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Proper Holomorphic Mappings between
Reinhardt Domains in C2

L ukasz KOSINSKI

1. Introduction

Given ¢ € R" and z € CJ, we put |[z*| := |z1|*' - - |z,|*" whenever it makes
sense. Let A, - .+ = {z€C|r~ <|z| <rt}for—oco <r” <rt <oo,r* > 0.
By D we always denote the unit disc in C. For a domain D C C", D \ {0} is
denoted by D,.

n€Z™"and b = (by,...,b,) €

..........

C" we define:
oa(z) =24 = (z*,...,2%"), zeC!,

oap(2) = (12", .. buz"), zeCl.

Such maps are called elementary algebraic (or briefly elementary maps).

The aim of this paper is to describe nonelementary proper holomorphic maps be-
tween nonhyperbolic Reinhardt domains in C? as well as the corresponding pairs
of domains.

Recall that if D, G are Reinhardt domains and f: D — G is a biholomorphic
mapping, then f can be represented as composition of automorphism of D and
G and an elementary mapping between these domains (see [K] and [S2]). Thus,
the description of nonelementary biholomorphic mappings between Reinhardt do-
mains reduces to the investigation of their group of automorphisms. It is a general
problem of complex geometry of Reinhardt domains considered in many papers.
In [S1] the author used group-theoretic methods to investigate the holomorphic
equivalence of bounded Reinhardt domains in C" not containing the origin and
thereby determined automorphisms of a certain class of Reinhardt domains. Sim-
ilar results were obtained by Barrett in [Ba], although his approach was analytic.
The groups of automorphisms of all bounded Reinhardt domains containing the
origin were determined in [Su]. This work has been extended in [K] by dropping
the assumption that the origin is included in the domain. The situation when do-
mains D and G may be unbounded were considered for example in [S3] and [EZ].

Obviously, the problem of describing proper holomorphic mappings is harder
to deal with. Proper maps between nonhyperbolic, pseudoconvex Reinhardt do-
mains have been considered in [EZ] and [Ko]. In the bounded case, partial results
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were obtained in [BP], [LSp], and [DSe]. The final result for bounded domains
in C%, which may be viewed as the completion of this research, was at last ob-
tained in the paper of Isaev and Kruzhilin [IK]. The authors explicitly described
all possibilities of existence of nonelementary proper holomorphic mappings be-
tween bounded Reinhardt domains in C2.

We generalize Isaev and Kruzhilin’s results to unbounded domains (except for
the case of domains whose logarithmic images of envelopes of holomorphy are
equal to R?). Additionally, we obtain some partial results for proper maps between
domains of the form (Ci, C2, and C x C,, and we also give some more general
results related to proper holomorphic mappings.

2. Preliminaries and Statement of Results

Itis well known that, for any pseudoconvex Reinhardt domain D in C", its logarith-
mic image log D is convex. Moreover, any proper holomorphic mapping between
domains Dy, D, in C" can be extended to a proper map between the envelopes of
holomorphy ﬁl, ﬁz of Dy, D,, respectively (see e.g. [Ke]).

Let us introduce some notation. First we define

V,:=C"'x {0} xC*"*ccC" '=1,...,n,

_— 0
=1

With a given Reinhardt domain D we associate the following constants:

d (D) := the maximal possible dimension of a linear subspace contained
in the logarithmic image of the envelope of holomorphy of D;

t(D) := the number of j such that Dn Vi #0.
Moreover, in the case D C C2 we put
s(D) := the number of j = 1,2 such that V; N Dis equal to C;
$4(D) := the number of j = 1,2 such that V; N Dis equal to C,.

It turns out that the objects we have just introduced are invariant under proper
holomorphic mappings f: D — G, where D, G are Reinhardt domains in C?, ex-
cept for the case when R + B C log D for some a € Q% and B € R In particular,
we shall obtain the following result.

