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Jacquet Modules and the
Langlands Classification

DUBRAVKA BAN & CHRIS JANTZEN

1. Introduction

The Langlands classification is a fundamental result in representation theory and
the theory of automorphic forms. It gives a bijective correspondence between ir-
reducible admissible representations of a connected reductive group G and triples
of Langlands data. It was proved by Langlands for real groups [L]. The proof for
p-adic groups is due to Borel and Wallach [BoW ], Silberger [Si], and Konno [Ko].

We consider the p-adic case, so let G denote a connected reductive p-adic group.
Let (P, v, T) be a set of Langlands data in the subrepresentation setting of the Lang-
lands classification. Then P = MU is a standard parabolic subgroup of G, t is an
irreducible tempered representation of M, and v € (ay,)* (see Section 2 for defini-
tions). Write w# = L(P, v, t) for the irreducible representation of G corresponding
to (P, v, 7). Then 7 is the unique irreducible subrepresentation of the correspond-
ing standard module—that is, the induced representation i,  (exp v®7). We show
that the (normalized) Jacquet module ry ¢ (i, m(eXpv ® 7)) contains expv ® T
with multiplicity 1 and has no other subquotients with central exponent v. This
is a useful result (e.g., [J2, Lemma 3.4] is essentially a special case) that was ex-
pected but for which there seems to be no proof available in the literature. Our
main purpose here is to fill that gap.

As an application, we prove a dual version of the Langlands classification, es-
sentially extending the Zelevsinky classification from general linear groups to
connected reductive groups (cf. [Z]). An irreducible representation 8 with unitary
central character is called anti-tempered if it satisfies the Casselman criterion for
temperedness but with the usual inequalities reversed. Equivalently, 6—its dual
under the involution of [Au; Ber; SSt]—is tempered. If 7 is an irreducible admis-
sible representation of G, then there exists a unique triple (Q, 4, 0) withQ = LU a
standard parabolic subgroup, i € (az)* , and 6 an irreducible anti-tempered repre-
sentation of L such that i is equivalent to the unique irreducible subrepresentation
of ig,r(exp u ® 0) (Theorem 6.3). The growing role of duality in representation
theory and its conjectured relation with the Arthur parameterization convinced the
authors to include this application, especially as it contains information on the
composition series (the existence of a unique irreducible subrepresentation) that is
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not a simple consequence of duality. We note that this is also essentially a known
result for which we do not know of a proof in the literature.

In [Ko] it was noted that there is a problem with [Si, Lemma 5.3]. We remark
that the main result in this paper can serve as a substitute for Lemma 5.3 in Sil-
berger’s proof of the Langlands classification. The main result also gives another
proof that the Langlands subrepresentation appears with multiplicity 1 in the cor-
responding standard module.

Our proof of the Jacquet module result is essentially combinatorial in nature.
By a result of [BeZ; Ca], we can calculate ry, g o ig,u(expv ® ) or the cor-
responding exponents that appear. Our argument uses the inequalities that arise
from having v € (ay)* and t tempered (the Casselman criterion) to show that
any other exponents appearing in ry, ¢ o ig, m (eXp v ® 7) are necessarily different.
As a technical remark we note that, in order to carry out this analysis, the vari-
ous exponents must be converted to exponents in a* (the dual of the Lie algebra
associated to the maximal split torus of the minimal parabolic subgroup).

For general linear groups, the Langlands classification and the Zelevinsky clas-
sification are related by the Zelevinsky involution (cf. [T]). The duality of [Au;
Ber; SSt] generalizes the Zelevinsky involution, and it may be used in a similar
fashion to construct the dual Langlands data for an irreducible admissible repre-
sentation from the (ordinary) Langlands data for its dual. One issue arises in this
process: the duality of [Au; Ber; SSt] is at the Grothendieck group level and so
does not preserve composition series. To show that 7 is the unique irreducible
subrepresentation of i (exp u ® 6), we note that duality does imply exp u ® 6
is the unique irreducible subquotient of r; ¢ o i, (exp u ® 6) having its central
exponent; the result then follows from Frobenius reciprocity.

We now briefly discuss the contents of this paper section by section. In Sec-
tion 2, we introduce notation and review some background results. In Section 3,
we prove a technical lemma that describes the action of the Weyl group on certain
elements in the dual Lie algebra a*. This result, together with a criterion for tem-
peredness proved in Section 4 (a variation of the Casselman criterion), is the basis
for proving the uniqueness of central characters and central exponents in Section 5.
In Section 6 we apply these results to obtain the dual Langlands classification; in
Section 7 we show that, for general linear groups, it is essentially the same as the
Zelevinsky classification.

Before closing the Introduction, we would like to take this opportunity to note
an error in the paper [BJ2]: the ordering on ajj defined in the beginning of Sec-
tion 3 of that paper should match that in Section XI.1 of [BoW], but it does not.
We give the correct definition in Remark 2.3. Note that this does not affect the ar-
guments given in [BJ2]. We also take this opportunity to thank P. Schneider and
the referee for their comments, which were helpful in revising the paper.

