suffices to show that

-2 L

We remark that p (O z) is regular on the whole R(0) and that p . (0,2) is har-
monic on R(0) except at z = £(0). By Green’s formula we have

0
<2k2<0, 2) a—”

1
=— k2(0,z2)
T J3R(0)

ap
9z

(3.2)

0oz
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/ @ﬁdzsz d(%’&dz)
aR(O)_aUss(()) 8t 818Z ' R(O)_U;(O) at Btaz

2 2
= ——| dzdz.
f/I;(O)—U;(()) 010z
Letting ¢ — 0, we note that
2p 2
li ——| dzdz =0
ggrg)/fe J107 Lax
£0)
and
, ap 8%p 1 £'0) 0°p
lim — ——dz =—=1lim —_
e—0 Joye 0t 010z 2 &0 Wy L £(0) ataz
82p
= —7mi /0 - O, O .
mig'( )ataz( £(0))
Thus,
ap 82 /'/ o 821?
_—— ——(0,z dxd—m 0)——(0,£(0)).
/Z;R(O) ot 8[32 R(0) Btaz( ) Y E( )818Z( E( ))

On the other hand, it follows from (1.6) that

dhe Oh ,
o (1,§()) + —(,§(1)§'(1) =0,
t 0z

and then
82h§ —
— (1,81 (t
8 a_( §(1))§'(1)
2 (D) =0
0z 8
on B. Since h¢ is harmonic for z, we have (t z) = 0. Hence,
0N 0,60 + 2 Re] L E(o £O0DEO] =0
drdr atdz B
Thus,

2 ap 02
J3=—Im{/ —p_—pdz}
T AR(0) ot ataZ

(2 //
= —Im
T R(0)
B _//1;(0)
= — _(O 2)
//1;(0) 010z

Therefore, we conclude (3.2), which implies Lemma 1.3.
Note that the same proof of Theorem 1.2 and Remark 1 under Lemma 1.1 im-
plies Theorem 1.4.

—(0 2)

d d 2022 0. £0
8t8z X Y) — mi&'( )Taz( LE( ))}

— (0,
8t3z ©.2)

dx dy — ZRe{é (0) = (0 5(0))}

d dy + 0%he (0,£(0))
X —=(0, .
YT et
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4. Approximation Condition

Let R be a noncompact Riemann surface. Fix points @ and b in R and let |z] < 1
(resp. lw| < 1) be alocal coordinate of a (resp. b) such that a (resp. b) corresponds
to z = 0 (resp. w = 0). Let {R,}, be a canonical exhaustion of R. In particu-
lar, R, € R,+1 € R, R = U;’lil R,, and OR, consists of a finite number of C¢
smooth dividing closed curves {C"};— =1 such that each C{? is homologous

to a finite number of dividing curves {C +1} k=1,...,i, Of OR,11; thatis,

.....

l“’

Z ch, i~ Z C,fi‘? 4.1)

We assume that a,b € R; and {|z] < 1} U {|lw| < 1} € R;. On each R,,, we

uniquely have the principal function p,(z) such that:

(1) pn(z) is harmonic on R, \ {a, b} and is harmonically extended beyond dR,, in
a neighborhood V, of R,y suchthat dR,, € V,, € R, 41;

(2) pa(z) —log L is harmonic at z = 0;

2]
3) pn(w) — log|w| is harmonic at w = 0 and

lim (py(w) —loglw]) = 0;
(4) foreachi =1,...,v,, we have
(i) pa(z) = constant a; on C," and
(ii) fC,ﬁ“(t) *dp,(z) = 0.
Thus we have

1
pu(2) = 1og—+Re{Za(”>zk} and 4.2)
|z P
o0
pn(z) = log|w| +an+Re{Zb§;’>wk}, 4.3)
k=1

where «,, is a real constant.
It is known that, for m > n,

Tim [ld(pa(2) = pu(DIIE,

— lim // [(8(pn ‘Ln)) <8(pn Qm)) i|dxdy=0.
n—o0 J Jp

This implies that { p,,(z)}, uniformly converges in any compact set K in R\{a, b}
to a harmonic function ¢ (z) on R \ {a, b} such that {«,}, converges to a real con-
stant o and

1im [1pu(2) = p(Dlr, = 0. “4)

Therefore we have

1
p(z) = log—+Re{ aiz } near z =0
EREN P2
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and ~
p(w) =loglw| +« + Re{z bkwk} near w = 0.
k=1
Let (R, B, m) be atwo-dimensional holomorphic triple: R is a two-dimensional
complex manifold, B = {|¢| < p}is adisk, and 7 is a holomorphic mapping from
R onto B such that the fiber 7 !(¢) := R(¢) over each ¢ € B is connected and
nonsingular in R. Thus R(¢) is a Riemann surface. We can conventionally write

R = J.R(1)).
teB
We assume that R is a C® topologically trivial triple in the sense that there exist
a noncompact Riemann surface R and a C® topological mapping
T:(t,w)eB xR~ (t,z) = (t,p(t,w)) € R;

here, for each ¢ € B, the mapping w € R — z = ¢(¢, w) is a homeomorphism
from R onto R(?).
Let {R,}, with R = Uzil R, be a canonical exhaustion of R. We put

Ru=T(B x R,) =:_Jt, Ry(1))

teB
so that, for each ¢ € B, {R,},, with R(t) = Usil R, (1) is a canonical exhaustion
such that each connected component C,i ,i =1,...,v, (whichis C® smooth closed

dividing curve with v, independent of ¢ € B) of dR(¢) moves real-analytically
smooth for r € B.