THEOREM 1. Let D, G be Reinhardt domains in C* such that the set of proper
holomorphic mappings from D onto G is nonempty. Then

d(D) = d(G). ()
If, moreover, d(D) = d(G) = 0, then
(s(D), sx(D), (D)) = (s(G), 5:(G), 1(G)). (3)
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Recall here that pseudoconvex Reinhardt domains that are algebraically biholo-
morphic to bounded Reinhardt domains have been described in [Z1]. This result
is of key importance for our considerations, so we quote it next.

THEOREM 2. Assume that D is a pseudoconvex Reinhardt domain in C". Then
the following conditions are equivalent:

(1) D is Brody hyperbolic—that is, any holomorphic mapping from C to D is

constant;

(ii) (a) log D contains no affine lines and
(b) DNV, is either empty or c-hyperbolic, j =1, ...,n (viewed as a domain

in C"1);

(iii) D is algebraically biholomorphic to a bounded Reinhardt domain—in other
words, there is an A € Z"*" with |det A| = 1 such that (D) is bounded
and (a)|p is a biholomorphism onto the image.

We say that a Reinhardt domain D is hyperbolic if its envelope of holomorphy
D is algebraically equivalent to a bounded Reinhardt domain. Note that a Rein-
hardt domain D in C? satisfies condition (ii) of Theorem 2 if and only if s(D) =
sx(D) =d(D) = 0.

Let D1, D, be Reinhardt domains in C2 and let f: D; — D, be a proper holo-
morphic mapping. Assume that f is nonelementary. Our aim is to derive the
explicit formulas for the mapping f as well as for the domains Dy, D5.

In view of Theorem 2, we see that the case d(D;) = s(D;) = s.(D;) = 0,
i = 1,2, has been described in [IK]. Moreover, in [EZ] and [Ko] the authors
gave explicit formulas for all proper holomorphic mappings f: D; — D; be-
tween pseudoconvex Reinhardt domains D and D, such that d(D,) = d(D,) =
1—that is, domains whose logarithmic image is equal to a strip or a half-plane.
One may apply direct and tedious calculations to determine all possibilities of
the form of Reinhardt domains D] and D} whose envelopes of holomorphy are
equal to D; and D,, respectively, and such that the restriction f| D D{— D/ is
proper.

On the other hand, there is no proper holomorphic mapping between hyperbolic
and nonhyperbolic domains (see Lemma 6), so we shall focus our considerations
on proper holomorphic mappings between nonhyperbolic domains.

Summing up, to obtain a desired description of the set of nonelementary proper
holomorphic mappings between nonhyperbolic Reinhardt domains D1, D5 in C?
whose envelopes of holomorphy do not contain C2, it suffices to confine our-
selves to the cases when d(D;) = d(D;) = 0 and s(D;) = s(D;) # 0 or
$:(D1) = 5:(D2) # 0.

We are now in position to formulate the main result of this paper.

THEOREM 3. Let Dy, Ds be nonhyperbolic Reinhardt domains in C? such that
d(D)) =d(D;) =0and s(D;) # 0ors.(D;) #0,i = 1,2. Assume that there
is a proper, nonelementary holomorphic mapping f: Dy — D,. Then one of the
following two scenarios obtains.

(1) Up to a permutation of the components of f and the variables, the map f has
the form
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f(z,w) = (i z"B(C 27 w™), pow?), )

where k,l € N, p1,q1 > 0 are relatively prime integers, B is a nonconstant
finite Blaschke product nonvanishing at 0, C; > 0, and w1, o € C,. In this
case, the domains Dy and D, have the form

D; = {(z,w) € C*: Gilz|"w|® < 1, [w| < EJ\(P; x {0}, i=12, (5)

where E\, E; > 0, pa,q> > 0 are relatively prime integers satisfying the
equation q, /p» = kq,/lpy, and P\ is any closed proper Reinhardt subset of
C. (Then, obviously, P is of the form {j1;¢*B(0) : ¢ € Py}.)

