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Adiabatic Decomposition of the ¢-Determinant
and Scattering Theory
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1. Introduction and Statement of Results

Let D: C®(M,S) — C*®(M,S) be a compatible Dirac operator acting on sec-
tions of a Clifford bundle S over a closed manifold M of dimension n. The operator
D is a self-adjoint operator with discrete spectrum {A;}¢cz. The {-determinant of
the Dirac Laplacian D? is given by the formula

det, D? = ¢ ~0*©), (1.1)
where ¢p2(s) is defined as follows:
1 o0
Cp2(s) = Z(xi)—d‘ = %) / 5 [Tr(e'P’) — dimker D]dr.  (1.2)
§) Jo

A#0

This is a holomorphic function of s for %i(s) > 0 and has the meromorphic ex-
tension to the complex plane with s = 0 as a regular point.

Let us consider a decomposition of M as M; U M,, where M| and M, are com-
pact manifolds with boundaries such that

M=MUM,, Y=MnM,=M =M. (1.3)

In this paper we study the adiabatic decomposition of the ¢-determinant of D2,
which describes the contributions in det; D* coming from the submanifolds M,
and M,. Throughout the paper, we assume that the manifold M and the operator
D have product structures in a neighborhood of the cutting hypersurface Y. Hence,
there is a bicollar neighborhood N = [—1,1], x Y of ¥ = {0} x Y in M such that
the Riemannian structure on M and the Hermitian structure on S are products of
the corresponding structures over [—1, 1], and ¥ when restricted to N, so that D
has the following form:

D =G, + B) over N. (1.4)

Here u denotes the normal variable, G: S|y — S|y is a bundle automorphism,
and B is a corresponding Dirac operator on Y. Moreover, G and B do not depend
on u, and they satisfy

G*=-G, G*=-1d, B=B*, GB=—BG. (1.5)
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To prove the adiabatic decomposition formula of det, D2, we follow the original
Douglas—Wojciechowski proof of the decomposition formula for the n-invariant
in [10]. However, we face two new problems not present in the case of the -
invariant. First, det, D? is a much more nonlocal invariant than the n-invariant;
one result is that the value of det, D? varies with the length of the cylinder. Sec-
ond, the contribution of det, D? over the cylindrical part is now nontrivial. We
still follow the idea of [10] and stretch our manifold M to separate M; and M>.
For this, let us introduce a manifold Mg equal to the manifold M with N replaced
by Ng = [—R, R], x Y. By assumption of product structures over N, we can ex-
tend the bundle S to M. Furthermore, we can use (1.4) to extend D to the Dirac
operator Dg over Mg. Now we decompose My by the hypersurface {0} x Y into
two submanifolds M; g and M, g, and we obtain D; g and D, p by restricting Dg
to M r and M g, respectively.

In order to express the decomposition formula for the {-determinant, we must
describe the invariant on a manifold with boundary that enters the picture at this
point. The tangential operator B has discrete spectrum with infinitely many posi-
tive and infinitely many negative eigenvalues. Let 1. and I1. denote the Atiyah—
Patodi-Singer (APS) spectral projections onto the subspaces spanned by the eigen-
sections of B corresponding to the positive and negative eigenvalues, respectively.
We select two involutions o7, 0, on the kernel of B that satisfy Go; = —0;G, and
we define m; = (1 — 07)/2 as the orthogonal projections onto —1 eigenspaces of
o;. Now define

P|=H<+7T1 and P2=H>+7T2, (16)

which provides us with the ideal boundary condition introduced by Cheeger in [6;
7]. The projection P; imposes an elliptic boundary condition for D; z (see [1]; see
[2] for an exposition of the theory of elliptic boundary problems for Dirac opera-
tors). This means that the associated operator

(Di.r)p, = Di.g: dom(D; g)p, — L*(Mi g, S),
where
dom(D; g)p, = {s € H'(M; ¢, S) | Pi(s]y) =0}

is a self-adjoint Fredholm operator with ker(D; g)p, C C*™(M; g, S) and discrete
spectrum.
The main concern of this paper is to consider the limit of the ratio of the ¢-
determinants
det{ D]%
det (D), g)p, - det; (D2, ),

as R — oo, .7

which we call as the adiabatic decomposition of the ¢-determinant of D?.

The eigenvalues of Dy fall into three different categories as R — oo. There are
infinitely many large eigenvalues (/-values) bounded away from O and infinitely
many small eigenvalues (s-values) of the size O(R™"). Besides these, there are
finitely many eigenvalues that decay exponentially with R (e-values). The num-
ber hy, of e-values is given by
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hy = dimker;2 Dy o 4+ dimker;2 Dy oo +dim Ly N Ly, (1.8)

where D; « is the operator defined from D in a natural way over the manifold M; «,
which is equal to M; with the half-infinite cylinder [0, 00) X Y or (—00,0] x Y
attached. More precisely, the operator D; = D]y, extends in a natural way to
the manifold M; ; it has a unique closed self-adjoint extension in LZ(Mi,oo, S),
which we denote by D; . The subspaces L; C ker B are the spaces of limiting
values of extended L2-solutions of D; . The decomposition of the eigenvalues of
the operator Dy into different classes was discussed by Cappell, Lee, and Miller
(see [5]). The corresponding analysis for the operator (D; g)p, was provided by
Miiller (see [17]). The spectrum of the operators (D; g)p, splits in the same way
as the spectrum of Dg; the only differences are that (a) the operators (D; g)p, do
not have nonzero e-values and (b) the dimension of the space of the solutions of
(Di r)p, is equal to

h; = dimker(D; g)p, = dimker;2 D; oo +dim L; Nker(o; — 1). (1.9)

In the adiabatic limit process, the different types of eigenvalues make their con-
tribution at different time intervals of the integral representation of {p2(s) in (1.2).
The contribution made by /-values comes from the time interval [0, R?7¢], where
¢ is a sufficiently small positive number; we fix ¢ from now on. More precisely, it
is not difficult to show that the /-values contribution to the adiabatic limit of (1.7)
from the time interval [R?~%, co] disappears as R — oo (see Section 2). The con-
tribution made by /-values was discussed in [19]. To be more precise, in [19] we
discussed the case of the operator D such that D; o, and B have trivial kernels.
These conditions imply that there are no e-values or s-values. This allows us to
reduce the computation of the quotient in (1.7) to the corresponding quotient on
the cylinder, from which one can show that the limit of (1.7) as R — oo is equal
to 2752, Actually, even in the presence of e-values and s-values, we are able to
show that in the adiabatic limit the contribution of /-values comes only from the
time interval [0, R2~%] and so we can reduce to the cylinder as in [19]. The method
we use to prove this combines Duhamel’s principle and the “finite propagation
speed” (FPS) property of the wave operators. Details are presented in Section 2.

The s-values contribution comes from the time interval [R%~¢, R2¢]. The com-
putation of the s-values contribution is the main achievement of this paper. We
follow Miiller (see [17]) and use scattering theory to get a description of the s-
values. The operators D; », on M; , determine scattering matrices C;(A). In fact,
the matrix Cp, = C;(0) o C,(0) on ker B N ker(G + i) determines the contribu-
tion of s-values of the operator Dy in the adiabatic limit. Similarly, the finite-
dimensional unitary matrix S,, on ker(o; + 1), which is defined by the scattering
matrix C;(0) and the involution o;, determines the contribution of s-values of the
operators (D; r)p,. The exact correspondence is stated in Section 3.

Finally, we need to discuss e-values of Dg. The number of e-values is equal to
hyr, which (as remarked previously) is constant. On the other hand, the set of zero
eigenvalues of Dg, which is a subset of e-values by definition, is very unstable
with respect to R. Hence, without making additional assumptions we are not able
to control the adiabatic limit of the determinant of D} owing to the finite number
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of nonzero e-values. Hence, we assume that all the e-values are zero eigenvalues
in order to avoid the technical difficulty of the nonzero e-values. One of the im-
portant examples of such situations is the case of the operator

n n
d, +d:: P v,) > Pa'm.v,)
i=0 i=0

where V, denotes the flat vector bundle defined by the unitary representation p
of (M) (see Proposition 3.9). For the operator L: W — W acting on a finite-
dimensional vector space W, we denote by det* L the determinant of the operator
L restricted to the subspace (ker L)*. Now we are ready to formulate the main
result of this paper.

THEOREM 1.1.  When all the e-values of Dy are zero eigenvalues, the following
formula holds:

2
lim R—Zh ) det; DR
2 2
R—o0 dEtC(Dl,R)Pl 'det;(DZ R)P
21d — cn— o\ £ 21d — S, — S;'\!
= 22O —hy+2hy  qogx( "7 "% - 7,

where h = hyy — hy — ho and hy = dimKer B.

REMARK 1.2.  In[12] and [11], the reduced normal operators corresponding to our
operators Cyp, S,, were introduced in the framework of b-calculus and used in the
analysis of s-values for the analytic surgery of the n-invariant and analytic torsion.

