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Dynamics of Symmetric Polynomial
Endomorphisms of C?

KEISUKE UCHIMURA

1. Introduction

We study dynamics of symmetric polynomial endomorphisms of C? and attempt to
define an analogue of the Mandelbrot set in complex two-dimensional dynamics.
The Mandelbrot set M of the quadratic family p.(z) = z2 + c is defined by

M = {c € C : the orbit { p/'(0)} is bounded}.
But here we consider quadratic polynomials of the form
q:(2) = 2% +cz, (1.1)

since it is convenient to extend them to polynomial endomorphisms of C2. The
connectedness locus of ¢g.(z) is known as the double Mandelbrot set (see [M]).

Ueda [Ue] classified 4 types of holomorphic maps of degree 2 in P2 The types
are classified by an equivalence relation ~ defined by f ~ g if and only if there
exist linear maps L and L, satisfying

L;l ofolL =g
Four types are written as
(D) (x:y:2) > (x2:y7:2%)
2) (x:y:2)> (xX2+yz:y*:z?)
B) (x:y:2)—=> (xX2+cyz:y*+cexz: 7%
@) (x:y:2)—> (X2 4+cxy+y2: 22+ xy:y2).
The dynamics of maps of type (1) is trivial. Maps of type (2) are polynomial

skew products and their dynamics is studied in [J]. In this paper we begin a study
of maps of type (3). When z # 0, they are maps on C? given by

fo(x,y) = (x4 ¢y, y* + cx).

The maps f,(x, y) restricted to the line (x = y) are the maps g.(z).

Let T, be the critical set of f.(x,y) in C2% We denote the set of points with
bounded orbits of f.(x,y) by K(f.). As in [FS2], we define the Mandelbrot set
M of f. by

M ={ceC:K(f,)NT, # 0}.
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The critical set I'; of f.(x,y) is an algebraic curve given by

4xy = 2
We parameterize this algebraic curve by a parameter ¢. That is, we represent I, by
¢ c
=——1, = ——, where t€C — {0}.
e YT Y 0

Our aim is to generate the Mandelbrot set of f.(x, y) by a computer. One of the
problems is how to check the condition

K(fo)nTe #0. (1.2)
By symmetry (see Lemma 2.4), we know (see Proposition 3.2 and notes after it)
that it is enough to check condition (1.2) for all parameters ¢ satisfying
1 T
6§|t|§1 and 05argt<§. (1.3)
And it is also easily seen (see Lemma 3.1) that
max{|x|, |yl} > lc| +1 = | f/(x, )] = 00 (n — o0). (1.4)

We therefore select about 150 values of the parameter ¢, including ¢ = 1, that sat-
isfy (1.3) and then check condition (1.4) for each point (supposedly for a finite
number of iterates). Figure 1.1 consists of the values of ¢ such that there exists at
least one of our selected ¢-values satisfying that, for all n (1 < n < 50),

c c
[nl, |Vn] < |c] +1, where (u,,v,) = fcn<_§t’_5>'

Figure 1.1 The Mandelbrot set of f,(x, y)
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The figure consists of two clusters intersecting at ¢ = 1. Both clusters are sim-
ilar but the left part (Rec < 1) is a little bigger than the right part (Rec > 1). A
surprising fact is that the right part looks like a half of the double Mandelbrot set.
Compare Figure 1.1 with the double Mandelbrot set in [M]. One of our conjec-
tures is that if Re ¢ < 1 then the dynamics of f.(x, y) is complex two-dimensional,
whereas if Re ¢ > 1 then the dynamics is essentially one-dimensional.

Uchimura [U3] studies the dynamics of f.(x, y) restricted on {x = y} when ¢
is real. The function f, admits an invariant plane (x = y) on which it acts as

g.(x) = x? + cx.
The map
ge(2) =2"+cZ

has a connection with a physical model when ¢ = —2; it is Chebyshev map
g2(z) = 2> — 2Z.

Lopes [L1; L2] considered the dynamics of g_, as a special kind of Potts model
and showed that triple point phase transition (three equilibrium states) exists. He
conjectured that if ¢ < —2 then a Cantor set with expanding dynamics exists. For
expanding systems, equilibrium states are unique.

Uchimura [U3] gave an affirmative answer to this conjecture of Lopes.

THEOREM | [U3]. K(g.) is connected with the simply connected complement in
P! ifand only if =2 < ¢ < 4.

THEOREM 2 [U3]. Ifc < —2, then:

(1) K(g.) is a Cantor set and expanding dynamics exists,
(2) the two-dimensional Lebesgue measure of K(g.) is 0;
(3) g. restricted to K(g.) is topological conjugate to the shift on four symbols.

In this paper, we extend some of these results to polynomial endomorphisms of C2.

In Section 2 we study fixed points and periodic points of period 2 of f.(x, y).
When Re ¢ > 1, the nonrepelling hyperbolic periodic points of period < 2 are sad-
dles, and their stable manifolds on (x = y) include the attractive basins of g.(x).
When Re ¢ < 1, attractive periodic points exist and the domain’s “fingers” appear
in the c-plane.

In Section 3 we show that, if ¢ < —2 or ¢ > 2 + 2+/2, then K(fo)NnlT. =0
and K (f,) is a Cantor set that lies on the real plane (x = y). Note that the double
Mandelbrot set restricted on the real axis is the interval [—2,4]. Then the dynam-
ics of f.(x,y) with ¢ < —2 correspond to the dynamics of ¢g.(z) with ¢ < —2.
We shall also show if —2 < ¢ <4 then K(f.) NI, # @.

In Section 4, we consider J. Hubbard’s conjectures concerning the dynamics of
fe(x,y).

(1) If ¢ = 2 then the saddle (—1, —1) is isolated.
(2) Let U := {c € C : the set K(f,.) N I'. consists of three points}. Then U is a
nonempty set containing 2 in its interior.
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We show that these conjectures can be answered in the affirmative. Assume that
c is a complex number near 2. The saddle (—c + 1, —c + 1) is isolated in the
non-wandering set. The set K(f,) N I'. consists of three points and the forward
orbits of those points approach the three saddles. Further, all periodic points other
than those three saddles are repelling. This supports our observation that the right
half of Figure 1.1 looks like a half of the double Mandelbrot set.

e

0, AR
Figure 1.2 The second Julia set of f;

S. Ushiki produced Figure 1.2, which consists of iterated preimages of a re-
pelling fixed point (0, 0) under the map f>(x, y). Note that the exceptional set of
f2isempty (see [BCSh]). You can see three circles intersecting at (0, 0). Uchimura
[U4] shows that the second Julia set of f, is connected.