(i1) Up to a permutation of the components of [ and the variables, the map f has
the form

f(Z, w) — ((eillza[ + S)az,eilz eXp(2§emzal + |S|2)—L'2 wclL'z)’ (6)

where ai,a,,c1,¢co € N, s € Cy, and t1,t, € R. In this case, domains have
the forms

D; ={(z,w) eC?: |w| < Crexp(—E;|z]*)}, i=1,2, (7)
where ki = 2ay, ky =2/ay,and Cy,C», E1, E; > 0.

As mentioned before, in Section 4 we shall also obtain some results related to
proper mappings f: D — G in the case when d(D) = d(G) = 2. Itis clear that,
for any pseudoconvex domain D in C2, d(D) = 2 if and only if log D = R2.

3. Proofs
We start with some preliminary results.

LEmMMA 4. Let ¢: Dy — Dj be a proper holomorphic mapping, where Dy, D, C
C" are pseudoconvex Reinhardt domains.

(1) Assume that d(D,) = 0 and suppose that there is a nonconstant holomorphic
mapping  : C — D;. Then ¢(y(C)) C M.

(i) If ¥: C — D, is a nonconstant holomorphic mapping and if d(D;) = 0,
then ¢~ (¢/(C)) C M.

Proof. (i) By Lemma 6 in [JPf], there exist a nonempty open set U C R" and
a positive R such that, for any v € U, the set log D, is contained in {x € R" :
X1 + - -+ + x,v, < R}. Thus, there are linearly independent al,...,a" € R",
a' = (aj,...,o)), such that D, is contained in {z € C" : |z°‘L| <efyi=1,...,n.
Put

u,(2) = lo(W()%], z€C,1=1,...,n. (8)

The u, are obviously bounded and subharmonic functions on C, so they are con-
stant; say, u, = p, with ¢t = 1,...,n. It suffices to observe that p, = 0 for some .
Indeed, if p, # O for every ¢ = 1,...,n, then clearly } _, & log|y;(¥(2))| =
log p,. By applying Cramer rules we would find the mapping ¢ o i to be constant
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(recall that o, ..., " are linearly independent). However, this would be in contra-
diction with the properness of the mapping ¢ (since the mapping ¥ is unbounded).
(it) Let ¢ = (y,...,a,) € R} and R > 1 be such that log D, is contained

in {x € R" : xjoy + -+ + x,0, < R} and, for any ¢t € R, the set {x € R" :
xiap + -+ + xpa, = t} Nlog Dy is bounded. Put u(z) = |z1|*'---|z,|* for
z € Dj. It is well known that the function

v(2) = va(z) = maxu(p~ ' (Y (2)), zeC, 9)

is subharmonic. Because it is bounded, we find that v is constant. Let p be such
that v = p. Similarly as in the previous part of the proof, it is sufficient to show
that p is equal to 0.

Suppose not. One could then see that there is a sequence {wy};2; C D; such
that |wj| = p forany u € N and w, — wo € 9Dy, © — 00. Moreover, |[w*| < p
for every w such that ¢ (w) € ¥/(C). Take the supporting hyperplane H of log D at
the point log w, and let € R" be suchthat H = {x e R" : x; 81+ - -+ x, 8, = p}
for some p € R. Repeating the same reasoning as before (here the assumption
of the boundedness of H N log D is unnecessary) but now applied to a function
v = vg (see (9)), we find that thereisa p < e” such that [wf| < p for any w €
@‘1(&(((3)). However, |wf| — ef (u — 00), which immediately gives the de-
sired contradiction. UJ

COROLLARY 5. Let D,G C C" be pseudoconvex Reinhardt domains such that
d(D) = 0and d(G) > 1. Then the sets Prop(D, G) and Prop(G, D) are empty.

Proof. Takea = (ay,...,a,) eR"and B = (B4, ..., By) € R" suchthataR+8 C
log G. Note that for any z € G the set {,(C) is contained in G, where ¥, is given by

Yo (0) = (z1e™’, ..., z,e%%), reC. 10)
Thus, if f: D — G (or g: G — D) is a proper holomorphic mapping then, by
Lemma 4, f~'(G) C M (respectively, g(G) C M). This immediately yields a
contradiction. O

LEMMA 6. Let D,G C C" be domains. Assume that D is bounded and that G
is not Brody-hyperbolic. Then there is no proper holomorphic mapping from D
onto G.