To prove Theorem 1.1, we consider the following relative ¢-function and its deriv-
ative at s = 0:

1 o[>,
— / [ Tr(exp{—tDx} — exp{—1(D1,r)p,} — exp{—1(D2,r)p,}) — hldt
L(s) Jo

We decompose this into two parts,

[ee]

R2—¢ 1
o =5 [ ©d wma o == [ o

where ¢ is the fixed sufficiently small positive number. The derivatives of ¢(s)
and ¢ lR (s) at s = 0 give the small and large time contribution in (1.10).

In Section 2 we deal with the small time contribution and prove that it is equal to
2742 which gives the first factor on the right side of (1.10). Section 3 contains a
basic description of the small eigenvalues. We follow [17] and use scattering the-
ory in order to get a description of the s-values of Dy and (D; r)p,, which allows
us to make a comparison of s-values of those operators with the eigenvalues of
certain model operators over S'. This is the central part of our paper. In Section 4
we use the results of Section 3 to show that, in the adiabatic limit, the large time
contribution to the quotient (1.7) is equal to
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_ - o=l -1
zhwth.det*(—““ Cr )ndet ()

this is the second factor on the right side of (1.10). The zero eigenvalues make their
presence via the factor R 2" on the left side of (1.10).

In Section 5 we review the decomposition formula for the n-invariant and offer
a new proof based on the method developed in order to prove Theorem 1.1. This
proof is more complicated than other proofs presented in [3; 4; 9; 12; 13; 16; 18;
23]. However, it is a nice illustration of the differences we encounter when deal-
ing with the ¢{-determinant instead of the n-invariant.

ACKNOWLEDGMENTS. The authors want to express their gratitude to Werner
Miiller for his helpful comments on the content of this paper and for his more
general remarks on the theory of the ¢{-determinant. A part of this work was com-
pleted during the first author’s stay at ICTP and MPI, and he wishes to express his
gratitude to ICTP and MPI for their financial support and hospitality.

2. Small Time Contribution

In this section we determine the small time contribution, which is accomplished
in two steps. First, we use Duhamel’s principle and the FPS (finite propagation
speed) property of the wave operator to show that we can reduce the problem to
computations on the cylinder. Then, we perform the explicit calculations on the
cylinder. Both parts are fairly standard. The cylinder contribution has been com-
puted in [19]. Therefore, we discuss only the reduction scheme and refer to [19]
for the explicit computation on the cylinder.

Let Er(2; x, y) denote the kernel of the operator e ™’ Dize. We introduce the specific
parametrix for Eg(t; x, y), which fits our main purpose to localize the contribu-
tion coming from the cylinder [—R, R], x Y and the interior of My. In fact, the
interesting point here is that we use Eg(#; x, y) to construct this parametrix. Let
E.(t; x,y) denote the kernel of the operator e~"(=%+B% on the infinite cylinder
R x Y. We introduce a smooth, increasing function p(a, b): [0, 00) — [0, 1] that
isequal to O for 0 < u < a and equal to 1 for b < u. We use p(a, b)(u) to define

d1r=1—p(3R.SR), Vi r=1—1vY2r,
d2.r =p(3R, R) IﬂZR—,o(R R)

We extend these functions to symmetric functions on the whole real line. These
functions are constant outside the interval [— R, R], and we use them to define the
corresponding functions on a manifold Mg, which are denoted in the same way.
Now we define Qr(t; x, y) a parametrix for the kernel Ex(¢; x, y) by

Or(t; x,y) = ¢1,r(X)Ec(t; %, Y)Y1 r(Y) + P2, rR(X)ER(E; X, Y) W2 r(Y). (2.1)

It follows from Duhamel’s principle that

Er(t; x,y) = Or(t; x,¥) + (Er * CR)(E; X, y), (2.2)
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where Eg * Cg is the convolution given by

t
(ER*CR)(EX,)’)=/ dS/ dz Er(s; x,2)Cr(t — 5:2,¥)
0 Mpg

and where the error term Cg(t; x, y) is given by the formula
Cr(t; x,y)
= =051 RO E (11 2, Y)Y R(Y) = 801, () BuEe (155, ) Y1,R(Y)
— 3202 r(X)ER(L; X, Y)V2, R(Y) — Dy 2, R(X)D, ER(L; X, Y) Y2 r(D).

The following elementary lemma follows from the construction of Qg(¢; x, ).

LEmMA 2.1.  For a fixed y, the support of the error term Cg(t; x,y) as a function
of x is a subset of ([—gR, —%R]M ) [%R, % ]u) x Y. Moreover, it is equal to O if

the distance between x and y is smaller than %R.

Now, following Cheeger, Gromov, and Taylor (see [8]; see also [4, Sec. 3]), we use
the FPS property for the wave operator. The technique introduced in [8] allows
us to compare the heat kernel of the operator DI% over My with the heat kernel
of the operator —32 + B? on the cylinder R x Y. We describe the case we need
in our work. Let X; and X, be Riemannian manifolds of dimension n, and let
S; be spinor bundles with Dirac operators D; over X;. Assume that there exists a
decomposition X; = K; U U;, where U; is an open subset of X;. Moreover, we
assume that there exists an isometry #: U; — U, covered by the unitary bundle
isomorphism &;,: Sily, = S2|u,, which intertwines the Dirac operators D |y,
and D;|y,. We identify
UZU EU,,

so that X; and X, have a common open subset U. Let £;(¢; x, y) denote the ker-

nel of the operator e~* D/, Then we have the following estimate on the difference
of the heat kernels on U (cf. [4, Lemma 3.6]).

PropoSITION 2.2.  For x,y € U and t > 0, there exist positive constants ¢ and
¢ such that
. . -
18] E1(t; x,y) — 3] Ex(t; %, )| < cre™ ", (2.3)

where j = 0,1 and r = min(d(x, K;),d(y, K1)).

In our situation, X; = Mgp, X = R x Y, and U = [—R, R], x Y. Note that the
heat kernel £.(¢; x,y) over R x Y satisfies the standard estimate. More precisely,
for t+ > 0 we have

18] Ec(2: (s w), W )| < erlu — v]ir /> Jg=e3t=v1, (24)

where j = 0,1, u,v € R, and w, z € Y. This follows from the corresponding esti-
mate for the heat kernel of B2 over the closed manifold Y (see [21, Prop. 4.1]) and
the explicit form of the heat kernel of —83 over R. We shall use (2.3) and (2.4) in
the following proposition.
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PROPOSITION 2.3.  There exist constants ci,cy > 0 such that, for any t with 0 <
t < R** and ((u,w), (v,z)) € supp Cr(t; -, -),
IEx(E: (u, w), (v,2))|| < cre 2R/,

2 2.5)
”CR(t; (H, LU), (U, Z))” < Cle*CzR /t.

Proof. For j = 0,1, we have
18] Er(t; (w, w), (W, )| < 18] Ec(t; (u, w), (v,2))]]
+ 18] Er(t; (u, w), (v,2)) — 3] Ec(t; (u, w), (v, 2))].

By Lemma 2.1 and inequalities (2.3) and (2.4), there exist some constants cy, ¢, >
0 such that, for (u,w), (v,z) € suppCg(?; -, ), both summands on the right side
satisfy the desired estimate. This estimate for j = 0 (resp. j = 1) implies the first
(resp. second) estimate in (2.5). O

Now we are ready to prove the following technical result.

PrOPOSITION 2.4.

d 1 R
—/ tf—ldz/ tr(Eg * Cr)(t; x,x)dx = 0. (2.6)
s=0 '(s) Jo Mg

R ds
Proof. By Lemma 2.1 and Proposition 2.3,
|tr(Er * Cr)(2; X, )]
= 1€k * CR) (15 x, ) ||

t
5/ ds/ lERCs; x,2)Cr(t — 53 2,%) ]| dz
0 [—6R/7,6R/Tlux Y

t
e R2/e —en R2/(f—
SCIZ/ dS/ e c2R /ée c2R/(t s)dZ
0 [-6R/7,6R/T],xY

: , 12
<c3R- / e RIU=9) gg < 2R - /
0 0

where the last estimate is a consequence of the elementary inequality
t
/ e~ ds < te™ .
0

ltr(Eg * Cr)(2; X, X)| < cqRte SR/, 2.7)

-~ 2 r 2
e 2¢aR/s ds < CSREe 4caR /t,

Hence we have proved that

This allows us to estimate as follows:

1 R27s
_/ t““dt/ tr(Eg * Cr)(t; x,x) dx
L(s) Jo Mk

1 R2—e
<cgR?- |—— / £5]e <R gy
L(s)|Jo
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As R — 00, the function of s on the right side uniformly converges to zero for s
in any compact set in C. Hence, the derivative at s = 0 of the meromorphic func-
tion on the left side converges to zero as R — oo. This completes the proof. [J

The corresponding result to Proposition 2.4 for the operator (D;, R),%,, can be car-
ried out in exactly the same manner. First, as for Dg over Mg, we can construct
the parametrices for the heat kernels of exp{—#(D;, R)%,I_} using Er(1; x, y) and the
heat kernels of (G (9, + B))12’; over [0,00), x Y or (—o00,0], x Y. Second, one
can obtain the corresponding estimate to (2.3) using the explicit form of the heat
kernel of (G (9, + B))%,l_. Third, one can also derive the corresponding estimate to
Proposition 2.3 for (D;, R)Iz’,-’ since the similar estimate as in Proposition 2.2 holds
over the support of the error terms (see [4, Lemma 3.6]). All these statements
imply that the similar estimate to Proposition 2.4 holds for (D;, R),%‘_. Now we are
ready to prove the following main result of this section.