Figure 1.2 looks like a Julia set in complex one-dimensional dynamics. Com-
pare the second Julia sets in [DH]. Denker and Heinemann’s paper [DH] shows
that, in our setting, if ¢ is near 0 then the second Julia set is homeomorphic to the
torus.

2. Fixed Points and Periodic Points of Period 2

We consider the polynomial endomorphisms of C2,
fele,y) = (2 + ey, v + o).
We shall demonstrate some properties of fixed points and periodic points of pe-
riod 2 of the map f,, and we shall show the intimate relation between those periodic
points of f, and those of g,.
The fixed points of f.(x,y) may be listed as follows:

Py = (0,0),

Pi=(—c+1,—c+1),

Py=(L(1+c— e+ DI =30), (1 +c+ e+ DT =30)),
Py=(3(1+c+Ve+ D =30), 5(1+c = Vie+ D1 =30)).
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Table 2.1
Eigenvalues Eigenvectors

Py —c =11

c @D

P —c+2 1,

—3c+2 (-1,D
P, l14+c—+1—2¢c—2c2 (\/I—ZC—3C2+\/1—2C—262,—C)
l4+c++1—2¢c—2c2 (\/1—26—3()2—«/1—26‘—26‘2,—6)
P; 14+c—+1—-2¢c—2c? (—\/1—26—3()24-«/1—ZC—ZCZ,—C)
l+c++/1=2c—2c2  (=/1—2¢—=3c2—/1-2c—2c2,—¢)

Clearly, Py and P lie on the diagonal (x = y). This corresponds to 0 and —c + 1
being fixed points of g.. The eigenvalues and eigenvectors are listed in Table 2.1.
Next we show the periodic points of period exactly 2. There are twelve such

points:
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Table 2.2
Eigenvalues Eigenvectors
Py & Py (c—2)? (3(=1=+3i),1)
(Be—2) (F(1+V/3i),1)

P& Py (14+c—vT—2c—22) (2(~Vc+DBc—D+cVlc+DBc—1)
—iv1—=5¢2—6¢3 —2c%),
V3 +c) —i(cr+ c))
(1+c+ 1—20—202)2 (2(—\/(C+1)(3C—1)+C\/(C+1)(3C—1)
+iv/1=5¢2 —6c% —2¢%),
V3 +c) —i(cr+ c))
Py & Ps (1+C—\/1—2C—2C2)2 2V(c+1DBc—1) —cV(c+1D)(Bc—1)
—iv/1—=5¢2 =63 —2c%,
V32 +¢) —i(c? + c))
(1—1—c—{—\/1—2c—2c2)2 2V(c+1DBc—1) — e+ 1D(Bc—1)
+iv/1—5¢2 —6¢3 — 24,
V32 +¢) —i(c? + c))

Ps & Py —c242c+4 1,1
3¢2+6¢+4 (-L1
P, & Py —c242c+4 (3(=1+/3i),1)
3¢2 +6c+4 (3(1—+3i),1)
Py & Py —c242c+4 (3(=1=+3i),1)
3¢t +6c+4 (3(1+3i),1)
Py = {—j(—c —1=Vc+Dlc =3)) + iv3(—c =1 = (c + D(c - 3)),
—H=e—1=lc+ D =3) = 1iv3(—c = 1= e+ D(c-3)},
={-N(—c—1=Vc+Dc—3) - Liv3(~c—1-(c+Dic-23)),
—t(=e—=1=Vc+ D =3) + ;iv3(—c—1=(c+ D -3)}

The periodic points Pg and Pg lie on the plane (x = y).
We obtain these periodic points of period 2 as follows. In [U2] we find twelve
periodic points of

g:(2) = 2> + cZ.

Let u 4 iv € C be a periodic point of period 2 of g.(z). Then, we construct a new
point P = (u + iv,u — iv) in C? and verify that f?(P) = P. The eigenvalues
and eigenvectors of the periodic points can be computed directly and are listed in
Table 2.2.
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We divide the parameter space of the map f, into two parts, {Rec > 1} and
{Rec < 1}. We show that the dynamics of f,. with Rec > 1 differs from the dy-
namics of f, with Re ¢ < 1. First we consider the case when Rec > 1.

LeEmMA 2.1.  If Rec > 1, then the following inequalities hold:
Be—21>1, |l+c—v1—-2c—2¢2|>1,
H+c+v1—2c—2¢2|>1, B> +6c+4]> 1.
The proof is obtained by direct calculation.

PROPOSITION 2.2.  Assume that Re ¢ > 1. Then the following statements hold.

(1) All the fixed points of f. are repelling except for Py. The fixed point P is a
saddle if and only if |c — 2| < 1.

(2) All the periodic points of period exactly 2 are repelling except for Py and P,
Ps and Py, P; and Py, and Py and Pyy. The periodic points Py and P, are
saddle if and only if |c — 2| < 1. The periodic points Ps and Py, P7 and P,
and Py and Py are saddles if and only if |—c> +2c + 4| < 1.

(3) When |c — 2| < 1, a local stable manifold of the saddle fixed point P; lies
on the line (x = y). (The map f.(x,y) restricted on the line (x = y) is the
map q.(x).) The local stable manifold of P lies on the line (x = y) and is in-
cluded in the attractive basin of the fixed point —c + 1 of the one-dimensional
map q.(x). A similar statement is true for the periodic points Ps and Py.

The proofs of (1) and (2) follow from the eigenvalues of periodic points and
Lemma 2.1. The proof of (3) follows from the eigenvectors of periodic points.

- )
S S

Figure 2.1 The circular domains

oo | oo
M|

The region {|c — 2| < 1} is a unit disk, and Figure 2.1 depicts the circular do-
mains {|—c? + 2¢ + 4| < 1}. We consider the case when Re ¢ < 1. In this case,
there exist attractive periodic points.

PROPOSITION 2.3.  Assume that Re c < 1. Then the following statements hold.

(1) The fixed point Py is attractive if and only if |c| < 1. The fixed points P, and
P3 are attractive if and only if c lies in the domains

Dip;={ceC:[1+c—+1—-2c—2c? <1land
T+c+vV1—=2c—2c2 <1}

There are no other attractive fixed points.
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(2) The periodic points of period 2 (P, and P3, Py and Ps) are attractive if and
only if ¢ lies in the domains D ;. The periodic points Ps and Py, P7 and Py,
and Pg and Py are attractive if and only if c lies in the domains

Dy ={ceC:|—c*+2c+4| <land |3c¢* 4 6¢c+4| < 1}.

There are no other attractive periodic points of period exactly 2.