2. Preliminaries

In this section, we review some background material and notation that will be used
in what follows.
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Let F be a non-Archimedean local field with finite residue field ;. We denote
by |-| the absolute value on F satisfying || = ¢~ for a uniformizer w. Let G
be the group of F-points of a connected reductive algebraic group defined over F.
Fix a maximal split torus A in G. We denote by W = W(G, A) the Weyl group
of G with respectto A. Let ® = ®(G, A) be the set of roots. Fix a minimal par-
abolic subgroup P, containing A. The choice of Py determines the set of simple
roots I1 C @ and the set of positive roots ®+ C ®. If o € ®*, we write o > 0.

Let P = MU C G be a standard parabolic subgroup of G. We denote by 1y, C
IT the corresponding set of simple roots. Let Ay, be the split component of the
center of M and let X(M ) be the group of F-rational characters of M. The dis-
cussion here follows [A2, Sec. 5]. The restriction homomorphism X(M)r —
X(Ap)r is injective and has a finite cokernel. Therefore, we have a canonical lin-
ear isomorphism

Cl;;,[ = X(M)F ®Z R = X(AM)F ®Z R.
If L is a standard Levi subgroup such that L < M, then
Ay CAL CLCM.

The restriction X(M)r — X(L)r is injective and induces a linear injection
L,LW: ay, — aj. The restriction X(Az)r — X(An)r is surjective and induces
a linear surjection rALl: a; — aj,. Let (aﬁ” )* denote the kernel of the restriction

L
ry;- Then
af = (ar) @© (a¥)*

(see [A2, Sec. 5] for details). In the case of the dual Lie algebra a* = a}} corre-
sponding to the maximal split torus A of G, we write simply

ty:ay —>a* and ry:at — aj,.

Note that we have ry; oty = id.
There is a homomorphism (cf. [H-C]) Hy : M — ay; such that g{%fu0m) —
|x(m)| forall m € M and x € X(M)r. Given v € aj,, let us write

expv = gl HnO)
for the corresponding character of M.

Let R(G) denote the Grothendieck group of the category of smooth finite-length
representations of G. For a smooth finite-length representation 7 of G, we denote
by s.s.() the image of = in R(G). There exists a natural partial order on R(G).
If 7; and m, are smooth finite-length representations of G, we write m; < my if
S.s.(my) < s.s.(m7). In particular, if m is irreducible then r; < m, means that m;
is a subquotient of ;.

We denote by i y the functor of normalized parabolic induction and by 7y,
the normalized Jacquet functor. The Aubert duality operator D¢ is defined on
R(G) by

Dg =Y (=1)™ig y o ru g,
M<G
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where the sum runs over the set of all standard Levi subgroups of G. Let & be an
irreducible smooth representation of G. We define 7 = + D¢ (7r), taking the sign
+ or — so that 77 is a positive element in R(G).

LEmMMA 2.1. Let m be an irreducible smooth representation of G and let x be a
character of G. Then x ® 1 = x ® & (where x ® 7 denotes the representation

of G defined by (x ® m)(g) = x(g)7(g)).

Proof. If P = MU is a standard parabolic subgroup of G and if ¢ is a smooth
representation of M, then [BeZ, Prop. 1.9] implies

icM(Xx ®0) = x Qi u(o), (X ®m) = x Qry,c(m).

The lemma now follows from the definition of Dg. O

Let TI(P,Ay) = {ru(a) | € TT — Iy} denote the set of simple roots for the
pair (P, Ayr). Choose a W-invariant inner product (-, -): a* x a* — R. Asin [Si],
identifying a}, with the subspace t(a},) C a*, we set

(ap)t ={xeay | (x,a) >0 Vo eI(P,Ay)},

+ﬁ*M={x€a*,I,,‘x= Z caoz,cazO},
aell(P,Ay)
and
(ap)™ = —(am)?, —ay, = —(4ajy,).
A set of Langlands data for G is a triple (P, v, T) with the following properties:

(1) P = MU is a standard parabolic subgroup of G;
(2) ve(ay)’; and
(3) t is (the equivalence class of) an irreducible tempered representation of M.

We now state the Langlands classification (cf. [BoW; Ko; Si]).

THEOREM 2.2 (The Langlands classification). Suppose (P, v, t) is a set of Lang-
lands data for G. Then the induced representation i y(expv ® t) has a unique
irreducible subrepresentation, which we denote by L(P, v, ). Conversely, if 7 is
an irreducible admissible representation of G, then there exists a unique (P, v, T)
as before such that 1 = L(P,v,T).

This theorem describes the Langlands classification in the subrepresentation set-
ting. It can also be formulated in the quotient setting, in which case v € (ay)?.
We work in the subrepresentation setting for technical reasons: if # = L(P, v, 1),
thenexpv ® 1 < ry, ¢ (7).