PROPOSITION 2.5.

lim (i {SR(S) +h(y+@2—c¢)-log R)) = ¢52(0) - log 2. (2.8)

R—oo\ ds |,_,

Proof. First we observe that
4
ds

Henj:ee we need to compute the limit as R — oo of the following remaining part

of £;°(s):

RZ—S
<% /0 z-‘—ldz) =h(y + (2 —¢)logR). (2.9)
s=0

d
ds

1

R27s
s—1 2
— ' Tr(exp{—tDgy}
s=0I'($) /o ¥

— exp{—1(D1,r)5,} — exp{—1(D2,p)3,}) dt.

By Proposition 2.4 and corresponding results for (D;, R)123i , it is sufficient to con-
sider the limit as R — oo of

d 1R
— —/ t“ldt/ tr(Qgr(t; x, x)
ds|,_oT(s) Jo M
— O1r(t; x,x) — Q2 r(t; x,x)) dx,

where Q; r(t; x, y) denotes the parametrix for exp{—#(D; R)A%,- }. Now the interior
contributions to the different parametrices, all determined by the kernel Ex(7; x, y),
cancel out and we are left only with the cylinder contribution. Hence we have to
deal with the limit as R — oo of

d 1
ds|,_oT(s)

RZ—E
/ fs*ldl‘f tr(Yy gEc (5 x,x) — Vi, REc,1(E; X, X)
0 M,
Y REea(ti X, 1)) dx, (2.10)

where & ;(t; x, y) denotes the heat kernel of (G (9, + B)),%i over the half-cylinder.
We repeat the computations of [19, Sec. 2], where we assumed that B is invertible
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and Y is even dimensional. But we can easily derive the same formula following
[19, Sec. 2] without these assumptions. Hence we can show that, for s in a com-
pact subset of C, the integral part in (2.10) uniformly converges to the following
function as R — oo:

) Tl +3)
L R o R

‘We thus obtain

lim d : /RH ' Tr(exp{—tD3)
im — xp{—
R0 ds | _yT(s) Jo PR
— exp{—1(D1,r)p,) — exp{—1(D2,&)p,)) dt
1
d| 2 (T(s) Tl+;)
_° _ . = 0)-log2. (2.11
s s_ol“(s)< 1 ds /7 ¢p2(s) = ¢p2(0) - log (2.1D)
Combining (2.9) and (2.11) completes the proof. O

3. Small Eigenvalues and Scattering Matrices

In this section we investigate the relation between the s-values of the operators
Dr, (D; r)p, and the scattering matrices C;(A) determined by the operators D;
on M, , for i = 1,2. We refer to Section 4 and Section 8 in [17] for a more de-
tailed exposition of the elements of scattering theory that are used in this paper.

Let us recall that M has the cylindrical part N = [—R, R], x Y. Hence M g
and M;_ g have the cylindrical part [-R, 0], x Y and [0, R], x Y, respectively. Yet
in order to consider M; g as a submanifold of M; o, that is obtained by attaching
[0,00), x Y or (—00,0], x Y to M;, we change the variable by v =u + Rorv =
u — R so that the cylindrical part of M; r is given by [0, R], x Y or [-R, 0], x Y.
Throughout this section, we will use this convention when it is needed.

For any ¥ eker B and L € C — (—o00, —1] U [, +00), where 11| denotes the
lowest positive eigenvalue of the tangential operator B, there exists a generalized
eigensection E(y, L) of D  over M| ~ determined by the couple (¥, 1) (see [17,
Sec. 4]) in the following sense:

Dy, E(Y, 1) = AE(Y, 1).
The section E(y, A) has the following form over [0, 00), X ¥:
E(W, 1) = e ™ —iGY) + ™ Cio) W — iGY) + 6y, 1), (D)

where 0 is a square integrable section such that, for each v, (¥, A, (v, -)) is or-
thogonal to ker B. The operator C;(1): ker B — ker B is regular and unitary for
|A| < p1 and equals the scattering matrix such that

CiMCi(—=r»)=1d and C,(AM)G = —-GCi(A),
which imply
Ci(0)>=1Id and Ci(0)G = —GCy(0).
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Therefore, C;(0) gives a distinguished unitary involution of ker B. In fact, the
space of the limiting values of the extended L2-solutions of Di,00, L1 C ker B is
equal to the (41)-eigenspace of C;(0); thatis, L; = ker(C;(0) — 1). The follow-
ing proposition is a basic tool for dealing with E(i/, 1).

PROPOSITION 3.1 (Maass—Selberg). The following equality holds:
(E(@, 1), EQW, M), ¢
=4R(p, ¥y — {C1 (=M C{(A) (@ — iGP), ¥ — iGY)y + O,
where ¢, € Ker B.

Proof. By Green’s formula, we have
h(E(p, %+ h), E(W, M))m; &
= (DL,rE(®, A+ h), E(Gf, M))my p — (E(@, A+ 1), Dy g E(Y, M)y ¢
= (GE(@, » + M)lam, g)> EWs Mo, p))acs, )+ (3.2)
Using (3.1), the last line has the following form:
ie™"¢ —iG. ¥ —iGY)y
—ie"Ci1( + h)(¢ — iGP). LMW — iGY))y + O(e™F)
=ie""p —iGp, ¥ —iGY)y —ie"Np —iGh. Y —iGY)y
+ie™(CIN (P — iGP), CLO) (Y — iGY))y
—ie"™(C\(L + h) (@ —iG), CLO) (Y —iGY))y + O(e™F).
Now, dividing the right side by 4 and taking the limit as 4 — 0, we obtain
2R(¢ — G, ¥ — iGY)y — i{C{(M)(@ — iG), CL(O) (Y — iGY))y + O(e™F)
= 4R($, ¥)y — i{CI(=MC{(M) (¢ — iGP), (¥ — iGY))y + O(e™F).
Comparing this with (3.2) (divided by /) completes the proof. O

Now we shall analyze the s-values of Dg over Mg. Let us consider an s-value A =
A(R) of Dy such that

IM(R)] < R™* for sufficiently large R,

where « is a fixed constant with 0 < « < 1. Let Wg denote a normalized eigen-
section of Dy corresponding to s-value A; that is,

DrWp = AWk, [[Wg] =1.

Over the cylindrical part [- R, R], x Y in M, the eigensection W corresponding
to the s-value A of Dy has the form

g = e My + ey + U, (3.3)

where Y| € ker B Nker(G — i), Y, € ker BNker(G +1i), and ‘ifR is orthogonal to
ker B.
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LEMMA 3.2. We have the estimates

- —eaR
[Wrlwxylly <cie™® for —3R <u < 3R,

3
4
where cy, ¢y are positive constants independent of R.

The proof of this lemma is same as the one of Lemma 2.1 in [22]. Now we can
prove the following result.

PROPOSITION 3.3.  The zero eigenmode e = 4r; + ™", of the eigensection Wy
of s-value A(R) of Dg is nontrivial.

Proof. We follow the proof of [22, Thm. 2.2]; we assume that the zero eigenmode
of Wy is trivial, which will contradict the fact that A(R) is a s-value. Throughout
the proof, we regard M, r as a submanifold of M «, using the change of variable
v =u + R. We define a section ®» on M; by

{ hR()C)\I"R()C) for x € Ml,Rv
k= 0 for x € My 00 \ My g,
where A is a smooth function on M ., equal to 1 for x € M; U [0, %R]v x Y and

equal to 0 for x € [3R,00) x ¥ with [0/h/dv/| < CR™/ for a constant C > 0.