Next we explain Figure 2.2, beginning with an explanation of the domains D; ;.

Set
() =14+7—-+V1-2z-272,

and let D be the unit disk. Then it can be easily proved that ¢ ~' (D) — Dis a 2-fold
branch covering and that ¢~'(D) consists of two components. One is a domain
bounded by a dot-dashed curve in Figure 2.2, and the other is a domain bounded
by an outer thick gray curve. A branch point lies in the latter component. Hence
it can be easily seen that D; ; is equal to the domain bounded by an inner thick
gray curve. If ¢ is in D, then periodic points of period 2, P, and P3 as well as
P4 and Ps, are attractive. This can be seen from the following lemma.

N.B-1.25 AN -0.75-0.5-0.25 0.28
// \\ 1
AN -0.25 /

\

~ -0.5[-

-0.75

Figure 2.2 Points ¢ for which f.(x, y) has an attracting periodic orbit

LEMMA 2.4. Let (x,,y,) := f"(x,y).

(1) Ifn is even, then f™(wx,w?y) = (wx,, w>yy,).
(2) Ifnis odd, then f™(wx,w?y) = (0*xn, @Y,).

Here w is a cubic root of unity.

The proof is obvious.
In Figure 2.2, we see that the domains

{ceC:3c*+6¢c+4|<1)
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are the sets bounded by the dotted curves. The domain bounded by the black curve
is one of the components of {c € C : |—c? + 2c¢ + 4| < 1}. From these observa-
tions, you can find domains D, ; in Figure 2.2.

REMARK 2.5. In Figure 2.2 we can see three fingers (Hubbard’s terminology) in-
tersecting at c = —1. One finger is a domain bounded by an inner thick gray curve
and other fingers are domains bounded by a black curve and dotted curves. The
inner thick gray curves and the dotted curves have two common tangents. The
slopes of the tangents are —1 and 1, and the outer thick gray curve is tangent to the
vertical line through the point ¢ = —1.

When ¢ = —4/3, cis in D), and so there are two attractive fixed points and four
attractive periodic points of period 2. They all lie in the plane (x = y). The dy-
namics of f_4/3(x, y) restricted on the plane (x = y) is studied in [U2].

3. Critical Sets and K Sets

In this section we show that if ¢ < —2 then the set of points with bounded forward
orbits for f.(x,y) is a Cantor set. Here f.(x,y) = (x> 4 cy, y> + cx). Let

K(f.) ={(x,y) € Cc?: {f'(x,y) :n=1,2,...} is bounded}.

We shall characterize the set of points with bounded orbits K(f.). Let I'. be the
critical set of f.(x,y) in C2. Our aim is to show that

c<-2Vc>2+42V2 = K(f)NT.=0

and
—2<c<4 = K(f)NT,#0.

Set (x, yu) = f'(x0,y0). Then we have the following lemma.

LEmma 3.1.  If max{|xol, |yol} > |c| + 1 and A = max{|xg|, |yol} — |c|, then
max{|x,|, |y} > (lc] + DA™

Furthermore, when ¢ # 0, there exist subsequences {|xy;|} and {|y,, |} such that
|xXn; | = 00 and |y, | — oo.

Proof. We prove the inequality by induction on n. Assume without loss of gener-
ality that max{|xol, |yo|} = |xo|. Then

x1l = [xol® = lellyol = [xol* = [ellxol > (le] + Da.
Next we assume that |x, | = max{|x,|, |y.|} > (Jc| + DA". Then
|Xn1l = [xXal([x0] = [€]) = Alxnl.
Suppose that ¢ # 0 and that the set {|x,|} is bounded. Consider the inequality

2
|Xn41l = [ellynl = |xnl™
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Since
|yn| = 00,

the right-hand side of the inequality tends to infinity—a contradiction. UJ

. . . 2 .
The critical set of the map f, is an algebraic curve xy = 7. We parameterize the

curve by a complex variable ¢:
ct cl
X =—=t, =—=-.
20 YT T

We denote the curve by I'.; that is,

c cl
e=3(—%t,—=-):¢ — {0} ;.
=) el
We say that f(T.) tends to infinity, denoted by f"(I';) — oo (n — 00), if
c cl
n __t,___
UCTEDIES

for any point (—51, —5 %) € I, with respect to the Euclidean norm.
Denote

1
fJ‘(—Et —E;) = (un(1), v,(2)).

27 2
Clearly, u,(t) and v,(¢) are rational functions of ¢ and satisfy
1
v,(1) = u,,(;) 3.1

Set Dy = {teC:8 < |t| <1} fors > 0.

ProposiTiON 3.2, If |u,(t)] — oo (n — o0) for any t in Ds with § =
lcl/2lc| + 1)), then the set f'(I") tends to infinity.

Proof. We assume that |u, ()| — oo for t € Ds. Then

)]

cl
2t

and so, by Proposition 3.1, it follows that

If |¢| < 8, then
> |c| +1
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Here we explain why it is enough to check condition (1.2) only for those 7 satisfy-
ing g < 1] <1.

If |c| < 1, then the one-dimensional map g.(x) = x2 4 cx has an attractive
fixed point O that attracts a critical point —5. We therefore set # = 1. Then

c c
"—=,—= ] — (0,0
1e ( > 2) 0,0)
and hence K(f.) NI, # @. Thus we need only consider the case |c| > 1. Observe

that
¥ c[ cl _ c? .2 2\ ¢2/1 y
‘N2 2¢) \4 t) 4 \r2 '

If || < 1, then

Hence,

c cl
n __t,___
fc( 2 2t>‘

Next we shall prove that if ¢ < —2 then u,(¢) has no zeros in the set
D*={teC:0 < |t| <1}

The rational function u,,(t) is holomorphic in D* and has a pole at t = 0. To prove
our claim, we use the argument principle. Let W(y, p) be the winding number of
a closed curve y around a point p. We denote the unit circle {e’® : 0 < 6 < 27}
by S!. We study the winding numbers W (u,(S'),0). Let g.(z) = z> + ¢Z, and set

€l C o
) ={——e :0§9<2n}.
2 2

Although the relation from u,,(¢) to u,(¢) is not a mapping, we can use the map-
ping g” to study u,(e™).

ProposiTiON 3.3.  Ifc is real, then

W, (S"),0) = W(gC”(—%Sl),O).
Proof. We claim that .
U, (e = gf(—aeie). (3.2)
Indeed, by definition we have

A <_§ei9’ _%efez) = (u,(e®), v,(e™)).
Hence, from (3.1),
tns1(e”) = (un(e™))? + cva(e™)
= (un(e™)?* + cu,(e™)
= (un(e™))* + city(e”).