REMARK 2.3.  This is a correction to our paper [ BJ2], where the order > and strict
order > on a* are defined incorrectly. Let IT = {«y, ..., «,} be the set of simple
roots and let By, ..., B, be the elements of > Re; satisfying (Bi,aj) = 8;;. Asin
[BoW, Sec. XI.2], define u > v if (u — v, B;) > 0 for all B;. Define u > v if
w > vand (u —v,B;) > 0 for some §;.
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3. A Combinatorial Lemma

In this section, we prove a technical lemma that plays a key role in the proof of
Proposition 5.3.

Let I1 = {«y,...,®,} (the set of simple roots). As in [BoW, Chap. IX], set
F = > Ra;. Then a* = 3* @ F, where 3* = {x € a* | (x,a) = 0 Vo € IT}.
Define Bi,..., 8, € F by (Bi,a;) = 8;;. Then F = ) Rp;. More generally, if
I C{l,...,n},thena* = 3"+ Zi¢1 RB; + > ;c; Ra; (see [BoW, Chap. IV.6.6]).
Note that if M is the standard Levi factor with Ty = {«; | i € I}, then iy (a},) =
Y ¢1 RBi. The set of simple roots IT is a basis of an abstract root system in
F. Let

Fi=aiNF={xeF|(x,a)>0VYaell}

LEMMA 3.1. Letx,y € Fy and w € W with w # 1. Then (wx,y) < (x,y).

Proof. That (wx — x,y) < 0 is an immediate consequence of Proposition 18 in
[Bou, Chap. 5, Sec. 1.6]. O

We take a moment to recall a geometric result of Langlands (see e.g. [BoW,
Chap. 1V.4.6]), reformulating it slightly for the situation at hand. For FF C
{1,...,n}, set

TF = {XG./T ‘ X ZZCiﬁi+ZCj(¥j
i¢F jeF
with ¢; <Of0ri¢Fandcj20f0rjeF},
noting that Tr = —Sp in the notation of [BoW].

THEOREM 3.2. The sets Tr partition F into 2" disjoint subsets. In particular, if
F # F',then Tr N\ T, = (. Further, if x € F, then there exists a unique F C Tl
such that x € Tg.

Proof. This follows immediately from Lemmas IV.6.9-11 in [BoW]. O

Let x € F and let F C {l,...,n} be the corresponding subset. Then x =
Ziﬁc,ﬂ; + Zjchjaj for unique ¢; < 0 (i ¢ F)andc¢; > 0 (j € F). We
then let x( denote the projection onto span;¢r{B;}; thatis,

X = Zciﬂi-
i¢F
Set WM:A = {w e W | wa > 0 for all « € ITj;}. We then have the following
statement.

LEMMA 3.3. Let P = MU be a standard parabolic subgroup of G. Let F C
{1,...,n}) be such that Tly; = {a; | i € F}. Ifx € Tr and w € WMA with w # 1,
then (wx)g # xg.
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Proof. Suppose the simple roots of G are labeled so that [Ty, = {og+1,..., o}
Letx =c1B1+ -+ ciBr + Crp1®py1 + -+ cpay, € F, with ey, ..., ¢ < 0and
Cik+1y---5Cn > 0. It suffices to show that, if wx = d; 81+ - - +di Bx + di+10k+1+
-« +dya,, thend; # c; forsomei €{l,...,k}.

Let
an aiy

anl e [

be the matrix for the action of w with respect to the basis B, ..., Br, ¥it1s .-, Op.
Observe that, for i, j € {1, ..., k}, we have

(wBi, Bj) = (aiB1+ -+ + axi Br + aq+1iQrs1 + - - - + anity, B;)
=a1;{B1, Bj) + -+ + awi{ Bk, Bj)-
Also, for je{l,...,k} andl e {k 4+ 1,...,n} we have
(way, Bj) = (auPi+ -+ anPr + a1 + -+ - + apy, Bj)
= ay(p1, Bj) + -+ + au( Bk Bj)-

Let
ag ... diy (B, B1) ... (B, Br)
o=| : | R=| .
kgl ... Qg (BB -+ {Br:Bi)
and
(wh, B1) ... (W, B1)  (was, By ... (way, Br)
s=| : : s
(wBr, Be) oo (WBLBk)  (wogyr, Br) ... (way, Bi)
Then, noting R = R”, we have RQ = S. Now consider wx:
an aiy c c
. . . . C1
' ' : (Q) - of :
wx = Akl A Ck = Ck = ;
i * i Cn
Aanl Ann Cn Cn

here the entries for % are left unspecified because they do not play a role in what
follows. Thatis, if wx = d 181+ -+ - + diBr + di+104+1 + - - - + dyyy, then

dl C] C1
=0| : |=Rr"'S
dk Cn Cn

(noting that R is invertible because B4, ..., B are linearly independent and (-, -) is
nondegenerate).
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cl Cl Cl
We would like to show that R~'S ( : ) # < : ) or, equivalently, that S ( : ) #=
Cl Cp Ck Cn
R< : > We have
Ck