Let H I(Mlyoo, S) denote the first Sobolev space. For any a > 0, we introduce a
closed subspace of H!'(M », S) by

Hy(M) o, S)
={de Hl(Mlyoo,S) [ (P(v,-),¢r) =0forv>a,k=1,...,hy},
where ¢4, ..., ¢;, denotes an orthonormal basis of ker B. Consider the quadratic
form

0(®) = |DD|* for ® € HY(M) . ),

where D denotes the differential operator over M) o, whose self-adjoint extension
i8 D}, o0. Then this quadratic form is represented by a positive self-adjoint operator
H , in the closure of Hé(Ml,oo, S)in LZ(MLOO, S). Hence H, has pure point spec-
trum near 0 and, by [17, Prop. 8.7], ker H, = ker;2 D  for any a > 0. Following
the proof of [22, Prop. 2.4], we can prove that there exist positive constants ¢y, ¢,
such that

(D, )| < cre™F|ls]| (G4
for s € ker H,. Now let & := &g — ZZ‘Z’T(CDR,sk)sk, where {sk}z;’f denotes an
orthonormal basis of ker H, with /| o, := dimker H,. As a result, &>R is orthog-
onal to ker H, and, by (3.4), there is a positive constant C independent of R such

that || Pg|| > 1[|@xll = C > O for sufficiently large R. Noting that & € dom H,,,
by the mini-max principle we have

(H,®g, Dg) > v2C? (3.5)

where v? is the smallest nonzero eigenvalue of H,. Now
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A(R)* = (DRWg, W) = | [IDr¥r(x)|*dx
Mg

> / I DRYR(x)||* dx = / I Dr(hrWr + (1 — hg)Wg)(x)|1* dx
My, r M g

2/ [ Ha@r(x)l dx—/ IDR( — hg) Wr(x)|1* dx.
M, o My, g

By (3.5), the first term has the lower bound v2C? since H, & = HG&DR. For the
second term, we have

/ IDr(1 — hg)Wr(x) || dx
My, R
=/ (1 = hg)(x)DrWr(x) — G(8,hg)(x)Wr(x)|* dx
M r

<2 / IACRY(1 = hg) () W(0) 1 + |G (@uhr) (x) Wr(x) | dx.
My, g
Applying Lemma 3.2 with v = u + R to each term of the last line yields

f IDr(1 — hg)¥r(x)|I* dx < cze™ R
M, R

for positive constants c3, c4. Hence these inequalities imply that A(R)* > 1v2C?
for sufficiently large R. This completes the proof. UJ

Changing to the variable v = u 4 R, we view the cylindrical part Ng of My as be-
ing given by [0, 2R], x Y. In particular, we have the following new expression for
Wp from (3.3):

W = e M) + ™) + P, (3.6)

where ¢ = ey and ¢} = e Ry, Let (ker B)+ denote the +i eigenspace
of G: ker B — ker B. We shall need the following lemma.

LEmMMA 3.4. Let o be an involution over ker B such that Go = —oG. Then, for
any element ¢ € (ker B) 1, there exists a unique ¥ € Im(o + 1) such that
»=v FiGy.

Proof. For a given ¢ € (ker B) let ¢ := %(1 + 0) ¢, which lies in Im(o + 1) by
definition. Then we have
Y —iGy = 1((1—iG)¢p + (6 — iGo) @)
=11 -iG)p + (0 +icG)p) =} - 2¢ = ¢.
This completes the proof for the “+4” case, and the “—” case can be proved in the
same way. UJ

By Proposition 3.3, one of ¢{ and ¢} in (3.6) is nontrivial. First we assume that ¢}
is nontrivial. Now, since L; = Im(C;(0) + 1) and since C;(0) is an involution over
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ker B, by Lemma 3.4 we can choose ¥ € L; such that ¢| = ¢ — iGy. Then the

generalized eigensection E(, 1) over M| o associated to ¥ has the expression
E@W,1) = e ™Y —iGY) + ™ Ci0) (W —iGY) + 0, 1)

over [0, 00), x Y. Following [17], we introduce

F= \I,R|M|’R - E(wv)")IMl,R'
Green’s formula gives

0= (D1, rF, Fimy p — (DL )My . = / (GF oy r)> Floouy, p)) dy-
(M, R)
On the other hand, Lemma 3.2 shows that
[ (Gl e Pl o) dy = ~i01C1G201 = 831F + O™
d(My,R)

for some positive constant c3. This yields the estimate
IC10¢1 — sl < e™F 3.7

for a positive constant c¢. Hence, for R > 0, if ¢} is nontrivial then q‘)é is also non-
trivial; one can show the converse in the same way. We may therefore conclude
that both ¢| and ¢} in (3.6) are nontrivial for R >> 0.

Now we want to obtain the corresponding estimate involving the scattering ma-
trix C»(1). For this, we change the variable by v = u — R and regard the cylindrical
part as [-2R, 0], x Y. Then we have the corresponding expression for Wg,

lIIR — e*ilv(p% +€Mv¢§ + \,I\IR,
where ¢? = e Ry and ¢p3 = e™Ry,. For the given ¢3 € (ker B)_, we use
Lemma 3.4 and choose ¢ € L, = Im(C,(0) + 1) such that ¢% =Y 4+ iGy. The
generalized eigensection E(y, 1) over M o, attached to the couple (i, A) has the
expression
E@W, 1) = e™ (Y +iGy) + e M Co() (¥ +iGY) + 6(¥, 1)

over (—00, 0], x Y. As before, comparing Wy and E(, A) yields

IC2(03 — ¢ill < e (3.8)
for a positive constant c. By definition, we have
¢ =e**Rpl and @) = e T3 (3.9)
Now, combining (3.7), (3.8), and (3.9), we obtain
le**RC1 (1) 0 C20) 3 — ¢3l < e™F. (3.10)

We define the operator C»()) by
Cp() := C1(A) o Ca(M)|kerB)_ : (ker B)_ — (ker B)_.

The operator Cj;(X) is a unitary operator and is an analytic function of A for A €
(—4,8) with a small § > 0, since the unitary operators Ci(A), C>(A) are analytic



220 JINSUNG PARK & KRZYSZTOF P. WOJCIECHOWSKI

functions of A for A € (—§,§). Furthermore, there exist real analytic functions
aj(r) forl < j < hy/2of A € (-4, 6) such that exp{ia;(1)} are the corresponding
eigenvalues of Ci»(A) and «;(A) has the following expansion at A = O:

aj (M) = ajo + ajh +aph’ Foazhd 4 (3.11)
We now introduce
Q(R) :=={peR — {0} | det(e*”Cpp(p) —1d) =0, |p| < R™*}. (3.12)

The following theorem is a main result of this section.

THEOREM 3.5. Assume that all the e-values of Dg are zero eigenvalues. Let
A(R) < A2(R) < -+ < Apr)(R) be the nonzero eigenvalues, counted to mul-
tiplicity, of Dg that satisfy |A(R)] < R7%, and let p1(R) < p2(R) < --- <
Pm(r)(R) be the nonzero element, counted to multiplicity, of Q(R). Then there
exist Ry and ¢ > 0, independent of R, such that for R > Ry we have p(R) =
m(R) and
M (B) = pr(R)| < ™ for k=1,.... p(R).

Proof. The proof of this theorem consists of two steps.

Step I. Let A = A(R) be a given s-value with multiplicity m(1). By Propo-
sition 3.3, we have m()) linearly independent vectors ¢, ..., ¢, () in (ker B)_,
which satisfies (3.10). Since Cj,(1) is unitary, the eigenvalues of e**®Cy, (1) — Id
have the form e — 1 for & € R. Let 0 < ¢ be the smallest eigenvalue of
(e**RCi(A) — Id) (e**RCpp (1) — Id)*; then

[e***Cr() —1d)¢|*

mi

¢ (ker B) Il

Combined with (3.10), this implies that < e~R. Hence e¢**RCj;(1) has an
eigenvalue e’ satisfying |1 — cos@| < e~“R, and there exists a k € Z such that
[2k — 0| < e~°R. Therefore, by definition of aj(r),

[4AR + (L) — 27k| < e~ (3.13)
for pairwise distinct branches «y, ..., o). Now, let us fix §; with 0 < §; < §
and let

P = ‘).
i Ae?—l?l),(al)mf( )

Then the function f(A) = 4AR + «;(A) is strictly increasing for |A| < 6; and R >
m;. Choose Ry such that Ry > max(mj,Sl_l/K) forany j =1,...,hy/2. For R >
R; and k € Z, there exists at most one solution p; ; of

4AR + aj(A) =27k, |A| < R7" (3.14)
Let kj max be the maximal k for which (3.14) has a solution; then, by (3.14),
2R1—K .
[kjmax| < +C<R™" (3.15)
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Now, for R > Ry, any element p in Q(R) is given by p = p;; forsome 1 < j <
hy/2,and |k| < kj max- Hence if R > R, then, for a given A satisfying (3.13) with
|A] < R™*, there is a unique solution p; x of (3.14) such that

X = pjkl < e K. (3.16)

In conclusion: if R > R; then, for a given s-value A = A(R) of Dy with multiplic-
ity m(1) and satisfying |[A] < R™*, there exist m (1) elements p;; in Q(R) with
the relation (3.16); in particular, p(R) < m(R).

Step I1. To complete the proof, we need to show that m(R) < p(R). For k with
1 <k <m(R), we choose ¥ € (ker B)_ with the following properties:

(1) e*PRCp(p)Yi = Yo |px] < RS
2) if pr = pr+1 = -+ = Pi+e, then Y, Yity, ..., Yrse form an orthonormal
system of vectors of (ker B)_.