Then (3.2) follows by induction. O
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ProposiTION 3.4, Ifc < —2, then

w (s (—%Sl),o) — o,

Proof. We use A to denote the closed domain bounded by Steiner’s hypocycloid:
(¥ —2¢7%.0<6 <27).
Then 5
c c c
(=55") =508 and W(g(-55").0) =1

s 2 g0 872

(see [U3]).
CZ

Next we consider the case when n > 2. It is known that g.((—=5)A) = TA.

In [U3, Prop. 2.4] it is shown that the map g. from C — (—=5)A to C — %4A is
a 2-fold covering mapping. Let y be a simple path in C — (—£)A whose initial
point lies on the negative real axis, whose final point lies on the positive real axis,
and whose intermediate points lie in the upper half-plane. Then we can prove that
W(g.(y),0) = —1. The same holds for a path in C — (—%)A whose intermediate
points lie in the lower half-plane. Then we have

c
w(s2(-55").0) =2
gc 2
By a similar method we can prove
W(g;?(—fsl),o) = —onL O
2
From Propositions 3.3 and 3.4 it follows that

W(u,(SH,0) = —2"""  when ¢ < —2.

We have also shown that u,(¢) does not have any zeros on the unit circle S'.
Next we consider the multiplicity of the pole of u,(¢) att = 0.

PROPOSITION 3.5.  The multiplicity of the pole of u,(t) at t = 0 is at most 2"~
Proof. Tt suffices to show that

Un(t) = a1t + -4+ ag+a(=Dt ™+ +a(=2""H 2,
where a(k) is a polynomial in the variable ¢ with —2"~! < k < 2". The equality
can be proved by induction on n, because

un+l(t) = Mn(l‘)2 + Cvn(t) = un(t)z + Clztn(;)' OJ

We can apply the argument principle to the function u,(¢) on the unit circle S':
W(u, (1,00 = N — M,

where N is the number of zeros in the unit disk D and M is the number of poles
in D.
Combining Propositions 3.3, 3.4, and 3.5 yields the following proposition.
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PropoSITION 3.6.  Ifc < —2, then u,(t) has no zeros in the unit disk D.

Next we will show that if ¢ < —2 then f(I'.) — oo. Itis enough to show that if
¢ < —2then
lu,(t)] — oo forany t € Ds

with a small positive number §. The functions u,(¢) in D; are holomorphic and
have no zeros. Therefore, |u,(#)| has its minimum value on the boundary dD;s. On
the boundary {|z| = &}, |u,(?)| is large. Hence |u,(¢)| takes its minimum value on
the unit circle {|¢| = 1}. Then proving our initial statement requires only proving
that if ¢ < —2 then

u, e’y = 0o asn — oo, with 0 <8 < 27.

Lemma 4.1 in [U3] tells us that if ¢ < —2 then

nf € io

gc<—5e ) — 00 asn — o0.

Hence, by (3.2), we conclude that if ¢ < —2 then

un(em) — 00 asn — 00.
We have thus proved that if ¢ < —2 then

fcn(FC) — O0.

This is equivalent to the following result.

ProposITION 3.7.  Ifc < =2, then
K(fonr.=49.

Theorem 3.8 of [FS2] reads as follows. Let ¢ be a polynomial map from C to
CK that extends as a holomorphic map into P¥, and let " be the critical set for ¢.
Assume K(¢) N I" = @. Then the following statements hold.

(1) The map ¢ is strictly expanding on K(¢).
(2) Repelling periodic points are dense in K (¢).
(3) K(¢) = support u, where p is an invariant measure of maximal entropy.

Since the map f,. satisfies conditions (1)—(3), those assertions hold for f..

Based on these results, we show that if ¢ < —2 then K(f,) is a Cantor set and
lies on the real plane (x = y).

We begin with the study of the periodic points. From [FS1, Cor. 3.2] we know
that the number of periodic points of period n of f, is 4".

LEMMA 3.8. Ifc < —2, then there exist 4" periodic points of period n of the
function g.(z) = 7% + cZ.

Proof. By [U3, Prop. 2.2] we know that (a) the map g.(z) restricted to (—5)A,

A (=S)as <
syt (-5)a = T
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is a 4-fold covering map such that (—5)A = AgU A; U Ay U Az and (b) gcla, is
a homeomorphism from A onto %A for any k = 0,1,2,3. Then there exist in-

verse maps ¢, k = 0,1,2, 3, from %A to Ay such that the composition g, o ¢y is
an identity map. Hence

(CZA) =ac(-5)ac A

Pk 2 = Rk ) Vi

Clearly %A is a closed topological disk. Applying the fixed point theorem to ¢y

yields a fixed point py in Ay, and then g.(px) = pi. Hence we have four fixed

points of g.. By a similar argument, we can prove this lemma when n > 1. UJ

From Lemma 3.8 we obtain the following proposition.

PrROPOSITION 3.9.  Ifc < —2, then any periodic point of f.(x, y) lies on the plane
(x = y) and belongs to the set K(g.).

Uchimura [U3, Thm. 5.1] shows that if ¢ < —2 then K(g.) is a Cantor set. Hence
Fornass and Sibony’s statements (1) and (2), together with Proposition 3.9, allow
us to conclude as follows.

THEOREM 3.10. [Ifc < —2, then:

(1) K(f.) =supportu C (x = y);

(2) K(f:) = K(g.) is a Cantor set.

Proof. We have

K(f.) C {repelling periodic points of f.}
C {periodic points of f.} C K(g.) C K(f.). O

Next, we study the dynamics of f. when ¢ > 2 4 2+/2.

THEOREM 3.11. Ifc > 2 + 2+/2, then:
(1) K(fc) N 1—‘c = @;

(2) K(fc) = supportp C (x =y);

3) K(f.) = K(g.) is a Cantor set.

The proof of this theorem is similar to that of Proposition 3.7 and Theorem 3.10.
However, we need two additional lemmas to prove the result that is similar to
Proposition 3.7.

LEMMA 3.12 [U3, Prop.4.1]. Ifc > 2422 then, forany point z€(g.)" (—5S")
withn > 1, we have |z| > |c| + 1.

LEMMA 3.13.  Assume that ¢ > 0. Set

1 .
Aj = {zeC:lzl > el +1, ]Tn <argz < %Tt} Jj=12,...6
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if1<j=<3,

Azj1U Ay;
fa4=<j=eo.