Proof. Suppose that ¢: D — G is a proper holomorphic mapping. Put A =
{z € D : detp'(z) = 0}. The set A is a variety in D and, by the properness
of ¢, A # D. Moreover, there is an integer m such that #¢~'(w) = m for any
weG\ p(A).

Put

@)= Y ki A=Gad) €CM k=1m

I<ij<-<ix<m
and = (71, ..., 7). Moreover, forz/ = (z{,...,z3) € C", j = 1,...,m, define

o(z'... 2™ = (a2 (2. (11)
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Obviously o : (C")™ — C™ is a proper holomorphic mapping with multiplicity
equal to (m!)".

Let o ' (w) = {c1(w), ..., tu(w)} forw e G \ ¢(A). Since ¢ is locally biholo-
morphic near any ¢;(w), i = 1,...,m, and since the mapping o given by (11) is
symmetric, it follows that the mapping ¥ = o o (¢, ..., ¢y) is holomorphic in
G\ ¢(A). Since p(A) is analytic in G and since V' is bounded, we may extend
to a bounded holomorphic mapping on the whole G. Let v be such an extension.
Take any ¥ : C — G nonconstant and holomorphic. Then v o y is bounded and
holomorphic on C; in particular, 1/~/ o y is constant.

Take any z' € C. If y(z’) belongs to G \ ¢(A), then obviously U(y () =
o(21(y(2))s ..., &m(y(2))). Suppose now that y(z') is a critical value of ¢. Let
x = (x1,...,xn) € (C™™ be such that 1/}()/(1)) =o0(x),zeC.

Take any ¢ such that ¢ (¢) = y(z'), and let (¢,) C D \ A be such that ¢, — ¢.
Observe that o (¢~ (¢(Z,))) = 1/}((/)(;”)) — o(x). In particular, using proper-
ness of o, we find that ¢ € 0~'(o(x)); thus we have shown that ¢~'(y(z')) C
oW o(xy,...,x1)).

It follows that, forany w € y (C), ¢ ' (w) is contained in the finite set o~ (o'(x)).
Because the mapping y is unbounded, we immediately get a contradiction with
the properness of ¢. UJ

REMARK 7.  Since the mapping C \ {0,1} 5z — ﬁ € C is proper, Lemma 6

does not hold if we assume only that the domain D is Brody-hyperbolic (instead
of bounded). On the other hand, in the class of pseudoconvex Reinhardt domains
we know that the property of Brody-hyperbolicity implies boundedness up to al-
gebraic mappings, so we easily see that there is no proper holomorphic mapping
between hyperbolic and nonhyperbolic pseudoconvex Reinhardt domains.

For a Reinhardt domain D in C”, let I(D) denote the set of i =1, ..., n for which
the intersection V; N D is not c-hyperbolic (viewed as a domain in C"~1). Put

p™ = p \ < U v) (12)
iel(D)

It is clear that D™P = D if D is c-hyperbolic or D C C”. In the sequel, we use
D™P to denote the set (D)MP.
We are now in position to formulate the following statement.

THEOREM 8. Let Dy, D, be pseudoconvex Reinhardt domains in C? such that
log D; contains no affine lines, i = 1,2 (i.e., d(Dy) =d(D;) =0). If ¢: D —
D5 is a proper holomorphic mapping, then (p(D?yp) C Dgyp and the restriction
. phyp hyp .
@l pwe s D77 — Dy’ is proper.
1

Proof. 1t clearly suffices to prove the following statements.

(a) DNV, e{C,C,}, then o(D;NV)) is contained either in V; or in V,. In par-
ticular, if D, NV, is, moreover, c-hyperbolic or empty, then ¢ (D; N Vy) C V.