Assume that there exist two disjoint holomorphic sections y and o of R over
B via . In particular, let y: t € B — y(t) e R(t) and ¢: t € B — {(¢) be
holomorphic from B into R. Let B x {|z| < po} and B x {|Jw| < p;} be local
coordinates of neighborhoods of y and ¢ in R such that y and ¢ correspond to
B x {z =0} and B x {w = 0}, respectively. Then, by the previous argument, for
each fixed r € B we uniquely have the principal function p(#, z) on R(¢) such that
p(t,z) is harmonic on R(¢) \ {z = 0} U {w = 0} and such that

1 (o]
p(t,z) = log ﬂ + Re{ E ak(t)zk} near z =0
4
k=1

and
o0

p(t, w) = loglw| + a(r) + Re{ Z bk(t)wk} near w = 0,
k=1
where « () is a constant.
‘We shall prove the following statement.

LeEmMA 4.1.  Assume that each R, (n = 1,2,...) is pseudoconvex in R ,+1. Then
—a(t) is a subharmonic function on B.

Proof. Let R, be fixed. We consider the principal function p,(, z) on R,(¢) with
respect to z = 0 and w = 0. We denote by «,(#) the constant term of p,(t,z) at
z=0:
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1 oo
Dpn(t,z2) = log ﬁ + o, (1) + Re{z a,(c")z”} near z = 0.
z
n=1
By Nishimura’s theorem, we may assume that R, is holomorphically equiva-
lent to a unramified domain R, over B x C, such that B x {a} corresponds to
B x {a} and B x {b} corresponds to a holomorphic section &: z = &£(¢), t € B,

where £(¢) is a holomorphic function on B such that £(¢) # 0. Let’s say that
T,: (1,2) €Ry > (1,8) = (1, fu(1,2)) € Ry

Here R, = |, <p(t, Ry(1)) (where R, (¢) is equivalent to D,(¢) as Riemann sur-
faces) is a pseudoconvex domain with C® boundary in R, and each dD,(?) is
of class C* in D, (¢). In Section 3, for each t € B we constructed the princi-
pal function p,(t, ¢) for D,(t) with respect to { = 0 and ¢ = &(¢). As usual, we
denote by a(7) the constant term of p,(#,¢) at ¢ = 0:

l o0
pa(t,0) = log 7 +a(t) + Re{ Z a,({"){k}.
k=1

It is not difficult to show that

0fn
a(t) = a(t) + log /s
8Z z=0
Since 3
’ o L0,
9z z=0
we have

da(t)  da(r)
dtdr  otdt
We showed in Lemma 4.1 that, since R, is pseudoconvex, &,(t) is subharmonic
on B; it follows that «,(¢) is subharmonic on B.
Furthermore, we showed that for each fixed 7 € B, «,,(t) converges «(¢). By its
proof we can also show that

lim «,(t) = a(t) is uniform on B.
n—00

Hence «(t) is subharmonic on B. O

5. An Example of Theorem 1.4

We begin with a simple example of our general result shown in this paper. Let
B = {|t| < p} be adisk in C,. For each ¢t € B, let R(¢) be a disk {|z| < r(2)}
in C,, where log r(¢) is a superharmonic function on B. If we set the Hartogs do-
main of disks R = UtE 5(t, R(1)), then R is a pseudoconvex domain. Assume
that there exists a holomorphic section &: t € B +— &(¢) € R(t), where £(¢) # 0.
We consider the following function:

1 r(@)*(z—§m)

fi6n) = e 2(r(0)? —E(1)z) o

R(1).
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Then f is a circular slit mapping on R(t) with a zero at z = £(¢) and apole at z =
0. The L;-constant A(¢) on B is written into

f

2
i—a,sm)’ — log r)
Z

07 (0 — P
) L EOTY
= —2log|&(1)| + ; Z( r(t) > .

Since &(z) is holomorphic on B and since log r(¢) is superharmonic on B, it fol-

lows that log % is subharmonic on B and so is the second term on the right-hand

side. Hence, A(t) is a subharmonic function on B.