For a given pair (¢, px) for some k, we put
¢p = e PRC(—p)Yi and  ¢f = PRy (3.17)

Now we consider the generalized eigensections £ (qb,i, pr)over M ocand E (¢,%, 0Or)
over M» ~, which have the following forms:

E(¢p, 1) = e + P Cr(pr) gy + O(e™ ) over [0,00), X ¥ C My o0;

E(@7s o) = €0 + e P Ca(pr) ¢ + O(e™ ) over (—00,0], X ¥ C My .
(Here we use abuse notation for simplicity since for E (qb,i, pi) we should more
correctly write E(¢L, pr), with ¢} = ¢i + (—1)'y/=1G¢! by Lemma 3.4.) Re-
stricting E (¢,’;, pk) to M; g yields sections over M; r. Let fi g be the restriction to
M, r of the smooth function sg over M, o, defined in the proof of Proposition 3.3,
and let f, g be a smooth function over M; p defined in a similar way. These

functions have the obvious extension over M. Denoting by Eg (¢,’;, pr) the zero
eigenmode of E(¢}, px) and using (3.17) and e***RCyy(px)¥x = ¥, we have

Eo((ﬁ}c,pk) — e*ipkuefﬁkaCl(_pk)wk +eipkuwk
= eipkuwk +efiPkL¢eZikaC2(,0k)‘lﬂ‘k = E()((ﬁl%’pk)_ (318)

Hence we can see that Eo(qb}(, pr) and EO(¢,%, pi) define a smooth section over
Ng, which we denote by Eo (¢, px). Let us define

Uy == f1,r(E(@}. o) — Xi-r,01 Eo (@}, p1))
+ f2,R(E(@7, pr) — X10,81. E0(@s P©)) + X1 & R1EWk, pi),  (3.19)

where (4,5, 15 the characteristic function of the u-variable over [a,b], XY C
Ng. By (3.18), W, is a smooth section over Mg. Put Wy := \I'k/||‘~IJk|| and

\I’k = \I’k —7TR‘~Ilk for k = 1,...,m(R),

where i denotes the orthogonal projection of L2(Mp, S) onto ker Dg. Recall that
ker Dy equals the space spanned by eigensections of e-values by our assumption,
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so the dimension of this space is constant with respect to R. Combining this fact
and Lemma 3.6 yields

(B, W) — 8| < e R for k,e=1,...,m(R).

From this and (3.15), it follows that the {\i-’k}fz(lf) are linearly independent for R >
0. NowletO < A; < Ay <--- < A,(g) denote those nonzero eigenvalues (counted
with multiplicity) of D} that are < R™2. Let ky, ..., ku(r) be a permutation of
{1,...,m(R)} such that 0 < ,0,%] <...< p,%m(R). By the mini-max principle, we
have
s I Drp I
wogew o>’

where W runs over all £-dimensional subspaces of L?(Mg, S) that are orthogonal
to ker(Dg). Let W, be the subspace of L*(Mg, S) spanned by Wy, ..., W,. Then,
by Lemma 3.6,
- Dro|?
i, < max IDro |l
sewe 9|12
for some constants C, ¢ > 0. Hence there exists an R; such that m(R) < p(R) for
R > R,. Putting Ry = max(R,, R,), this completes the proof of Theorem 3.5. [

< pi,(1+ Ce™ %)

LEMMA 3.6.  Assume that all the e-values of Dy are zero eigenvalues. Then there
exist ¢y, ¢y > 0 such that

(Wi, W) < cre R for k£ 0, k,0=1,...,m(R),
|(We, W)| < cre R for k=1,...,m(R), ¥ €ker Dg with |V| = 1.

Proof. For a couple (¢, px) and qﬁ,i satisfying (3.17), we put
Eif = E@} PO, — Xi-r01, E0(@}: 1)
+ E@7. 0)ay, . — X10.81, Eo (@} 1),
Eo = E(Wr, pr) = Xi-r,01, Eo (@ p1) + X10,r1, Eo(@7. 0k)-

Setting fr = fi,r + f2,r, it is easy to see that the U, defined in (3.19) has the
form fREkL + X[fR,R]uEk,O- Now we have

(W, W) = (fE + XEx0. fE; + XEv0)
= (fE{, FE{) + (XEx.0, XEr.0)
=(Ef — (1= HESEF — (1= /)ES) + (xEko0. xEr0)
= (ECES) — (Ef (L= PHES) — (1= HESES)
+((1 = HEE A= HEF) + (XEk 0. XEe0)
= (Ex, E0) — (Ei", (1 = NES) — (1 = HEL EF)
+(( = HES A= HEP), (3.20)
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where f = fg and x = x(—g.ry,- Since supp(1 — fz) C [-5R. 3R] x Y, where
El E} are O(e™F), it follows that the last three terms in (3.20) are O(e~“F).
Now we consider the first term in (3.20), which can be written as
(Ex, E¢) = (E(¢y. pi)s E(@y. 0Oy + (E@F, p1)s E@F, p)) ity - (3:21)
When p; # py, as in the proof of Proposition 3.1, we apply Green’s formula to
each term on the right side of (3.21); then these equal
(ox = pO) " {GE(Dr p) o, py» E@y PO loat, o, v

— (px — P "HGE@F. p) oM, )+ E@F+ PO aa, 1)) oM, -

Now using (3.18), the restrictions of constant terms over d(M; r) cancel each other
out and the remaining terms are O (e ~F). Hence, in this case, the left side of (3.21)
is O(e~“F) and so all the terms in (3.20) are O(e~F). When p; = py, note that
(¢i,d4) = 0 fori = 1,2; hence, applying Proposition 3.1, we can see that all the
terms are O(eR) except for the terms

(Cr(=PC (PR b1 §1) + (Ca(=p)C (1) B 67). (3.22)
Using the conditions in (3.17) for ¢};, ¢,§ and the relations
" RCy(pr) ¥k = Ci(—pi) ¥ and
e RCH (P Ve = Cr(—pi) e,
one can show that the terms in (3.22) equal
("PEC{ (o) Ca(p) Yk W) + (€M EC1(p) Ch(pi) i Yre). (324

Next we choose a family of sections v () with ¥ (0) = ¥ for t € (—¢, €) such
that

(3.23)

a()Ci(px + 1) Co(pi + Dy (t) = (1),

where a(0) = e**+R_Taking the derivative of this at ¢t = 0, we obtain

e PRCI(p)C2 ()Y + e RC1 (i) C(pi) Wk
= —a'(0)Ci(pK) C2(p) Vi — €*PRCi(pi) C2(pi) Y1 (0) + 1. (0).
Using this, (3.23), and (Y, ¥,) = 0, we can see that (3.24) equals
(=e*PEC1 (1) Co(pi) ¥ (0) + Y (0), Yre)
= (Y1 (0), ) — (¥ (0), e PECo (= p) Ci(=pi) ) = 0.

Hence, in the case of p; = py, all the terms in (3.20) are O(e“R). This completes
the proof of the first claim once we recall that ¥, = U, / INAR

For the second claim, recall that the eigenspaces of the e-values are spanned by
the sections defined by gluing (as in (3.19)) the elements in ker; 2> D; o, fori = 1,2
or the extended L2-solutions of D, whose limiting values lie in L; N L,. By
our assumption, this space is the same as ker Dg. For a section W given by gluing
elements in ker;2 D; o, the claim follows easily by applying Green’s formula as
before. For a section W given by gluing the extended L>-solutions of D; », whose



224 JINSUNG PARK & KRZYSZTOF P. WOJCIECHOWSKI

limiting values lie in Ly N L,, we use Theorem 3.8, which implies that such a W
is actually given by (3.19) for the couple (Y, px) with p; = 0. Hence, the claim
for this case can be proved as in the previous case of p; # p¢. This completes the
proof of the second claim. O

In general, the map Cyp := C2(0): (ker B)_ — (ker B)_ does not equal the iden-
tity map, but it is not difficult to see that

Ci(0) 0o C2(0)p = ¢ < pe(L1NLy)®(GL NGLy).
Putting
Iy =14iG: kerB — (kerB)_,

we see that 1. (LN L,) and I, (GL; N GL,) are the same subspace in (ker B)_.

PROPOSITION 3.7. The map Cyy equals the identity map when restricted to the
subspace 1, (LN L), and the multiplicity of the eigenvalue (+1) of the operator
Cp isdim(L; N Ly) =dim(/+(L; N Ly)).

Proof. Using the diagram
LiNL, —— (kerB)_
C1(0)oC2(O)l lCl(O)oCZ(O)
LiNLy — (kerB)_,

we can easily see that the first claim holds. To complete the proof, it is suffi-
cient to show that if C1(0) o C2(0)¢p = ¢ thenp € (L1 N L) & (GL N GL,).
For this, choose ¢ € Ly; then C{(0) o C2(0)¢p = ¢ implies ¢, = C1(0)p; =
C»(0) ¢, since C;(0)> = Id. Hence, this means that ¢, € L, andso ¢ € L{N L.
Repeating the same argument, if ¢_ € GL and C;(0) c C2(0)¢p— = ¢_, then ¢_ €
GL, N GL,. Since ker B = L; @ GL 1, this completes the proof. O

Now let us consider the eigenvalues A(R), which correspond to «j(0) = Oand k =
0 in the following equality (which is equivalent to (3.13)):

4AR + aj(A) =27k + O(e™F).

It is easy to see that such eigenvalues must be e-values. Hence, by Lemma 3.7 this
provides another proof of the following result, originally shown in [5].

THEOREM 3.8. The space of eigensections corresponding to those e-values not
determined by ker;2(D; ), 1 = 1,2, is given by the space L1 N L.