(b) If D,NV; €{C,C,} and D, N V; is neither C nor C,, then D;NV; € {C,C,}
and <p’1(D2 nVvy CV.
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(a) From Lemma 4(i) applied to the mapping ¥(z) = (0, e%), z € C, we get that
o(D1NVy) C M. It follows that ¢1(0, 2)92(0,z) = Oforany z € C,, so ¢1(0, ) =
0 or ¢,(0,-) = 0. The second statement is clear.

(b) If D, NV} were neither C nor C,, then D, would be biholomorphic to a
bounded domain, which clearly contradicts Lemma 6. Thus D; NV, € {C, C,}.

Suppose that D; NV, is nonempty (otherwise, Lemma 4(ii) finishes the proof).
Pseudoconvexity implies that 7r;(D,) is a bounded subset of C, where ;: C2 —
C denotes a projection onto the first variable. Thus, the function given by

v(z) := max|mi(¢p ' (0,2))], z€Cs, (13)

is constant (because it is bounded and subharmonic). Moreover, from Lemma 4
we have that o ~'(D> N V}) C M.
Now, one may easily verify that v = 0. U

COROLLARY 9. Let Dy, D, C C? be Reinhardt domains such that d(D,) =
d(D,) = 0. Assume that Prop (D1, D,) is nonempty. Then

(s(D1), 5:(D1),1(D1)) = (5(D2),5:(D2),1(D2)). (14)

Proof. Any proper holomorphic map between domains D, D, may be extended
to the proper map between their envelopes of holomorphy Dy, D, respectively.
Moreover, it is well known (see [IK, Cor. 0.3]) that, if there exists a proper holo-
morphic mapping between two given bounded domains, then there also exists an
elementary algebraic proper holomorphic mapping between these domains.
Thus, our result is a direct consequence of Theorems 8 and 2 and properties of
algebraic mappings. O

By applying the methods used in previous theorems, we may easily show the fol-
lowing result.

PROPOSITION 10.  There are no proper holomorphic mappings between domains
D, G and G, D in the following cases.

(i) There exist a nonconstant, negative, plurisubharmonic function on D and a
G = C" \ E for some pluripolar set E in C".

(i1) D is hyperconvex (i.e., there is a negative plurisubharmonic exhaustion func-
tion for D) and G is not Brody-hyperbolic.

Proof. (i) Obviously Prop(C" \ E, D) = (.

Suppose that ¢: D — C”" \ E is proper and holomorphic. Let u € PSH(D)
be nonconstant and negative. Put v(z) = maxu(¢~'(z)), z € C" \ E. It is seen
that the function v is constant. In particular, there is a p < 0 such that u < p and
u(wp) = p for some wy € D; a contradiction.

(i1) It is clear that the set Prop(G, D) is empty. Suppose that ¢: D — G is
proper and holomorphic. Let u# be a negative plurisubharmonic exhaustion func-
tion for D and let ¥ : C — G be a nonconstant holomorphic mapping. Put v(¢) =
max u (¢~ (¥(¢))), ¢ € C. The function v is subharmonic on C. Since v < 0, it
is constant. Hence we find that ¢~ (1(C)) is a relatively compact subset of D; a
contradiction. O
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PropoSITION11.  Let D, G C C? be pseudoconvex Reinhardt domains. Ifd(D) #
d(G), then there is no proper holomorphic mapping between D and G.

Proof. In view of Corollary 5, it suffices to consider the case when d(D) = 2 or
d(G) = 2. The condition d(D) < 2 means that the logarithmic image of the en-
velope of holomorphy of domain D is contained in a half-space. More precisely,
D C {z€C?:|z1||z2]* < r} for some @ € R2, 0 < r < oo. Therefore, the
assertion follows immediately from Proposition 10. UJ

Proof of Theorem 1. This is a direct consequence of Corollary 9 and Proposi-
tion 11. O

Proof of Theorem 3. Let f: Dy — D, also denote the extension of the mapping f
to a proper mapping between the envelopes of holomorphy of D and D,. By The-
orem 8, the restriction f| pe D P D RLEN proper

If s(Dy) =2 or s, (D;) = t(Dy) = 1, then D ™P would be contained in C2 and,
by Theorem 2 and the description in [IK], we ﬁnd that f| ph would be elementary
algebraic. It is clear that the identity principle gives a contradiction.