€1

Cn
ci{wpB, B1) + - - - + cilwPi, B1) + cir{waiir, B1) + -+ - + cp{way, Bi)

ci{wPr, Br) + -+ + c{wPr, Bi) + crrr{iway s, Bi) + - - + ca{way, Bi)
and (using R = RT)
c ci{Br, B1) + -+ + ci{ Bk, B)

Ck ci{Br; B) + -+ + ci( Bk, Br)

cl cl
Therefore, the ith entry of R ( : ) ) ( : ) is equal to
Ck Cn
ci{Br, Bi) + -+ + il B, Bi)
— [er{wpi, Bi) + -+ - + cilwPi, Bi) + crpr{waters, Bi) + -+ + ca{way, Bi)]

=ci{B1—wp, Bi) + - + crl Br — whk, Bi)

— Ckat{Wotyr, Bi) — -+ - — cn(wary, Bi).
Now, w € W™ implies that for j = k + 1,...,n we have wa; > 0 and hence
(waj, Bi) = 0. Lemma 3.1 tells us that, for j =1,...,k, (8; — wp;, B;) = 0. By
assumption, cy, ...,c; < 0and —cyyy, ..., —c, < 0, so the ith entry is < 0. Now

fixi € {1,...,k} such that 8; — wB; # 0. Since the inner product is symmetric and
W-invariant, we have

0 < (Bi —wBi, Bi —wphi) = (Bi, Bi) — 2w, Bi) + (Bi, Bi) = 2(Bi — wpi, Bi).

Therefore, the ith entry is less than zero, from which the lemma follows. O

4. Criterion for Temperedness

In this section, we give a variation of the Casselman criterion for temperedness
(cf. [Ca; Wa]). The arguments later in this paper use exponents in a* (rather than
in the different aj, that arise) to facilitate comparison. Thus, in this section, we
reformulate the Casselman criterion in terms of exponents in a* (Corollary 4.4)
to set up these later arguments. Our starting point is the Cassleman criterion as
formulated in [ Wa, Prop. I11.2.2.].

Let 7 be an irreducible admissible representation of G. Let

Min(r) = {L standard Levi | rp () # 0 but ry () =0 VN < L}.
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We define

Exp(m) = {t(n) | expu ® p < rp,6(m)
for some irreducible unitary p and some L € M y;,(7)}

(noting that such a p is necessarily supercuspidal). If 7 is reducible, we say v €
Exp(mr) when v € Exp(n”) for some irreducible 7’ < 7.

We use Expu () for the exponents of ry ¢ () defined by Waldspurger and
é’xpﬁ(n) for their real parts (see [Wa, Secs. 1.3 and I.1] resp.). In particular, if &
is a representation of G and x is a character of A, let

Vy, = {ve Vy | In e N such that [(ry,g7)(a) — x(a)]"v =0 Va € Ay},

where Vy is the space for ry, gw. Then x € Expy (m) if V, # 0. We have that v €
ajy, isin Explilfl(n) if there is a character x of A, such that x = expv.

LEMMA 4.1. Let m be an irreducible representation and L € M (7). If M >
L is a standard Levi factor and & € Expfg(n), then rAL,I &) e Exps(n), and every
uE SxpE (1) has this form (for some L € My, and & € Exp}_R(n)).

Proof. This follows from [BeZ, Prop. 1.9(f)] and (Jacquet) restriction in stages.

O
LEMMA 4.2. Let A = ((ai,aj))i’je{] """ n}- Then A~! = (B, ﬂj))i,_ie{l ..... n} and
the entries of A™! are nonnegative.

Proof. The characterization of A~! is an immediate consequence of («;, Bj) =4ij.
For the nonnegativity of its entries, see [K, Lemma 8.57]. O

LeEMMA 4.3.  Consider the following condition (cf. Condition (ii) in Proposition
111.2.2 of [W]): For every standard parabolic subgroup P = MU of G and every
€ € Expyi (), we have & € +(ay)*. This condition holds if and only if every ex-
ponent v € Exp(7) satisfies v € +a*.

Proof. We check both directions. Observe that both conditions require that the 3*
component be zero.

(«<). Let P = LU be a standard parabolic subgroup, with I1; = {«; | i € I}.
If we do not have L > M for some M € M;n(7), then r; gm = 0 and there is
nothing to prove. Thus, we assume L > M for some M € M (7).

Let uw €aj € Expf(n). By Lemma 4.1, u = rLM(S) for some & € Exp}f,(n).
Then v = 1y, (§) € a* € Exp(7r). Note that

L) =rp o) =rMory o) =rME) = pn.

Write v =2z+ Y ;_, ¢;e;. Then

n
w=rr(v) =ry(z) + ZCirL(Oéi) =ri(2) + Z ciaf,
i=1 i¢lL
where aiL = ry(«;) (asimple rootin IT(P, A;) wheni ¢ I1). Of course, u € +aj]
is then equivalent to
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¢, >0 forall i¢lIy.

On the other hand, the assumption v € 4+a* is equivalent to ¢; > 0 for all i, from
which it immediately follows that u € +aj .