Then
gmog{
o Ag(j-3)-1U Ag(j-3

Furthermore, ifr > |c| + 1 then
( < (km’
arg|l g.| rexp| —
3
From these two lemmas it follows that, forn > 1,
c>242V2 = W<gc"(—§Sl),O) = -1

Then, by an argument similar to that used in the proof of Proposition 3.7, we can

2km
)) k=0,1,...,5.

prove Theorem 3.11.
Finally, we consider the relation between K ( f.) and I, when —2 < ¢ < 4.

If =2 <c <4, then

ProroSITION 3.14.
K(f)NTe # 0.

Proof.
Casel: —2<c¢< % From [U3, Prop. 3.2] we have

2
g(%A)clxawy+n for any n €N,
where D(0, [c| +1) ={ze€C: |z] < |c| + 1}. Since
Gﬁy)—afAcfix (3.3)
ge(—55") =07 T4 .

it follows that
-ﬁy)cmam+u

gl (v =) = g (~3
Then
K(8) N (e (x = ) # 0

and so
K(f)NTle #49.

c c

) belongs to the set I, and

Case 2: % < ¢ < 4. Clearly the point ( 32 —5
= y), so we consider the function ¢.(x) = x? + cx. Since
O

lies on the line (x
g.([—c,0]) C [—c¢,0], the orbit {g(—5) : n =0,1,...} is bounded.

‘We have shown that
c>2+42V2 Ve<-2 = K(f)NT. =0

and
—2<c<4 = K(f)NT.#0.

When ¢ < —2, the dynamics of f,(x, y) is analogous to that of p.(z).
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4. Hubbard’s Conjectures

In this section, we consider J. Hubbard’s conjectures concerning the dynamics of

Je(x,y).

(1) In the case ¢ = 2, the saddle (—1, —1) is isolated.

(2) Let U := {c € C : the set K(f,) N I'; consists of three points}. Then U is a
nonempty set containing 2 in its interior.

We give affirmative answers to these conjectures. Let
D(zo,r) ={z€C:|zo —z| <r}.

THEOREM 4.1. There exists a small positive number § such that, for any ¢ €
D(2,98), a saddle (—c + 1, —c + 1) is isolated in the non-wandering set of f..

THEOREM 4.2. There exists a small positive number § such that, ifc =2 + ¢ €
D(2,8), then

K(f)NT.
= (1= 5 =1 = 5 (=1 = o (1= 5o (-1 = o (1 = Do,

where w is a cubic root of unity.
Theorems 4.1 and 4.2 imply the following.

THEOREM 4.3. There exists a small positive number & such that, if c € D(2,9),
then any periodic point other than the three saddles

(—c+1,—c+1D), (w(=c+ 1), 0*(—c+ 1), (@*(—c+ 1), w(—c + 1)

is repelling.

We first prove Theorem 4.1 and then use its proof to show Theorem 4.2. Given
both theorems, we then prove Theorem 4.3.

Theorem 4.2 tells us that, when c is near 2, the set K (f.) NI, consists essentially
of the critical point —7 of ¢.(z) in (1.1). See Lemma 2.4. Hence the dynamics of
fe(x,y) is similar to that of the function ¢.(z).

In Proposition 2.2, we showed that the fixed point Py = (—c +1,—c+ 1) isa
saddle when |c — 2| < 1. Its eigenvalues are —c + 2 and —3c¢ + 2 and its respec-
tive eigenvectors are (1,1) and (—1,1). In the special case ¢ = 2 we have that f>
restricted to (x = y) is g2(x) = x2 + 2x. Then the stable manifold of (—1, —1)
includes the attractive basin of g, at the fixed point —1. Clearly g, (x) is conju-
gate to po(z) = z2 Hence the attractive basin of g,(x) is a unit disk |x + 1| <
1 and repelling periodic points are dense on the boundary. The eigenvalues of
Df>(z,z) are 2z + 2 and 2z — 2, and their respective eigenvectors are (1, 1) and
(—1,1). Therefore, in C?2, the stable manifold of the saddle (—1, —1) is a unit disk
on(x =y).

The iterated preimages of a repelling fixed point (0, 0) under the map f>(x,y)
are depicted in Figure 1.2.
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We begin with the proof of Theorem 4.1. We change the coordinate system
(x, y) into another coordinate system (&, n) so that the saddle (—c + 1, —c + 1)
becomes the origin (0, 0) in the (§, 1) coordinate; then & and 1 correspond to the
directions of the eigenvectors (1,1) and (—1,1). We use the abbreviation f for f.
in this section.

Set ¢ = 2 + ¢ with |g| < §. Set

(0)-+()
Q-0 e

Log2 2y
(&) [ pRE ) et
pofop = .
n V2&n — 4y —3en
Thus we define the endomorphism k on C? in this coordinate by
1
V2

In this section, we assume that |¢| is sufficiently small.
From (4.1) it follows that

<x>:<\}§($+n)—1—8>
) \pE-m-l-e

E=&+i&, n=nm+in, e=¢e +ie,

where

Then

k(g,n) = ( (E>+n?) —e&, /2860 — 4y — 38n>. 4.2)

We set

where &;, n;, and g; are real. Then
x>+ [y = (&1 + V2(=1 = &))” + (62 — v2¢2)* + 0} + .

Therefore,
n? > 2(le] + )* = max{|x],|y]} > |¢| + 1. 4.3)

If (4.3) holds then |x| and |y| satisfy the condition in Lemma 3.1. As a result,
/" (x, I = o0 (n — 00).
We consider the dynamics in the (&€, ) coordinate. Let
B((a,b),r) = {(6,m) € C* 1 |§ —a* +In — b|* < 7).

To show Theorem 4.1, it suffices to prove the following proposition.

ProposITION 4.4.  Let (€, n) be an element in B((0,0),0.1). If n # 0, then there
exists a positive integer n satisfying

11al > V2(le| + 1), where (&,,1,) == k"(£,1).
Ifn =0, then k"(§,0) — (0,0) (n - 00).
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Before starting the proof, we describe the stable manifold and the unstable mani-

fold of the saddle (0, 0). The local stable manifold is included in the line n = 0;

the local unstable manifold is orthogonal to the line n = 0. We shall show that any

orbit {k"(x, y)} of a point (x, y) in the local unstable manifold tends to infinity.
To prove this proposition, we need four lemmas.

LEMMA 4.5. Let
Vi ={&n €B((0.0.0.) : In| = 55 or 4.3n] < [£]}.
Assume that (§,n) € V\. If n # 0, then there exists a positive integer n such that
k"(&.m) € B((0.0),0.) \ V1.
If n = 0, then (§,0) lies in the stable manifold of the saddle (0, 0).

Proof. We first consider the case n # 0. Set (§1,n1) = k(&,7n). Then by (4.2)
we have
€] < 0.8 x (0.1)> and 3.85|n| < |m| < 4.15|n].