Therefore, we may assume that 1(D;) = t(D;) = 2, s(D;) = s(D,) =1, and
s«(D1) = s4(D7) = 0. Up to a permutation of components, we may suppose that
ﬁ,- NV, = V, and that bi N Vi is bounded, i = 1,2. Hence there are ki, k, €
N such that D; is contained in {(z,w) € C* : |z]lw|* < ¢;} for some positive
constants ¢;, i = 1 2. It follows that ®,,, where A; = (1 ki ) is a biholomorphic

01
mapping from D! onto the bounded set @, (Dhyp) i = 1,2. In particular,

g = CDA2 o f o Al—ll (DAI(Dlyp) — cDAz(Dzyp) (15)

is a proper holomorphic mapping between two bounded domains in C2. Now,

using the description in [IK], it is straightforward to observe that one of two pos-

sibilities may hold:

(i) DM = {(z,w) € C2 : Ci|z|Pi|w|P*it4 < 1,0 < |w| < C]}, where p;, q;
are relatively prime integers such that p;k; +¢; > 0, p; > 0, g; < 0, and
Ci,C!>0,i=1,2;

(i) DI = {(z,w) €C2: 0 < |w| < Cyexp(—E,|z[>|w[2k1@1=2b1)} and DYP =
{(z,w) € C? : 0 < |w| < Crexp(—E,|z|>/®|w|*2/e2=2b2/ar¢2)} \where
a,‘,b,‘, C; € N and C,‘, E,‘ > 0fori = 1, 2.

First suppose that (i) holds. From [IK] it follows that g must be of the form
g(z,w) = (MzWB(C 2P w), Lowe), (z,w) € @(ﬁi}yp), where a,b,c € 7,
a,c>0,aq,—bp; <0,q2/p» = (aq1 — bpy)/cp1, B is a Blaschke product non-
vanishing at 0, and A, A, € C,. Put g; = p;k; + ¢;. It is obvious that p; and g;
are relatively prime. Moreover, from the form of D; we get that g; > 0. An easy
computation gives

f(zw) = (i 2w =R+ B(C 27w, ppw),  (z,w) € DPP,

for some constants (1, . Because f may be extended properly on D, we have
ak, — ck, + b = 0. Moreover, it is clear that g, /p> = aq;/cp;.
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It is straightforward to see that any Reinhardt subdomain of D, mapped prop-
erly by f onto a Reinhardt domain and whose envelopes of holomorphy coincides
with ﬁl is equal to ﬁl \ P; x {0}, where P is any closed Reinhardt subset of C.

Now suppose that (ii) holds. Denote m := kja; — by and my := kycy — by.
Similarly as before, by taking into account the form of D and D, we can see that
my,my > 0.

Fors e C, and t;, 1, € R, put

hi(z) :=e"z4+s and hy(z) = e exp(25e™* +|5?), zeC.
An easy calculation and formula for the mapping g (see [IK]) then yield
f(zw) = (m(Zw™)hy (29 w™) ™ w2 hy (2 w™) 2w ?),
(z,w) e DPP. (16)

Since f may be extended through V), it follows that m; = m, = 0.

Finally, one may easily verify that any Reinhardt subdomain of D; whose en-
velope of holomorphy coincides with Dy and that is mapped properly by f onto a
Reinhardt domain is equal to Dy. O

4. Remarks on the Proper Holomorphic Mappings
f: D — G between Reinhardt Domains
Whend(D) =d(G) =2

It is widely recognized that the structures of Aut (C?), Aut ((Ci), and Aut(C x C,)
are complicated and that a full description of these groups seems to be not known.
Proper maps are harder to deal with, so describing the set of proper holomorphic
mappings between pseudoconvex Reinhardt domains D; and D in the case when
log D; = RZ%, i = 1,2, is more difficult.