(=). Consider v € Exp (). Then v € 1y (aj,) for some M € M piy. In partic-
ular, v € span;¢;,,{8;}. Write
n
V= ZC,‘(X,‘ = Z d,‘ﬂi.
i=1 i¢Iy
Our goal is to show ¢; > 0 for all i. If Mn_(y,;) > L for some L € M piy(r), then
one can use the same basic argument as before to show that ¢; > 0. However, this
need not hold for all i. In particular, such an argument will tell us that ¢; > 0 for
all i ¢ Ij;; we need to extend this to show that ¢; > 0 for all 7.
If we let

(1) oo (ar,ap) (B, By .- (B1.Bu)
A= and B =
(ap,ar) ... (o, o) (Bn:B1) - (Bns Bn)
then, by Lemma 4.2,
c d d C
Al = and B| : = R
Cn dy dy Cn
noting that d; = 0 for i € I;. For convenience and without loss of generality,
suppose the roots are ordered so that Iy = {m +1,...,n}. Let
& Cmt1 dy
C = ], G = : , and D=
Cm Cn dny

We may then write (block matrices)
(C1> _ (Bl,l B1,2><D1>
C By B> 0
so that C, = B, 1 D;. Now
(0)-C ()
0 Ar1 Azp J\ (2
implies D = A;;C; 4+ A;2C> and therefore
Cy = By 1Dy = B2 1A1,1C1 + B2 1A1,C.

Thus, (I—Bz’1A1’2)C2 = Bz,lAl,lcl. It follows from BA = 1 tha'[I—BL]A]’z =
B> 1A, ». Because A, » and B, » are invertible (from e.g. linear independence con-
siderations), this gives

Cy = Ay, B35 B1A1C.
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Again, it follows from BA = [ that B; 1A = — B3 2 A» 1. Therefore,
Cr = —A35A5,Cy.

Since Aj; , is the matrix from Lemma 4.2 for a subroot system, Ag’lz has non-
negative entries. Also, since A contains no diagonal entries, —A; ; also has
nonnegative entries. It now follows from cy,...,c,, > O that c41,...,c, > 0, as
needed. O

The following is now an immediate consequence of [ Wa, Prop. I11.2.2].

COROLLARY 4.4. Let  be an irreducible admissible representation of G. Sup-
pose that the central character of 1 is unitary. Then 1 is tempered if and only if
every exponent v € Exp(m) satisfies v € +a*.

We now give alemma (Lemma 4.6) for future use (see Section 6). Let M be a stan-
dard Levi subgroup of G and let wy be the longest element in W¥:4, Then [Au,
p. 21801 wo(Iy;) C IT and wo(I1 — ITy) € —®*. Let L be the standard Levi
subgroup corresponding to the set of simple roots wy(I1;). Then L = wo(M).
Further, wo(Ay) = Ar and wo(aj,) = aj.

LeEmMA 4.5.  With notation as before,
v e (Ha*) Ni(ay,) < wov € (—a*) Ni(aj).

Proof. Let v € (+a*) N (a},). Since v € +a*, we may write v = ), XoO
with x, > O for all «. Further, since v € ¢(aj},), we have x, = 0 for all o € ITy;
that is, v = Zael’[—l’lM xq. Since woa < 0 for all o € IT — Iy, it follows that
wov € —a*. Because wo(aj,) = aj, we have wov € (—a*) N¢(aj ). The converse
is similar. O

LEMMA 4.6. Let  be an irreducible admissible representation of G. Suppose
that the central character of 7 is unitary. Then 7t is tempered if and only if every
exponent € Exp () satisfies u € —a*.

Proof. Suppose v € Exp (). Then there is an M € Myin(;r) and a v’ € aj, such
that expv’ ® p < ry gm (for some irreducible unitary p) and v = ¢ (v’). Set
u' = wo(v’). Then Lemma 2.1 and [Au, Thm. 1.7] imply

exp i ® wop = wo(expv @ p) = wo(expv ® p) < r (7);

in other words, = t;(u') € Exp (7). Since wg o 1y = (1 o wy, we see that u =
wov. The result now follows from Lemma 4.5 and Corollary 4.4. U

5. Multiplicity 1 in the Jacquet Module
of a Standard Module

In this section, we prove the main technical result needed in this paper: If (P, v, 7)
is a set of Langlands data, then expv ® t is the only irreducible subquotient
rum,G ©ig,m(exp v @ 1) with its central character, and it occurs with multiplicity 1.
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Let 6 be an irreducible representation of M. Let us write |wg| = exp vy for vy €
ajy,, where wy is the central character of 6. Then we may (uniquely) write 6 as
exp vy ® 0’ with vg € a}, and 6" having unitary central character. We call ¢(vy)
the central exponent for 8 (a slight abuse of terminology, as it would be a little
more natural to call vy the central exponent). Note that exp v ® t has central ex-
ponent ¢(v).

Let Exp denote the set of exponents defined in Section 4.