If [n] < . then

415\
162 + 1m|* < (0.1)2<0.82 x 0.1 + <?> ) < (0.D%

Similarly, we have (&1, n;) € B((0,0),0.1) for the case where 4.3|n| < |&|. Since
[n1] > 3.85|n]|, we get an integer n satisfying k" (&, 1) ¢ V.

For the case n = 0, (£,0) lies on the line (n = 0). Since |&] < 0.1, it follows
that £ is contained in the attractive basin of a fixed point O on the line. U

LEmMMA 4.6. Ifa point (§,n) isin B((0,0),0.1) \ V| then k(&€, n) is in the interior
(V2)°, where

Vy:={(€n) € B((0,0),0.44) : |n| > 2.7|&| and |n| = 4.
Proof. Set (£1,11) := k(&,n). Then, by (4.2),

1
|&1] < —2(4.32 + DIn> +4.3)e|inl < (1.3782 + 4.3|e])|n].

Hence

3.85
% > ﬁhﬂ > (1.3782 4+ 4.3le))|n| > |&1].

Other properties can be easily verified. O
LeEmMA 4.7.  Ifa point (€,7) isin V; then k(€,n) € (Vig)®, where

Vi :={(€,m) € C? = [n|* > 16|| and n # 0}.
Proof. Set (§1,n1) := k(&,n). Clearly,

1 1 2 Inl
|§1|Sﬁ ﬁ—i-l 7] +ﬁ|8|'
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Since 0.44 > |£|* 4+ |n|? and || > 2.7|£|, we have |£| < 0.1529. Thus
1
Inil > Inl(4 — v/21] = 3le]) > 3.77|n| > 3.77 x =0 = 0.0754.

Therefore,

772 1 1 le]
% Inl* > 0.888|n|* > ﬁ<ﬁ +1>|n|2 + ozl =&l O

LeEMMA 4.8. If a point (§,n) is in Vi, then there exists a positive integer n
satisfying

1 2
E|771| >

11al > V2(lel + 1), where (&,,1,) == k"(£,1).

Proof. Let

2
Vs = {(s,n)ecz el < %,0 < In| 52}-

We first demonstrate the following claim.
Claim. If (§,7n) € V3, then k(§, ) € (Vi6)° and [n1] > 3n|.
Indeed, set (§;,7;) := k’(£,n). Then
1

1
25642 V2
)

Iml = nl{ 4 2|I2 3lel
— —|n|” =3¢
mlzm ]677

2 ﬂ 2
[n] +16|77I,

€] < Inl* +

To prove this claim, it suffices to prove the inequality
L(,_~2 S L S
—(4-—=| |2—3|s|) > +—+—. (4.4)
16( 16" 2562 V2 16

See Figure 4.1. Clearly, if 0 < |5| < 2 then the inequality (4.4) holds for small
le|. The inequality |7;| > 3|n]| is obvious.

0.275
0.25
0.225

0.175
0.15
0.125

Figured.l 50— (G +5)+(1-5).0<r<4



502 KEISUKE UCHIMURA

From the claim we see that there exists a smallest positive integer ¢ such that
k(&,n) € Vis \ V3.
If |ng| > V2(|c| 4 1), then Lemma 4.8 follows. Next we consider the case
(64,19) €Vie N {(E;m) € C?: 2 < [y] < 5}.

Since | |2
Nq
<
164 < 6
it follows that s
2
[ng+1l = |nq|(4_ﬁ|nq|2_3|8|>- 4.5)

Finally, we consider the real function

_ V2,
O(x) _x<4— Ex )

If 2 < x <5, then Q(x) > 7. Hence, if 2 < |n,| < 5 then by (4.5) we have
g1l = 6 > ~/2(Jc| + D). O

This completes the proof of Proposition 4.4 and so that of Theorem 4.1. We note
that, when ¢ = 0, the conditions |5| < % and |n| > % in the definitions of V| and
V, (respectively) are not needed.

Now we begin the proof of Theorem 4.2. We consider the dynamics of the map in
the (x, y) coordinate system. The key observation is that, when ¢ = 2, the critical
set xy = 1 passes through the saddle point (—1, —1) and is near the unstable man-
ifold of the saddle. In the statement of Theorem 4.2, the point (—1 — 5, —1— %)
corresponds to the point (—5¢, —5 %) with ¢ = 1. This point is included in the stable
manifold of the saddle (—1 — ¢, —1 — ¢). Observe that B((0,0),0.1) in the (&, )

coordinate is equivalent to B((—1 — &, —1 — ¢),0.1) in the (x, y) coordinate.

LEMMA 4.9. We assume that ¢ = 2. The set
{(—t, —%) ‘te D(1,0.068)}

is included in the ball B((—1,—1),0.1). Hence, for any element t in the set with
t#1,

| n(2), v ()| = 00 (n — 00).

Proof. Sett =1+ re'? with 0 < r < 0.068. Then

AN} ) r?
d(-1,-0, (=t —-)) =r? 4 —————
<( ) ( t>> " +1+r2+2rc0s9

where d (-, -) is the Euclidean distance. Hence,

d((—l, -1, (—t, —1>> < d((—l, -1, (r -1, ;>)
t r—1

If 0 <r < 0.068, then
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1 1
d((—l, -1, (r -1, :)) < d<(—1, —1), <—0.932, —m)) < 0.1

The intersections of the critical set xy = 1 and the line x = y are (—1, —1) and
(1,1). Hence, in the ball B((—1, —1),0.1), the only intersection is (—1, —1). The
second assertion then follows from Lemma 3.1 and Proposition 4.4. O

We note that this lemma also holds when ¢ = 2 + ¢ with |¢| sufficiently small.
In the ¢-plane we consider the following closed domain 2. Let
2
A=3teC:-<|t]<1,0<argtr < —.
4 3
We set
Q=A—-D(1,0.068) — D(w,0.068).

If |7] < % then, by Lemma 3.1,

c cl
n _ t, _ —
From Lemma 4.9 we also know that any point ¢ in D(1,0.068) with ¢ # 1 satisfies

this property.
When ¢ = 2, we consider the potential function

P(1) = lus () > + |vs ()%,

where 1
(u3(1),v3(1)) = f3(—l, —;)
See Figure 4.2.

Figure 4.2 The potential function P(¢)

PrOPOSITION 4.10.  Assume that c = 2. If t € Q, then
P(1) = 20.