In this section we present some partial results related to these problems.

PROPOSITION 12.  The sets Prop(C x C,C x C,), Prop(C x C,C, x C,), and
Prop(C x C,,C, x C,) are empty.

Proof. First suppose that f: C> — C x C, is proper and holomorphic. Obvi-
ously there exists a holomorphic mapping v : C> — C? such that f = (Y, e"?).
One can easily verify that the mapping i is proper; in particular, i is surjective.
Thus there is a discrete sequence (z,)neny C C? such that ¥(z,) = (0,2nmi) for
n € N. It follows that f(z,) = (0,1) for n € N. From this we immediately obtain
a contradiction.

To show that Prop(C?, C2) = ¢ we proceed similarly.

Now suppose that g: C x C, — C2 is holomorphic and proper. It can be
seen that there exists a holomorphic mapping ¢ : C> — C? such that g(z,e") =
(eWI(Z,w)’ e(ﬂz(z,w)) forz,weC.

Fix z € C. Put g = gi(z,-) and ¢; = ¢;(z,-), i = 1,2. Since g;(e”) = %™,
we find that ¢;(w) = ¢;(e"™), w € C, where ¢; is a holomorphic function given by



720 Lukasz KoSINSKI

the formula ¢;(A) = Ag/(1)/g:(A), . € C,.. Expanding ¢; to the Laurent series gives
@i(w) = aw + ), 7. aine™ for some a; = a;(z) € Cand a;, = a;,(z) €C.
Thus, there is a holomorphic mapping ¢;(-) = @;(z, -) on C such that ¢;(w) =
aiw + @i(e”), w € C. Since e%"” = gi(e")/e? "), we immediately find that
a;€Z,i =1,2.
Therefore, ¢;(z,w) = a;(z)w + ¢;(z,e") for z,w € C and i = 1,2. In par-
ticular,

g(z,w) = (wal(z)e¢1(1771))’ waz(Z)e(ﬁz(z,w))’ (z,w) € C x C,. (17)
It is straightforward to verify that
agi
1[5 @R
ai(z) = =— ————di, z€C,

271 Jop 8i(2,A)
whence a; is constant (recall that a;(z) € Z) and therefore ¢; is holomorphic on
CxC,,i=12.

Note that we may assume that a; = 0 (if a;a, # 0, then one may compose g
with a proper holomorphic mapping F: C2 — C2 given by the formula F(z, w) =
(22, w/z%)).

Put .

h(z,w) = (""", §r(z,w)),  (z,w) €C x Cy,
and observe that the mapping #: C x C, — C, x C is proper.

Now we may obtain a contradiction by proceeding exactly as in the case of
Prop(C?2,C x C,). O

COROLLARY 13. Prop(A x C, A x C,) is empty for any domain A C C.

Proof. If #(C \ A) < 1 then the result follows directly from Proposition 12. So
assume that #(C \ A) > l,and let f: A x C — A x C, be proper and holomor-
phic. By the uniformization theorem there exist a universal covering 7: D — A
and a ¥y € O(D x C, D) such that

fa),w) = (WA, w)), fr(x(r),w)) forany (A, w)eD x C.

Fix any A € D and note that the mapping (%, -) is constant. From the proper-
ness of f it easily follows that the mapping f,(w(%),-): C — C, is proper; a
contradiction. O

REMARK 14. Because ¢: C, 3 z — z + 1/z € C is proper, there exist proper
holomorphic maps from C2 onto C?, from C2 onto C x C,, and from C x C, onto
C?. Clearly such maps cannot be elementary.

On the other hand, the preceding results and those obtained in [IK] and [Ko]
imply that, if there exists a proper holomorphic mapping between two Reinhardt
domains Dy, D, C C? such that @R + § is not contained in log D for any « € Q?
and B € R? (hence also in log D,; see [Ko]), then there also exists an elementary
algebraic mapping between these domains.
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