LEMMA 5.1.  Let 0 be a representation of M and let x be a character of M. Then
Exp(x ®6) = 1(v,) + Exp(®).
Proof. It follows from ry y(x ® 0) = x ® rp, m(9) that
eXpuU®p <rLu®) < x-expu®p <r.u(x ®90).

Write x = expv, ® x,, where x, is a unitary character. Then

X - eXpUQp =expvy -expu ® xup =exp(y + 1) ® Xup
and the claim follows. OJ
LEMMA 5.2. Let L and M be standard Levi subgroups, and suppose that L < M.
Let 6 be an irreducible representation of M and let u € aj with 1(u) € Exp(6).
Write

w=muy+uy, wu€gay), u e @hHn
If wg is unitary, then puy = 0. In general, iy = 11’;,1(1)9).
Proof. Suppose wg is unitary. Then |wy| = 1. According to [Ca, p. 45],
lwg(a)] =expu(a) forall ae Ay.

Since ,LLILVI(CI) = 0 for all a € Ay, it follows that uy(a) = 0 for all a € Ay,.
Therefore, wy = 0.

Now we consider the general case. Write 6 = exp vy ® 6’, with 6" having uni-
tary central character. Suppose u € aj satisfies ((u) € Exp(6). Lemma 5.1 tells
us that u = (£, (vp) + ' for some w1’ € a} such that «(u') € Exp(0”). Therefore,

w=ty(ve) + Wy + (w7
Since p), = 0 and vy € aj},, it follows that py = L,%/I(v@). O
PROPOSITION 5.3.  Let w = L(P,v, 7). Then expv ® t is the unique irreducible

subquotient of ry g o ig, m(exp v @ ) having central exponent 1(v), and it occurs
with multiplicity 1.

Proof. Let F = )" | Ra; = Y !_,RB; be as in Section 3, so that a* = 3* & F.
If u € a*, we denote by u” the orthogonal projection of  onto F. Let Iy, =
{i | a; € ). If u € a*, then we can write

p=z+ Y i+ Y e,
i¢lM iEIM

where z € 3*. In particular, if © € Exp(expv ® 7) then
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z+ Z ciBi =), Z cia; € Exp(t).
i¢Iy iely
Since v € (ay)*, we have ¢; < 0 fori ¢ I,. Corollary 4.4 implies that ¢; > 0 for
i € Iy;. Therefore, /LO satisfies the conditions of Lemma 3.3.
For p =z + Zi¢IM ciBi + ZieIM cia;, let py(p) = Zi¢1M ciBi. If 6 is an
irreducible representation of M and if u € Exp(6), then Lemma 5.2 tells us that
1(v5)? = pyr(w). It follows from [BeZ, Lemma 2.12] and [Ca, Sec. 6] that

Exp(ig,m(expy ® 1)) < wMA . Exp(expv ® 7).

We now combine the preceding observations. Let 6 < ry ¢ o ig m(expv ® 1)
be irreducible. Then

Exp(6) C Exp(ig.m(expv ® 1)) € WM4 . Exp(expv ® 1)
= CentExp(0)° € {py (W™ . Exp(expv ® 1))},

where CentExp denotes the (M-)central exponent. Thus, to show thatexpv ®
is the unique irreducible subquotient of 1y, ¢ o i, m(exp v ® T) having central ex-
ponent ¢(v), it suffices to show that py, (wu) # t(v)? for any u € Exp(expv ® T)
and w € W¥4 having w # 1. This follows from Lemma 3.3. O

COROLLARY 5.4. Let m = L(P,v,7). Then expv Q T is the unique irreducible
subquotient of ry, g o ig,m(eXpv @ t) having central character expv @ w;.

COROLLARY 5.4. Proposition 5.3 and Corollary 5.4 also hold for O(2n, F); this
is essentially the same combinatorial statement as for Sp(2n, F) or SO(2n+1, F).
In particular, all three have the same Weyl group, the same concrete realization of
the Langlands classification (cf. [BJ1] and the Appendix to [BJ3]), and the same
relevant double-coset representatives for the Weyl group (cf. [J3, Lemma 3.6]).

6. The Dual Langlands Classification

In this section we give a nice application of the main result: the dual Langlands
classification (Theorem 6.3).

If 6 is an irreducible representation of G with unitary central character, we say
that 6 is anti-tempered if every exponent v € Exp(6) satisfies v € —a*. Note that
this is equivalent to having 6 be tempered (Lemma 4.6).

Let P = MU be a standard parabolic subgroup of G. If wy € W4 is the
longest element, then L = wy(M) is also the Levi factor of a standard parabolic
subgroup Q of G. Further, if 7 is an irreducible tempered representation of M,
then wot is an irreducible tempered representation of L and & = w7 is an irre-
ducible anti-tempered representation of L (Lemma 4.6).

LeEmMA 6.1, If v € (ay)Z, then = wov € (aL)}.