From this proposition and Lemma 3.1 it follows that, if € 2, then

. 1
(=)

— OQ.
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First, we show a symmetry. Let ¢t = re’?. Then

) 27 )
P(rexp(if)) = P(r exp((T — 9>z>), (4.6)
since

P(rexp(if)) = P(wrexp(if)) and P(rexp(if)) = P(r exp(—if)).
For the proof of Proposition 4.10, we need two lemmas.

LEMMA 4.11.  Assume that t = re'® € Q. Then the following statements hold:

T oP
0<f<— = — >0;
- =3 0 —

T 2w oP
— << — — — <0.
33— 7 3 20 —

Proof. By symmetry, it suffices to prove

t=re"eeQAO§95%=> > 0. 4.7

Direct calculation yields

9P 96 | , 5
i r—1351n39 x (aoT”> +a1T* + a>T + a3),

where T = cos 36 and
ap = —76r°(1+r%),
a; = 12r%(7 +38r% + 38,8 + 7r1%),
a; = =2r3(11 + r(205 + 41872 4 418r° + 205 + 11r4)),
az =14 r%(67 +266r% + 502r° 4 50218 + 26672 + 671 + %),

Set p(T,r) := aoT> 4+ a\T? 4+ a,T + a3. Proving (4.7) requires only that we es-
tablish the following claims.

Claim 1. If0 <r <land —1 < T <1, then p(T,r) > 0.
To prove Claim 1, it suffices to prove that

4 0 0 nd [7(1 ) O
=< al > ().
! aT !

Claim 2. If0 <r <land —1 < T <1, then p((T,r) <O.
To prove Claim 2, it suffices to prove that

0
P2 :=%>0 and pi(1,r) <O.

Claim3. If 0 <r <land —1 < T <1, then po(T,r) > 0.
We begin with the proof of Claim 3. By direct calculation, we have

pa(T,r) = 96(—456r° (1 + r)T + 24r°(7 + 38r° 4 38r° + 7r')).
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Then we can prove Claim 3 easily. Hence, to prove Claim 1, it suffices to show
that p(1,7) > 0 and p;(1,r) < 0. These inequalities can be verified by direct
calculation. O

From Lemma 4.11, we know that P(¢) has its minimum value on the boundary
0€2. Thus, to prove Proposition 4.10 it suffices to prove

redR A 05argr5% — P(1) > 20. 4.8)

To prove this, we modify the boundary d€2. In place of a part of the boundary

{reR: % <1 =<0.932}U(QNaD(,0.068)),

we consider the following curves:
vo={teR: % <t <0.95},
y1 = {0.95exp(if) : 0 < 6 < 0, 0 = 0.0472885},
yy = {rexp(io) : 0.95 <r < 1}.
Observe that, in €2, the intersection of the circles dD(0,0.95) and 0D (1, 0.068) is

the point 0.95 exp(i x 0.0472885...). Hence, by Lemma 4.11, to prove (4.8) we
need only prove the following lemma.

LemMA 4.12. Ift € yo U 2, then P(t) > 20.

Proof.

Case I: t € yy. By direct calculation, we have following properties:
(1) if + <t <0.75, then u3(t) > 16;
(2) if 0.75 <t < 0.935, then u3(¢)> + v3(1)* > 30;
(3) if0.935 <t < 0.95, then u3(¢)> > 12 and v3(¢)? > 8.
Case 2: t € y,. We shall prove that, if 0.95 < r < 1, then
dP(re"”
M < (4.9)
dr
and so P(re’®) > P(e'®) > 23.
First we note that dP(re’®)/dr is divisible by (r? —1). We set
dP(re™) rV7
X ;
dr 16(r2 —1)

here ¢ (r) is a polynomial of degree 32 with real coefficients. Set

; dig(r) |
q(’)(r)=T (j=1,...,15).
r/
Then it can be easily proved that, if 0.95 < r < 1, then ¢"(r) is positive and
monotone increasing for any j (1 < j < 15). Hence we have (4.9). Direct com-

putation then yields

q(r) =

P(e’®) =23.9245 ... O
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This completes the proof of Proposition 4.10 when ¢ = 2. When ¢ = 2+ ¢, where
|e| is sufficiently small, we can prove that P(¢) > 19. Hence, in this case

P(t) > 2(|e| + D2

We can therefore extend Proposition 4.10 to the case ¢ = 2 + ¢ provided |e] is
sufficiently small. As noted previously, the point (—%, —5) in T lies in the stable
manifold of the saddle (—1 — &, —1 — &).

Combining Lemma 2.4 and the extended versions of Lemma 4.9 and Proposi-
tion 4.10, we obtain Theorem 4.2.

Finally, we prove Theorem 4.3. We begin by making three key observations.

(1) The postcritical set

P(f) = f2(Te)
n>0
is controlled.
(ii) Let W be a set of points (x,y) such that f"(x,y) converges to one of the
three saddles

(—c+1,—c+1), (w(=c+1),0*(—c+ 1), (@*(—c+1),w(—c+1))
or to the line at infinity as n — oo. Then
£72(DO, |c| + 1) x DO, [e] + D) \ W) N P(f.) = 0.

(iii) We may define the infinitesimal Kobayashi metric on £, 2((D(0, |c| + 1) x
D(0, |c| 4+ 1)) \ W) and then prove that f is strictly expanding.

We next define several sets via the (x, y) coordinate:

EX := C>\(D(0,[c|+ 1) x D(O, |c| + 1)),
V. =B(—c+1,—c+1),0.1) UV, U Vi,
V(o) = {(xo, yo) : (x,y) €V},
V(@?) = {(x0% yo) : (x,y) €V},
W:=EXUV UV(w)UV(?).

Note that W is a closed set. We assume that ¢ = 2 + ¢ with |¢| sufficiently small,
and we use f and I to abbreviate f. and I', (respectively).

LEMMA 4.13.  Let notation be as before.

(1) fFIEXUV UV(w)UV(0?) C(EXUV UV(w)UV(w?)°.

(2) f2(BEX) C EX; hence f2(W) C (W)°.

Proof. To prove assertion (1), it suffices to prove the following properties:

(1-1) f(EX) C EX,
(1-2) f(V) C(EXUV)’,
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(1-3) f(V(w)) C (V(w?) U EX)®,
(1-4) f(V(0?) C (V(w) U EX)°.

Property (1-1) follows from Lemma 3.1. To prove (1-2), we assume that (x, y) €
V. Then, by Lemmas 4.5-4.8, we have

f(x,y) € (EXUV)°.

Clearly (w(—1—¢),w*(—1—¢)) and (w*(—1—¢€), w(—1—¢)) are periodic saddle
points of period 2. Hence we can prove (1-3) and (1-4) similarly.
Next we prove assertion (2). Set

(xn, Yn) = fn(x, )’)
If |x] = |c| + 1and |y| < |c| + 1, then |x;| > |c| + 1. Hence we assume that
x=e“(c|+1) and y=e®(c|+1).