Now we consider the Dirac-type operator

Dr=d, +d;: @Qf(MR,vp) — @Qi(MR,%), (3.25)
i=0 i=0



Adiabatic Decomposition of the {-Determinant and Scattering Theory 225

where V, denotes the flat vector bundle defined by a unitary representation p of
m1(Mg). The dimension of ker Dy is constant with respect to R, since ker Dy is
the space of the twisted harmonic forms over My and since this space is always
isomorphic to the de Rham cohomology H*(Mg,V,) by Hodge’s theorem. More-
over, one can show that all the e-values of the operator Dg in (3.25) are the zero
eigenvalues by using the argument in [11, Sec. 4].

PROPOSITION 3.9.  For the operator Dg in (3.25), all the e-values of Dg are the
zero eigenvalues.

Proof. First observe that D;  is self-adjoint, so ker;2 D; o = ker;2 Dfoo and L;
is also the limiting value of extended L>-solutions of Di% - Let Alzi',oo be the re-
striction of Dfoo to 9(Mg,V,) and let

hj; = dimker;> A{ | +dimker;2 A% 4 dim L{ N LY, (3.26)

where the L{ are limiting values of the extended L?-solutions of A‘l].’oo. Then it is
sufficient to show that 57 := dim(ker D,% N QIMg,V,)) = h? . since By < hzl
by definition. For this, we use the Mayer—Vietoris sequence
= HU(Y) > HY(Mp)
— HI(M\ r) ® Hl(M>,g) > HIY) — -+, (3.27)

where HJ(M; r) denotes the absolute cohomology. (Here, for simplicity, the bun-
dle V, is omitted from the notation.) The space @Z:O Hg(Mi, r) can be identified
with the kernel of the operator D; r with the absolute boundary condition. In more
detail: the operator Dg = d, + d,; has the form

. (0 -1 0 dy +dy
pemira= (" e (0 T e
over Ny with respect to
Q*(Ng) E (Q*(Y) ® Q(Y)) ® C([—R, R],). (3.29)

Here dy and d} denote the restricted operator to Y of d,, and of its adjoint, respec-
tively. The operator D; g has the same form near the boundary and with respect
to (3.29). A section ¥ in Q*(M; ) over the cylinder near the boundary Y has the
form

U =Y, + V| Adu,

where W; has no du factor. Then the absolute boundary condition for D; p is
given by W; = 0. Similarly, the relative boundary condition for D; p is given by
Wy = 0. We denote by D/, D/  the resulting operators. Now recall that the
Cauchy data spaces H(D; r) of D; p are Lagrangian subspaces in Q*(Y) @ Q*(Y)
with respect to the symplectic form (G, -), where G = ((1) ’(1)) and (-, -) denotes
the inner product over Q*(Y) & Q*(Y). This now implies that Ho(D; g) :=
H(D; g) N (H*(Y) @ H*(Y)) are also Lagrangian subspaces in H*(Y) & H*(Y).
Moreover, the space H((D;, g) has the decomposition
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Ho(Digp) = A; R,

where A; and R; are the spaces spanned by the boundary values of ker D{; and
ker D} p (respectively) in H*(Y) & H*(Y). Decomposing A; = @;’;(1) A? and
R, = @Z;(l) R, where A?, RY are spaces of g-form parts, the Lagrangian sub-
space property of Ho(D; r) in H*(Y) @ H*(Y) implies that

HYY)= Al ® R]. (3.30)
By the exactness of (3.27), we also have
HY(Mg) = Im(H"'(Y) - H(Mg))
@ Im(HY(Mr) — HI(M r) ® HI(M> r))
~ (Imk9™ " @ kerk9,

where k7 is the boundary map from HJ(M, r) ® HI(M g) to H/(Y). Now we
summarize the consequences of the foregoing considerations. First, by (3.30),
we have

(Imk? Nt = A" + AT Y =R NRIT

Second, we note that ker k¢ contains the harmonic sections whose boundary values
are lying in AYN A% and the harmonic sections that can be extended as L2-solutions
of A? . Therefore,

dimkerk? > dim(A{ N A%) 4 dimker;» A{ |+ dimker;2 A% .
By these facts and the equality
dim(L? N L%) = dim(A? N AY) + dim(R! ™' N RITH,

we can conclude that 89 > h}, once we recall (3.26). This completes the proof.
O

Let Wy be a normalized eigensection of (D, g)p, corresponding to the s-value A =

A(R) with [L(R)| < R7¥, where « is a fixed constant such that 0 < ¥ < 1. Then

Dy rYr = AW, [Vl =1, Pi(Wrljpw=ryxy) =0. (3.3
The section Wx can be represented on [0, R], X Y C M| g as
W = e MYy + ey + g, (3.32)

where | € (ker B), and v, € (ker B)_ and where \ilR is a smooth L2-section or-
thogonal to ker B. The next result corresponds to Proposition 3.3, which can be
proved in the same way as [17, Prop. 8.14].

PROPOSITION 3.10.  The zero eigenmode e ~**yr) 4+ e, of the eigensection Wy
of s-value A(R) of (Dy,r)p, is nontrivial.
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Now we define
Iy =11xiG: ker B — (ker B)+,
L5, = I_|xer(o1+1) - ker(op +1) — (ker B) 4,
P, = 1(1—0y): ker B — ker(o) + 1),

and
So (A) = =Py 0 C1(A) o I, : ker(o1 + 1) — ker(oy + 1).

For ¢; in (3.32), by Lemma 3.4 there exists a unique ¢ € ker(o; + 1) such that
Y1 = ¢ — iG¢. As in the derivation of (3.7), we compare W with E(¢, L) and
then use Proposition 3.10 to obtain

ICI)Y1 = ¥all < ek (3.33)
By the boundary condition in (3.31), we have
e M RPy (Y1) = =Py, (Y2).
Combining this equation and (3.33) yields
1e**£85, (3¢ — @I < e=F
for ¢ € ker(oy + 1). We also define
L5, = 11 |ker(oat1) : ker(op +1) — (ker B)_,
P,, = 5(1—02): ker B — ker(os + 1),

and
Sey(A) 1= =Py, 0 C2(X) o I, : ker(op + 1) — ker(oy + 1),

where C,(}) is the scattering matrix defined from the generalized eigensection
over M3 ~. In the same way as before we can derive

le**XS5,(Mp — Il < e™F
for ¢ € ker(o, + 1). Now we introduce
Qi(R) := {p € R — {0} | det(e*™"S,,(p) —1d) = 0, |p| < R}

for i = 1,2. We repeat the argument used in [17] to prove the corresponding re-
sult for s-values of (D; r)p,, noting that all the arguments for the involution C;(0)
in [17] hold for the involution o;; thus we obtain the following result.

THEOREM 3.11.  Fori =1,2,let A{(R) < A2(R) < --- < Apr)(R) be the nonzero
eigenvalues, counted to multiplicity, of (D; r)p, that satisfy |Ax(R)| < R™, and
let p1(R) < p2(R) < -+ < pmr)(R) be the nonzero element, counted to multi-
plicity, of Q2;(R). Then there exist Ry and ¢ > 0, independent of R, such that for
R > Ry we have p(R) = m(R) and

IA(R) — pr(R)| < e™® for k=1,..., p(R).
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We now have the following proposition.

PrOPOSITION 3.12.  There is a natural isomorphism

ker(D; r)p, = kery2 D; oo D ker(o; —1) N L;
fori =1,2.

Proof. Let ¥ € ker(D; g)p,. Then the section W satisfies G(d, + B)¥ = 0 on
the cylinder [0, R], x Y, and it has the following representation when restricted to
this cylinder:
v = ¢0 + Z cje_”f”qu,
j>0

where (0; — 1)(¢9) = 0. We use this expansion to extend W to a smooth section
U on M,  satisfying Dl,oo\i/ = 0. This means that ¥ belongs to the space of the
extended L2-solutions of D1, and hence ¢ is an element of L. Let E(¢o, 1) be
the generalized eigensection attached to ¢. Then U — %E (¢0,0) is square inte-
grable and Dl,oo(\il — %E(q&o, 0)) = 0, and the map

U — (U — L E(¢0,0), ¢0)

gives the expected isomorphism. O

The restriction of S, := S5,(0) to ker(o; 4+ 1) Nker(C;(0) 4 1) is equal to the
identity map, and

dim(ker(o; 4+ 1) Nker(C;(0) 4+ 1)) = dim(ker(o; — 1) Nker(C;(0) — 1)).

It follows from Proposition 3.12 that the number of (4-1)-eigenspaces of S,, :=
S5, (0) is equal to the dimension of the subspace of ker (D; g)p, that is complemen-
tary to the subspace ker;2 D; o, fori =1,2.

Now we define our model operator. Let C: W — W denote a unitary operator
acting on a d-dimensional vector space W with eigenvalues ¢ for j = 1,...,d.
We introduce the operator D(C),

1d
D@ﬁ:—EJﬁCWSEdecﬂgﬁd, (3.34)
u

where E( is the flat vector bundle over S' = R/Z defined by the holonomy C, the
complex conjugate of C. The spectrum of D(C) is equal to

{mk —loj |keZ, j=1,...d}. (3.35)

The operators Cip, S, So, are the unitary operators acting on finite-dimensional
vector spaces. Hence we can define self-adjoint elliptic operators D(C12), D(S,,),
D(S,,) on Sh.