Proof. Letv e (ay)* and pu = wov. If y € T1(Q, Ap), then y = r;(c;) for some
a; € I1 — II,. Proposition 1.1.4 of [Ca] implies wgl(aj) < 0. It follows that
wy' (@) = Y1, ciai, ¢; < 0. Then
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wal(y)=rM<Zciai>= Y,
i=1

acll(P,Ay)

where ¢, < 0 and not all ¢, are equal to 0. By assumption, (v,«) < O for all « €
IT1(P, Ay). It follows that

<u,y>=<w0‘u,w0‘y>=<v, > caa>= Y culva) >0,

aell(P,Ay) aell(P,Apy)

sou € (aL)i. O

LEMMA 6.2. Let 1 = L(P,v, ). Then 7 is the unique irreducible subrepresen-
tation of i, (exp u ® 0) with L, u,0 as before.

Proof. We have expv ® t© < ry, (). Corollary 5.4 tells us that exp v ® 7 is the
unique irreducible subquotient of ry, ¢ () having central character expv ® w;.
Let Z), denote the center of M and Z; = wo(Zy). Combining Lemma 2.1 and
[Au, Thm. 1.7], we have

expu ® 0 = wo(expy ® 1) = wo(exm T) <ry,6(7),

and this is the unique irreducible subquotient of r;, ¢ oig, 1 (exp u ® 6) having cen-
tral character exp u ® wy.

We now need the following standard result [Ca; G; Wa]: If (p, V) is an admis-
sible representation of L and w is a character of Z;, write

V,={veV |3dneNsuchthat [p(z) —w(z)]"v=0Vze Z.}.

Then V = @, V., as a direct sum of L-modules. In particular, let p = r; ()
and A = exp u @ wy. Then V; is just the L-module exp u ® 8 (since it is the unique
subquotient of r; ¢ (77) having this central character), so it appears as a direct sum-
mand in r; (7). The lemma now follows from Frobenius reciprocity. O

THEOREM 6.3 (The dual Langlands classification). Let Q = LU be a stan-
dard parabolic subgroup of G, let u € (ap)%, and let 0 be an (equivalence
class of an) anti-tempered representation of L. Then the induced representa-
tion ig, 1(exp u ® 0) has a unique irreducible subrepresentation, which we denote
by DL(Q, i,0). Conversely, if m is an irreducible admissible representation of G
then there is a unique triple (Q, 1, 0), with Q a standard parabolic subgroup, | €
(ap)% , and 0 an anti-tempered representation of L such that m = DL(Q, u,0).

Further, suppose that # = L(P, v, t) in the Langlands classification. If P =
MU and wo € WM-A s the longest element, then L = wo(M), u = woyv, and
0 = wof.

Proof. If (P, v, ) is the Langlands data for 77, it follows immediately from Lemma
6.2 that (Q, ,0) is the dual Langlands data for . This shows the existence of
dual Langlands data. Conversely, if one starts with dual Langlands data (Q, u, 6)
for 77, then Lemma 6.2 implies that (P, u, t) is Langlands data for 77. The unique-
ness of dual Langlands data then follows from the uniqueness of Langlands data.
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The relationship given between the dual Langlands data for 7 and the Langlands
data for 77 is immediate from the preceding discussion. UJ

COROLLARY 6.4. Let 1 = DL(Q, 1,0). Then the multiplicity of m in the in-
duced representation i, (expv ® 0) is 1.

Proof. This follows from the corresponding result for the Langlands classification
and the previous theorem. UJ

REMARK 6.5. By Remark 5.5, we know that Corollary 5.4 holds for O(2n, F').
Further, by [J3] we have a duality operator for O(2n, F') with the properties from
[Au, Thm. 1.7]. It is then a straightforward matter to check that Lemma 6.2 and
Theorem 6.3 hold for O(2n, F) as well.

7. Dual Langlands Classification for GL(n, F)
and the Zelevinsky Classification

We close by considering the case of general linear groups. In this case, the
dual Langlands classification, suitably interpreted, is the same as the Zelevin-
sky classification.

We start by reviewing some notation regarding general linear groups, most of
which is taken from [Z]. If r; and m, are admissible representations of GL(ky, F')
and GL(k,, F), respectively, then we define 7| x m, = ig m (7 ® 72), where
M = GL(k;, F) x GL(ky, F) is the Levi factor of a standard parabolic subgroup
of G = GL(k| +k;, F). Let v = |det|. Let p be an irreducible supercuspidal rep-
resentation of GL(m, F) and let k > 0 be an integer. The set A = [p,v/p] =
{p,vp,...,vk0}is called a segment. The induced representation p x vp x - - - X vp
has a unique irreducible subrepresentation, which we denote by (A), and a unique
irreducible quotient, which we denote by 6(A). For GL(n, F'), the Aubert invo-
lution coincides with the Zelevinsky involution (cf. [Au, Thm. 2.3]) and 8@) =
(A). The representation §(A) is square integrable if the segment is balanced—that
is, of the form A = [v~*p, v¥p], where p is unitary and k is a half-integer. Any
irreducible square-integrable representation of GL(n, F') is isomorphic to §(A)
for some balanced segment A. In addition, if 7 is a tempered representation of
GL(n, F), then T = §; x --- x § for some square integrable representations
81, ..., 08s; this follows from the irreducibility of induced-from-unitary representa-
tions of GL(n, F'). All this implies the following description of the dual Langlands
classification for GL(n, F).