Letc =e|c|. Here 0 < o, 8,0 < 2m. If  # 6 or B # 6, then max{| x|, |y} >
|c| + 1. Therefore, (x1,y,) € EX. If « = 8 = 6, then max{|x;|, |y2|} > |c| + 1.

[
Lemma 4.13 yields the following statement.

PROPOSITION 4.14.  Let (x,y) € W. Then f"(x,y) converges to one of the points
(-l—e.~l—8). (@(-1-e).0* (-1 -e), (@ (-1 - ). o(-1 —¢)
or to the line at infinity.

Next we show that the postcritical set P(f) is controlled.

ProrosiTiON 4.15. Foranyn > 3,

F'(T) C(EXUV UV(0) UV(0)"
Proof. Let ¢ (1) = (—5t,—51). By Proposition 4.10, if n > 3 then
["(@(R)) C EX.

Similarly,
A pR) C EX and f3(¢w’RQ) C EX.

SetI'* := ¢(D(1,0.068) N D(0,1)). Then it follows from the extended version
of Lemma 4.9 that

rc B((-1—¢,—-1-—2¢),0.1) C V.
Hence, from Lemma 4.13, we deduce that

fM(r* Cc(EXuv)® for n>1.

Now set

IM(w) = ¢(D(w,0.068) N D(0, 1)),

(%) = ¢(D (w2 0.068) N D(0,1)).
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Then
(@) C {(xw, yo?) : (x,y) € B((=1 —&,—1—¢),0.1)} C V(o)
and I'*(w?) C V(w?). Hence, by Lemma 4.13, we have
F(IM (@) UT*(@?) C (EX U V() N V(w?))°

and so
FU(IM(w) UT*w?) C (EXUV(w) UV(0?)° for n>1.
Since
p({teC: i <t <1}) =T UT*(0) UT* () Ug(Q) U (0RQ) Ud(w’Q),
it follows that
f"@({reC: i <111 <1})) C(EXUVUV(w) UV(w?)® for n>3.
As aresult,

f (M) C (EXUV UV(w)UV(w?)° for n> 3. O
Combining Lemma 4.13 and Proposition 4.15 now yields the following lemma.

LEMMA 4.16.
FAW U FT)U FAI) C (W)
Now consider the set G defined by
G := (D(0,|c|+1) x D, |c|+ 1)\ W.

We aim to show that f is strictly expanding on f~2(G). From Lemma 4.13, it
follows that £ ~%(G) C G.

LEmmaA 4.17. (1) Let P(f) be the postcritical set. Then
GNP =0
(2) Let p be any periodic point of f other than the three saddles
(—c+L—c+1D), (@(—c+1D,0*(—c+1), (@(—c+D,w(—c+D).
Then p lies in the set f ~2(G).
Proof. By Lemma 4.15, the set

[e¢]

s

n=1
is included in the closed set
WU f(I) U f34(I).

Then part (1) follows from Lemma 4.16. For part (2), note that the periodic point
p does not lie in the set W. Hence, f2(p) ¢ W. UJ
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Let G be any component of f~2(G).
LEmMMA 4.18. The domain G is Kobayashi hyperbolic.

Proof. Since
GoC G CDQO,|cl+1) x DQO,|c| + 1),

Gy is a bounded domain of C? and hence G is Kobayashi hyperbolic. U

LeEmMA 4.19. (1) With notation as before, we have
Gy CCG.

(2) Let G,, be any component of f~"(Gy), and let G,4+1 be any component
£~ NG,). Then
G,y1 CC Gy.

Proof. Part (1) follows from f2(dW) C (W)°, and part (2) follows from (1). O

To complete the proof of Theorem 4.3, we use Fornass and Sibony’s argument in
[FS2, Thm. 3.8].

Proof of Theorem 4.3. Since G is Kobayashi hyperbolic, we can define the in-
finitesimal Kobayashi metric Ko(x,&) at a point x in G and a tangent vector &.
Consider the map

f : Gn+1 g Gn'

From Lemma 4.17 we know that f is a holomorphic unramified covering map.
Let K,, denote the infinitesimal Kobayashi metric for G,,. Then, for z € G, 41,

Kn11(z,8) = K, (f(2), Df (2)8).
By Lemma 4.19,

Kn11(z,6) > 1+ a)K,(z,&) foraconstant a > 0
and hence

Ky (f(2), Df(2)§) = (1 + a)Ky(z,8). (4.10)

By Lemma 4.17(2), we know that any periodic point p of period [ satisfying the
condition of Theorem 4.3 lies in a component of f~2(G). Hence we may use
(4.10) to conclude that all eigenvalues of Df I p) have modulus greater than 1. [J

We now extend Theorem 4.3. Let

U :={ceC: the set K(f.) NI, consists of three points}.

Let Uy be the connected component of U N D(2, 1) containing the value 2. Theo-
rem 4.2 guarantees that Uy is not empty.

COROLLARY 4.20. For any c € Uy, any periodic point other than
(—c+1L—c+ 1D, (@(c+D,0*(=c+ 1), (@ (=c+1,o(-c+1)

is repelling.
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Proof. We consider three cases.

(1) Suppose that, for some ¢ in Uy, f. has another saddle periodic point p. Any
hyperbolic periodic point attracts a point from a critical set of f,, so there is a point
g inI'. such that f(q) — p (n — oo). Thenqg e I', N K(f.). Whenc e D(2,1),
the three periodic points displayed in our statement of the corollary are saddles.
Each saddle attracts a point in I, and so I', N K(f,) contains four points—and a
contradiction follows.

(2) Suppose that, for some ¢ in Uy, f. has an attracting periodic point. By the
same argument as in (1), a contradiction follows.

(3) Suppose that, for some ¢ in Uy, f, has a nonhyperbolic periodic point p. Let
the eigenvalues of Df.(p) be A; and X,, and assume that |1;| = 1. Let V be a small
neighborhood of the point ¢ included in Uj. Then A, is a holomorphic function of
zin V and does not vanish there. When A;(z) is not a constant function, |1/A{(z)|
has the maximum on the boundary dV. Then case (1) or (2) occurs. When A;(z)
is constant, a contradiction follows from Theorem 4.3. O

Uchimura [U4] shows that, if ¢ € D(2, §) for some small positive number §, then
the following statements hold:

(1) the second Julia set of f.(x,y) is connected;
(2) f-(x,y)is an Axiom A endomorphism of C? with f~!§, = S,.

For more details, see [U4].
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