A(t) = log

6. Proof of Theorem 1.5

First, we take the holomorphic sections &y and &; on B of S, and we may assume
that they are constant: z = 0 and z = 1 on B. We can make a canonical exhaustion
{S’n(t)}n of the Schottky covering S(1) of S(¢) for each t; namely, Sj(t) S §j+1(t)
(j =1,2,...) and |2, S,(r) = S(z) such that each |J, (1, S,(1)) = S, is a
smooth pseudoconvex domain and the projection of S, to S(r) does not contain
0,1in S(r). We thus have § = |2, S, Let S = S\ (B x {0} U B x {1}). We fix
two points 0, 1 in S,(¢) over 0,1 in S(¢). We note that S,(¢) is a planar Riemann
surface. Then, there exists an L -principal function u,,(t, z) on S,l(t) such that

wo(t) — log i1 + hou(1,2) on Uy,
e 10812 — 1 + An(£) + h1a(t,2) on Uy,

where hg,(¢,0) = 0 and hy,(t, 1) = 0. Then u,,(t, z) induces the circular slit map-
ping fi,(1,z) = " HIFL,0D on S (1) such that

%+A0n(t)+Aln(t)Z+"' on Uy,

fln(t’z) = { Bi.(t)(z — 1) + By, (t)(z — 1)2 +--- onU,

where f1,(¢,1) = 0 and f;,(¢,0) = oo. Since S, is pseudoconvex, Theorem 1.4
implies that A1,(¢) = log|By,(¢)| = 10g| 83‘1; (t,1) is a subharmonic function on
B. As we have already shown, u;,(,z) and hence fi,(¢,z) uniformly converge
(respectively) to a harmonic function (¢, z) and to a univalent holomorphic func-

tion fi(t,z) on every compact set in S such that

log‘%I + ho(t,2) on U,
loglz — 1] + A(t) + hi(t,z) on Uy,
where hy(z,0) = 0 and h;(z,1) = 0, and

Lt Ao(t) + Az + -+ on Uy,
Bi(1)(z — 1) + Ba(1)(z — 1)* 4--- on Uj.

ui(t,z) = {

fl(l‘,Z)={
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We note that lim, o A, (t) = A(¢) uniformly converges on B. It follows that

M) = log| |(t 1) is a subharmonic function on B.
fl( 2)

Next we shall show that log} | is a plurisubharmonic function on S. Itis

enough to show that 10g| 5 (1§ (t))| restricted to every holomorphic section & #
0,1 of S is subharmonic on B. In fact, we consider another slit mapping Jfe(t,2)
on R(t) such that

T+ Con+ iz +- - on U,
fg(l,Z) = 2
Dy(1)(z — &(1)) + Da(1)(z = §())" + - -+ on Ugq).

We consider the translation ¢(1,2) = fi(t,2) — fi(t,&(2)) on R(t); then ¢ (t, z)
is a holomorphic mapping on R(¢) such that

bt — Ly Ao + Az + - on Uy,
Bi(t)(z — &(1)) + Ba(t)(z — £(1))* + - on Ug().

We set w = f:(7,z) on R(¢) and { = ¢(t,z) on R(t). Then, ¢ = L(t,w) :=
o(t, fg_1 (t, w)) is a univalent function on the domain f (z, R(1))in P;). By Koebe’s
theorem concerning Schottky covering, we see that L(¢, w) is a fractional linear
transformation on IP’}”. Since L(¢,0) = 0 and L(f,w) = w + co()w? + -+ at
w = o0, it follows that L(z, w) = w; that is,

fi(t,2) = ¢(t,2) = f(t,2) — f(1,E(1), z€R().

Thus, we have
fe _ 9(fi — ((LED)) _ afi
oz 9z T

Moreover, we recall that A¢(¢) = log]—(t S(t))] is subharmonic on B, which
implies the assertion.

Finally, we show that f is a holomorphic function for # and z on S. In fact, if
2

we set p(t,z) := log| | on &, then p is harmonic for z and hence we have j ;7_ =
0. Furthermore,

ap  9%p

det dtdt  0tdz >0
a?p  9%p
01dz  9z9z
A 92

because p is a plurisubharmonic function on S. Therefore, o 0; in other

970z
words, the holomorphic functlon for z is also holomorphic for 7 on S N amely,
afi 0f 1

P is holomorphic for (¢, z)

Now we show that % is holomorphic for (¢, z) on B x {|z| < 1}. On the neigh-
borhood U, of z = 0, we have
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1 oo
fi= -+ A0+ ) A,
k=1
dfi 1 = k-1
— =——= 4+ A1) + kAR(t)z"
oz = 1(0) ; k(1)
82fl 2 . k=2
— = — k(k—DA(t)z "
o Z3+; (k= 1DAx(1)z
Thus, )
- _
R R VWO
2 iﬂ 1= Y2, kA (t)z*!

The left-hand side of this last equality is holomorphic for (¢,z), and hence so
is the right-hand side. Forming the Taylor expansion of the right-hand side on

{|z] <« 1}, we can inductively see that each A, (¢) is holomorphic for z. Therefore,
of1
> 0z

morphic for (¢, z) on S; hence f IZ %(t, 7) dz is holomorphic for (¢, z) on S. Since
flz %(t, z2)dz = fi(t,z) — fi(t,1) = fi(t,z), we conclude that~f1(t, z) is holo-
morphic for (¢,z) and obtain a simultaneous uniformization of S by t = r,w =

fl(ts Z)'

? is holomorphic for (¢, z) on B x {|z| <« 1}. By the identity theorem is holo-
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