THEOREM 3.13. Assume that all the e-values of Dy are zero eigenvalues. Let
A(R) < X2(R) < -+ < Apw)(R) be the nonzero eigenvalues, counted to multi-
plicity, of Dg that satisfy |A(R)| < R™", and let Ay < Ay < -+ < Ay(r) be the
nonzero eigenvalues, counted to multiplicity, of D(Cy,) that satisfy |A| < 2R'™*.
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Then there exist Ry and C > 0, independent of R, such that for R > Ry we have
p(R) =n(R) and

[2RAk(R) — A¢] < CR™* for k=1,..., p(R).
A similar statement holds for (D; gr)p, and D(S,,) with the relation
|[RA(R) — x| S CR™* for k=1,...,pi(R),
where p;(R) is the number of s-values of (D; g)p, with |A(R)| < R™*.

Proof. First we introduce
Q*(R) == {p €R — {0} | det(e***Cp —1d) = 0, |p| < R™}.
By definition, this set consists of the nonzero solution p; of
4AR + j(0) =27k with |A] < R7", (3.36)

where ¢/ © for j =1,..., hy/2 are the eigenvalues of Cj; = C12(0). Now, for an
element p; x in 2 (R) defined in (3.12), one can show (as near (3.14)) that if R >
0 then there is the corresponding solution p;', of

4AR + a;j(0) =27k with [A] < R™* + R7'7X
noting that |a;(A) — «;(0)| < cR™ for a positive constant c. Since |pjx — o] ;| <
cR ™=, this gives a one-to-one correspondence from 2 (R) to Q*(Ry) with Ry =
R+ R~ for R > 0. Now observe that, for any pair of p;k * p;.‘/yk/ in Q*(R),
we have |pj’.fk — ,o;,’k,| > aoR ! for a positive constant a. Hence, for R > 0, this
implies that Q*(R) = Q*(Ro) with R;“ = R™" + R~ In conclusion, there is a
one-to-one correspondence between 2 (R) and 2*(R) for R > 0 with the relation
lpk — p] < cR7'X,
where p; < -+ < ppr) (resp. pf < -+ < ,o;:(R)) denotes the elements, counted
to multiplicity, of Q(R) (resp. Q*(R)). For p* € Q*(R), the map p* — 2Rp*
gives a one-to-one correspondence from Q*(R) to the subset of the eigenvalues

X of D(Cyp) with || < 2R'~*. Applying Theorem 3.5 now completes the proof
for s-values for Dg. The case of (D; r)p, can be proved in the same way. O

4. Large Time Contribution
In this section we prove the following proposition.

PROPOSITION 4.1.
o0

lim 1 7' [Tr(exp{—1Dg} — exp{—1(Dy,g)},}
R—0o0 R2-¢
— exp{—1(D1,g)3,}) — hldt — h(y —¢& -1og R)
d

ds

1 o0
= fo ¢ Tr(expl—1 1 D(C)?)
— exp{—1D(S,,)*} — exp{—tD(S,,)*}) — hldt,
where h = dim(L{ N Ly) — dim(L{ Nker(o; — 1)) — dim(L, Nker(o, — 1)).

s=0
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Recalling that

¢f(s)

s=0

- / 1 [Tr(exp(—1D2) — expl—1(Dy )2, ) — expl—1(Ds p)3,)) — hldr,
R

ds

2—¢

Proposition 4.1 immediately implies that the large time contribution to the adia-
batic decomposition formula for the ¢-determinant is equal to

det; +D(Cpp)?
det; D(S,,)? - dety D(S,)?

We start with the following result.

PROPOSITION 4.2.  The following equality holds:

1
s=0 F(S)

R—E
/ F Tr(exp{—1 1 D(C)?) — exp{—1D(S0)?)
0
— exp{—tD(S,,)*}) — h]dt

. <d
lim [ —
R—oo\ ds

+ h(y —8.logR)> = 0.

Proof. Recalling the definition of D(C) in (3.34), we can see that if £ is one of
D(Cp)% D(S,,)% and D(S,,)? then

h
Tr(e ') ~ \/?Ty +O(Vt) neart =0,

since hy = 2dim(ker B)_ = 2dimker(o; + 1). Hence there exists a constant c;
such that

|Tr(exp{—tD(Cp)*} — exp{—tD(S,,)*} — exp{—tD(55,)*})|
<c1W/f nearr =0. (4.1)
This allows us to estimate

d

[
— s —tiD(Cp)?
R F(s)/o "7 Tr(exp{—13D(C2)"}

— exp{—tD(S,,)*} — exp{—tD(S,,)*}) dt

s=0

Combining this inequality with

d
ds

I
—_— t*7dr =h(y —e-logR)
o T(s) /0 Y s

completes the proof. UJ
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It follows from Proposition 4.2 that Proposition 4.1 is equivalent to

[o.¢]
Jim | 7 (Tr(exp{—tDg} — exp{—1(D1,»)p,} — exp{—t(Da,p)p,}) — hldt
— R2-¢
= lim i L OotS’I[Tr(exp{—tlD(Clz)z}—exp{—tD(S )2}
R—o0 ds $5=0 F(S) R—¢ 4 al

— exp{—tD(S,,)*}) — hldt. 4.2)
Now using a change of variables yields
[, T exp(=1D3) — expl-1(Dy0)},) — expl-1(Da. ) — hlds
R2—¢

o0

:/ t7'[Tr(exp{—tR*Dg} — exp{—1R*(Dy p)}, }
o — exp{—1R*(D2,0)3,)) — hldt.

Then (4.2) is equivalent to

oo

Jim t7'[Tr(exp{—tR* Dy} — exp{—1R*(Dy p)}, }
-0 R—¢
— exp{—tR*(Dy,p)3,)) — hldt

[e¢]

$5=0 I'(s) Jr-

. d

= lim —
R—o0 ds

[ Tr(exp{—15 D(C2)*} — exp{—1D(S4,)*}
— exp{—tD(S,,)*}) — h]dt. (4.3)

Next we split
Tr(exp{—tR* Dy} — exp{—tR*(D1,r)p,} — exp{—tR*(D2,r)p,}) — h
into two parts as follows:
Tr; r(exp{—tR* Dy} — exp{—tR*(D1 )3} — exp{—tR*(D2,r)p, )
Try, r(exp{—tR>* D3} — CXP{—fRz(DI,R)IZJI} - CXP{—tRZ(Dz,R)IZJz})’

where Tr; g(-) (resp. Try; r(+)) is the part of the trace restricted to the eigenvalues
of R?D2, RZ(DLR)I%I, and RZ(DZ’R)I%2 that are larger than (resp. smaller than
or equal to) R'2 The next proposition shows that Tr; g(-) can be neglected as
R — oc.

PrOPOSITION 4.3.  We have the estimate
o0
/ 7' Ty g(exp{—tR* Dy} — exp{—tR*(Dy p)}, }
R

— exp{—tR*(D1,p)p,}) dt < c1exp{—c;R"*™}

for some positive constants ci, c;.

Proof. Let )»,{O(R)2 denote the smallest large eigenvalue of D2, that is, the small-
est [-value with A, (R)*> > R~3/2 We now estimate Tr; z(exp{—tR>D3}) as
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Tr; g(exp{—tR*Dy})

= Y exp(—tRM3}= Y exp(—(tR* — Di}}exp{—1})

R>R-32 2>R32
<exp(—(tR* = DAL} Y exp(—A})
A2 >R-32
k
< exp{—(tR* — 2} } Tr(exp{—Dz})
< biRexp{—(tR* — DR™?} < byRexp|{—b>tV/R}

for some positive constants b; and b,. Hence we have

o0
/ ! Tr;, R(exp{—tRzD,%}) dt
Ree

—&

o0
< f t7'biR exp|{—byt+/R } dt
R

—&

b o
< —IRI/Z“/ exp{—v}dv < byexp{—bsRY*7¢}.
b2 ble/Z—s
The trace Try, R(exp{—tRz(D,-, R),z,i }) fori = 1,2 can be estimated in the same way.
This completes the proof. O

We also split Tr(exp{—t%D(C12)2} — exp{—tD(Ss,)?} — exp{—tD(S,,)*}) — h
into two parts:

Try, r(exp{—1§ D(Cpp)*} — exp{—tD(S,,)*} — exp{—tD(S,,)*}),
Tryy, r(exp{—1; D(Cp)*} — exp{—1D(S,,)*} — exp{—tD(5,,)*}),

where Tr; g(-) (resp. Try; r(+)) is taken over the nonzero eigenvalues of iD(Clz)z,
D(S,,)% and D(S,,)? that are larger than (resp. smaller than or equal to) R'/2. The
following proposition corresponds to Proposition 4.3, and its proof is essentially
the same as the proof of that result.