ProposiTION 7.1 (Dual Langlands classification for GL(n, F)).

(a) Suppose Ay, ..., Ay are balanced segments and o) > - - - > oy are real num-
bers. Then the induced representation v¥' (A1) X - -+ X V**(Ay) has a unique
irreducible subrepresentation; denote it by w(V¥IAL, ..., V¥ Ay).

(b) The representations w(vV¥'Ayq,...,v*Ay) and n(vﬁlA/l,...,vﬂ‘A’e) are iso-
morphicifandonly if k = £, (ay,...,ar) = (B1...., Br),and (A, ..., A}) =
(Ap(tys -+ -» Apy) for some permutation p such that o; = a,y for all i €
{1,...,k}.
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(c) Anyirreducible admissible representation of GL(n, F) is isomorphic to some
representation of the form w (V¥ Ay, ..., v¥Ay).

Proof. This follows from Theorem 6.3, with a modification in expressing induc-
ing data. More precisely, let Q = LU be a standard parabolic subgroup of
GL(n, F), let n € (ar)%, and let & be an anti-tempered representation of L. The
Levi factor L is of the form L = GL(n;, F) x --- x GL(n,, F). Thenexpu =
VWI®---®v”, where y; > -+ > y,,and 0 = 0; ® - - - ® 6,, where each 0; is
an anti-tempered representation of GL(n;, F'). We know from the previous dis-
cussion that 8; can be expressed as 0; = (A; 1) X (A;2) x -+ x (A;,) for some
balanced segments A, j,..., A; k. This expression is not unique—we have 6; =
(A py) X (A p@)) X -+ X (A} pa,y) for any permutation p of {1,...,k;}. Now

iG,L(exp U ®0) = VA1) X X VAL ) X X V(A ) X X V(A ),

and the proposition follows from Theorem 6.3. O

Next we review the Zelevinsky classification [Z]. We say that the segments A and
A, are linked if Ay ¢ A, and Ay ¢ Ajandif A; U A is also a segment. Sup-
pose that A} and A, are linked and that A; = [p,v¥p;] and Ay = [p2, vF2p5].
If ps = v, for some £ > 0, we say that Ay precedes A;.

Let (A, A,,..., Ag) be a sequence of segments. We say that Ay, Ay, ..., Ay
are Zelevinsky data if, for each pair of indices i < j, A; does not precede A;.

If Ay,..., Ay are Zelevinsky data, then the representation (Aj) x --- X (Ayg)
has a unique irreducible subrepresentation that we denote by (Aj,..., A;). Any
irreducible admissible representation of GL(n, F') is isomorphic to some repre-
sentation of the form (A, ..., Ax), and the choice of Ay, ..., A} is unique up to a
permutation [Z, Thm. 6.1].

In the next proposition, we give the connection between Zelevinsky classifica-
tion and dual Langlands classification for GL(n, F').

ProOPOSITION 7.2.  Suppose Ay, ..., Ay are balanced segments and o) > --- >
oy are real numbers. Let N; = v¥iA;. Then A, ..., N, are Zelevinsky data and
(A}, .. A =T (VYA VAR

Proof. Suppose Ay, Ay, ..., Ay are balanced segments and oy > - - - > « are real
numbers. Set A, = v*A;. We claim that A),..., A}, are Zelevinsky data. Sup-
pose, on the contrary, that there exist indices i < j such that A’; precedes A/j. Set
a=qa,p=a,A; =[vp,vpl,and A; = [v~p,v’p], where r,s > 0. Then
A = [v*p,v**pl and A} = [vF7p, vFTp]. Suppose first that A} N A} =
@. Then ¢ + r + 1 = B — s, which is impossible because « > B and r,s > 0.
Therefore,

a—r<f—s<oa+r<pB+s.

Ifr > s then o +r > B + s, contradicting the above expression. Similarly, r <
s implies « — r > B — s, again contradicting this expression. Therefore, if i < j
then A; does not precede A O



652 DUBRAVKA BAN & CHRIS JANTZEN

Conversely, if we start with Zelevinsky data then we can obtain corresponding dual
Langlands data. Suppose A, ..., A are Zelevinsky data. Fori € {1, ...k}, write
AN, = v'g‘A’;, where A’} is balanced and g; is areal number. Let (V*'A, ..., v*Ay)
be a permutation of (VA1A], ..., v*A}) such that &) > -+ > a. According to
Proposition 7.2, A’p(l), el A’p(k) are Zelevinsky data and (A/p(l), e, A/p(k))
T (VYA ..., v*A}). Thenfrom [Z,Thm. 6.1(b)], we have w (vV¥1A, ..., v¥*Ay)
(A, ..., A).

e 1
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