PROPOSITION 4.4.  There exist positive constants ci, ¢y such that
oo
/ 17 Ty r(exp{—1 ; D(C12)*} — exp{—tD(S,,)%}
—exp{—tD(S,,)*}) dt < cjexp{—caR"*7¢}.
By Propositions 4.3 and 4.4, we can see that the equality (4.3) is equivalent to
o0
Jim (f 17" Tryy, g(exp{—tR* Dy} — exp{—tR*(D1,r)p,}
— 00 R—¢
— exp{—1R*(Dy,p)},)) dt

- / 1V Tty gexpl—1 L D(Cia)?) — exp(—tD(Sy)?)
R

— exp{—tD(S,,)*}) dt) =0. (4.4)

Equation (4.4) is a consequence of the next result.
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ProOPOSITION 4.5.  For sufficiently large R, there exist positive constants ci,cy,
independent of R and t, such that

| Ty, r(exp{—1R*Dg}) — Tryp rexp{~1 ; D(Ci2)* )| < citR™* exp{—cat}
and

| Try1, r(exp{—1R*(D; )3, }) — Trir, r(exp{—1D(S5,)*})| < c1tR™/* exp{—ca1}

foranyt > 0.
Proof. We use the analysis of s-values developed in Section 3 and fix k = %. It
follows from Theorem 3.13 that, for any eigenvalue A(R) of Dg with |[L(R)| <

R34 there exists an analytic function « (1) such that

RA(R) = Aj + 1A(R)a(M(R)) 4+ O(e™ "),
where ; is an eigenvalue of 1D(C}y) with [A;| < R"* Hence there exist func-
tions ¢(R),d(R) and a constant C > 0 such that

c(R) d(R)

2 2 _ 42 )
REMR)" =25 + 4, R34 T R32

with |c(R)| < C and |d(R)| < C

for any sufficiently large R. We use the elementary inequality e ™ — 1| < |A|e!*!
to obtain
lexp{—tR*A(R)*} — exp{—1}|

= lexp{—1A7Hexp{—t[R*A(R)* — 31} — D)

[Ajc(R)| | |d(R)] [Ajc(R)|  |d(R)]
5( jRa/4 + R3/2 >texp{—(k§— jR3/4 T TR )t}

c 1,2
< _R1/2teXp{_§)‘jt}

for R > 0. In the last inequality we used the fact that [A;| < R'* Let us fix a suf-
ficiently large R. We take the sum over finitely many eigenvalues )% of %D(C 12)?
with )\3 < RY2? and thus obtain

|Tryr, r(exp{—tR*Dy}) — TTII,R(eXP{—fﬁD(Clz)Z}N

The operator %D( C1»)? is a Laplace-type operator over S', so the number of eigen-
values )»% of %D(C 12)? with )% < R'? can be estimated by R/, Therefore,

o 1,2 ! 1/4 142
CRI/Z § : exp{—;Ajt} < ¢ R1/2R/ exp{—3Ait},
A2<RI/2
2<

where )L% denotes the first nonzero eigenvalue of iD(Clz)z. Note that ¢; and A%
are independent of R. This proves the first claim once we put ¢, = %A%; the proof
of the second claim goes in the same way. UJ
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The proof of Proposition 4.1 is now complete.
Proof of Theorem 1.1. Now Proposition 2.5 and Proposition 4.1 give us the equality
Jim (60 +h(y + 2= ¢) -log R) + (5)'(0) = h(y — ¢ - log R))

_d
T ds

b
s=0T'(s)

oo
| e mrexp-rh D€ — expl-1D(S,))
0
— exp{—tD(S5,)*}) — hldt + £52(0) - log 2.
By an elementary computation (see e.g. [15, Prop. 2.2]) we can derive

21d — Cpp — Cp'
4 B
21d — S,, — s;>

1
det, ZD(CQV = hr+2hu det*(
(4.5)
4

Combining these three equalities provides us with the final formula (1.10) in The-
orem 1.1.

det; D(S,,)> = 2" det*(

5. A Proof of the Decomposition Formula
of the n-Invariant

In this section we offer a new proof of the decomposition formula for the -
invariant. This formula has been proved by several authors (see [3; 4; 9; 12; 13; 16;
18; 23]), and the proof we discuss in this section is not the simplest one. Still we
believe that it is worthwhile to present this “scattering” approach to the decompo-
sition of the n-invariant. The key in our proof is to show that the scattering data
provide us with the contribution given by the boundary conditions in the decom-
position formula for the n-invariant.

We remind the reader that the n-function of a Dirac operator D on a closed
manifold M, introduced in [1], is defined as

no(s) = Y sign(i)lrel ™,

rx#0

where the sum is taken over all nonzero eigenvalues of D. The n-function is well-
defined for 9i(s) large; it has a meromorphic extension to the whole complex plane
and s = 0 is aregular point, so 1p(0) is well-defined. Following [1], we introduce
the n-invariant of D as

n(D) = 1 - (np(0) + dimker D). (5.1

Now, let us assume that we have a decomposition of a closed odd-dimensional
manifold M to MU M, as described in Section 1. For D; := D], we impose the
boundary conditions given by the generalized APS spectral projections P; defined
in (1.6). Then the n-function of (D;)p, is also well-defined and has the same prop-
erties as the n-function of the Dirac operator on a closed manifold; in particular,
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the n-function of (D;)p, is regular at s = 0. Hence, we can define the n-invariant
of (D;)p, as in (5.1). The following result has been proved by several authors.

THEOREM 5.1.  We have
n(D) = n((D1)p,) + n((D2)p,) + n(D; 01,02) mod Z; (5.2)

here n(D; o1,0,) denotes the n-invariant of the operator D = G (9, + B) over
N = [—1,1] x Y, subject to the boundary condition P, atu = —l and Py atu = 1.

For the involution o; that defines P; in (1.6), observe that
U = o010,: ker B — ker B

is the unitary operator such that UG = GU, detU = 1, and U* = o,Uo. It fol-
lows that the spectrum of U is invariant under complex conjugation. Moreover, the
maps Uy = Ulern), : (ker B)x — (ker B). are well-defined. The following
result, proved in [14, Sec. 2], was the key ingredient in the proof of Theorem 5.1.

ProPOSITION 5.2.  We have

1
n(D; o1,072) = —Tlogdet(—UJr) mod Z. (5.3)
i

One way to prove the decomposition formula (5.2) is to use the adiabatic analysis
developed in the proof of Theorem 1.1. That analysis easily gives us the following
theorem.

THEOREM 5.3.  The following formula for the n-invariant holds:

(D) = n((Do)p,) = n((D2)p,)
=n(D(C2)) —n(D(Ss)) — n(D(Ss,)) modZ. (5.4)

Proof. We repeat the corresponding argument used to derive Theorem 1.1 for the
n-invariant in order to obtain the expected formula

lim (31(Dr) = (D1, 00p) = 1(D2. 1))}
= 1(D(C)) = 1(D(Sz,)) = N(D(Ss)) mod .

We can now use that n(Dg) and n((D; r)p;) are independent of R modulo the
integers (see [17, Prop. 2.16]) to complete the proof. UJ

Now we need to show that
n(D; 01,02) = n(D(Cr2)) — n(D(Ss,)) — n(D(Ss,)) mod Z.

For this, note that the scattering matrix C; = C;(0) can be represented as

B 0 C@)- , N
C; = (C(i)+ 0 ), where C(i)+C(i)z =1d,

with respect to the decomposition ker B = (ker B) & (ker B)_. We see that
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Cpp = C(1).C(2)_: (ker B)_ — (ker B)_. (5.5)

Similar formulas hold for the involutions o;, and we have

_ _ o 1d o —e(l)- 0 C(_\/21d 0
StTl__PU]OC]OIO‘I_ 2(_0_(1)+ Id )(C(1)+ 0 )( 0 0)

_(o()_C)s 0
_< —c(), 0)'

We can also see that each element of ker (o74-1) is represented in the form ( 70({” 7 )
for some f € (ker B). This allows us to represent the map S,, over ker(o; +1) as

S( f ):(a(l)_ca)+ 0>( f )
N\ —o(), f —C(hy 0)\—-o(),f

_( o(D-CM)4f )
“\—oMyoM-CMD+f)

Therefore, from the spectral point of view, the operator Sy, is equal to the operator
o()-C(1)4: (ker B)y — (ker B);
or (equivalently) to the operator
C();o()_: (ker B)_ — (ker B)_.
The corresponding analysis for the operator S,, implies that S,, is equivalent to
0(2);:C(2)-: (ker B)_ — (kerB)_ or
C(2)_0(2)y: (ker By — (ker B)..

Combining these with (5.5) yields

det(Cr2)

det(S,,) det(Syy) det(o(D+0(2)-). (5.6)

For the operator D(C) on S' defined by a unitary map C in (3.34),
n(D(C)) = —%m.logdet(—c_‘) mod Z 5.7
(see Theorem 2.1 and Lemma 2.3 in [14]). If we combine (5.6) and (5.7) then
(D (Ci2)) = 1(D(55))) = n(D(Sc,)) = —% logdet(~0(1)10(2)-) mod Z.

Noting that det(—o (1) ;0 (2)_) = det(—o(1)_o(2)+), the foregoing and Proposi-
tion 5.2 yield a proof of the following theorem.

THEOREM 5.4.

n(D; 01,02) = n(D(Cr2)) — n(D(Ss))) — n(D(Ss,)) mod Z. (5.8)
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