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Stable Commutator Length of a Dehn Twist

MUusTAFA KORKMAZ

0. Introduction

The purpose of this paper is to prove that, in the mapping class group of an ori-
entable surface, the stable commutator length of a Dehn twist about a simple closed
curve not bounding a disc with punctures is positive for every g. We also give an
upper bound for this length. The result gives an asymptotic estimate to Prob-
lem 2.13(B)(C)(D) in Kirby’s problem book [8].

The upper bound for the stable commutator length of a Dehn twist is given based
on known results. In the nonseparating case, however, we derive a better upper
bound by proving that the tenth power of such a Dehn twist is a product of two
commutators, which is an interesting result itself.

It was shown by Farb, Lubotzky, and Minsky [6] that the growth rate of a Dehn
twist on an orientable surface of genus at least 1 is linear, answering a question of
Ivanov (cf. [8, Prob. 2.16]). As an application of our main result we give a new
proof of this fact by extending it to the genus-0 case.

The positivity of the stable commutator length of a Dehn twist about a separat-
ing simple closed curve was proved by Endo and Kotschick [5]. They concluded
from this that the mapping class groups are not uniformly perfect and that the nat-
ural map from the second bounded cohomology to the ordinary cohomology of
the mapping class group is not injective, which verified two conjectures of Morita
(cf. [14, Conj. 6.19, 6.21]). Endo and Kotschick use Seiberg—Witten theory in the
proof of their main result.

The main idea of our proof of the main result in this paper is to use the han-
dlebody decomposition of a 4-manifold admitting a Lefschetz fibration. This was
suggested to the author by Stipsicz for a signature computation in [9]. In the com-
putation we use the symplectic Parshin—Arakelov inequality of Li [12] to prove
the nonexistence of certain Lefschetz fibrations.

Donaldson [3] proved that every symplectic 4-manifold admits a Lefschetz fi-
bration after perhaps blowing up. Conversely, Gompf [7] showed that the total
space of every genus-g Lefschetz fibration admits a symplectic structure provided
g > 2. This gives a combinatorial approach to symplectic 4-manifolds through
certain relations in mapping class groups. But understanding the relations in map-
ping class groups is not so easy. Usually, information in mapping class groups
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gives information about the corresponding 4-manifolds. Examples of such appli-
cations are given in [4; 9; 10]. The present paper, however, gives an application in
the reverse direction.

This paper has grown from a question of Andras Stipsicz, who asked the au-
thor whether the mapping class groups were uniformly perfect. The author thanks
him and Dieter Kotschick for their comments on the content of this paper and also
thanks the referee for making helpful suggestions.

1. Preliminaries

For a compact orientable surface S of genus g with p marked points (which we
call punctures) and ¢ boundary components, we denote by Modj , the mapping
class group of S, the group of isotopy classes of orientation-preserving diffeomor-
phisms S — S that restrict to the identity on the boundary and preserve the set
of punctures. The isotopies are also assumed to be the identity on the boundary
and punctures. If p and/or g is zero then we omit it from the notation, so that, for
example, Mod, denotes Modg,o.

Let S be an oriented surface. A simple closed curve a on S is called trivial if
it bounds either a disc or a disc with one puncture. For every simple closed curve
a on S, there is a well-known diffeomorphism called the (right) Dehn twist about
a, denoted by ¢,, obtained by cutting the surface along a and twisting one of the
sides to the right by 27 and then gluing the two sides back. A diffeomorphism and
its isotopy class are denoted by the same symbol, and similarly for simple closed
curves. For a Dehn twist #,, we always assume that a is nontrivial as the Dehn
twist about a trivial simple closed curve is itself trivial in the mapping class group.

We first state the next lemma, which is elementary and will be used in the se-
quel. A proof of it can be found in [15, Thm. F, p. xiii].

LEmMA 1.1.  Let {a,} be a sequence of real numbers with nonnegative terms such
that aym < a, + a,, for every n and m. Then the limit lim,,_, ., (a,/n) exists.

For a group G let [G, G] denote the commutator subgroup, the subgroup of G gen-
erated by all commutators [a, b] = aba™'b~' fora, b € G. For x € [G, G], we de-
fine the commutator length c(x) of x to be the minimum number of factors needed
to express x as a product of commutators. Clearly, c(x"™™) < c(x") + c(x™).
Therefore, we can define
.oc(x™)
x| = lim ,
n—o0 n

which is called the stable commutator length of x.

Recall that for a group G, the first homology group H(G) of G with integer
coefficients is isomorphic to the derived quotient group G/[G, G].

The next theorem and its corollary will be useful to us.

THEOREM 1.2 [2]. Let G be a group and let u, v € G. Then [u, v]* can be writ-
ten as a product of E (%) + 1 commutators, where E (%) denotes the integer part

k
()f 3-
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COROLLARY 1.3 [1]. Let G be a group and let uy, vy, us, va, ..., u,, v, be ele-
ments of G. Then ([uy, vi]{usz, v2]---[u,, v, ¥ can be written as a product of
k(ir—1) + E(g) + 1 commutators.

Proof. The proof follows from (uv)* = (uvu™")@?vu=?)--- W vu*)u* and
Theorem 1.2. U

2. The Main Result

It is well known that the mapping class group Mod, is perfect when g > 3 (cf.
[16]). Hence, every element, in particular each Dehn twist, is a product of com-
mutators. In the case of g = 2, H;(Mod,) is isomorphic to the cyclic group of
order 10 and is generated by the class of any Dehn twist about a nonseparating
simple closed curve. A Dehn twist 7, in Mod, is not contained in the commutator
subgroup, but tcllo is. Hence, we can talk about ||t;0 || in this case.

Our main result is the following theorem.

THEOREM 2.1.  Let S be a closed connected oriented surface of genus g > 2 and

let a be a nontrivial simple closed curve on S. Then ||t,|| > ISg%() ifg > 3and
21l = 5 ifg = 2.

Proof. Suppose first that g > 3. We assume to the contrary that ||z,]| < ISg%6'
Choose a rational number r with ||#,]| < r < 13;;%6 Then there exists an arbitrar-
ily large positive integer n such that rn is an integer and ¢/ can be written as a
product of rn commutators. This gives a relatively minimal genus-g Lefschetz fi-
bration over a closed orientable surface X of genus rn with the vanishing cycle a
repeated n times as follows (we refer the reader to [7] for the details of the the-
ory of Lefschetz fibrations). Consider D? x S, where D? is the 2-disc. Attach
n 2-handles to 3D? x S along the simple closed curve a with —1 framing rela-
tive to the product framing. This gives a relatively minimal genus-g Lefschetz
fibration X; — D? with monodromy #" along the boundary 9D Since 1 is a
product of rn commutators, there is a surface bundle X, with fibers S over an
orientable surface of genus rn with one boundary component such that the mon-
odromy along the boundary is #;. The boundary of X; and X, are genus-g surface
bundles over S! with monodromy #". Now glue X; and X, via a fiber-preserving,
orientation-reversing diffeomorphism between boundaries to obtain a relatively
minimal Lefschetz fibration X — ¥ over a closed connected orientable surface
% with the generic fiber S.
The Euler characteristic of X is easily computed to be

X(X)=4(g—D(rn—1)+n=4grn—4rn —4g +4+n.

Also, it follows from the construction that b1(X) < 2g + 2rn.

We now give a lower bound for b5 (X). Foreachi =1,2,...,n — 1, the cores
of the ith and (i + 1)th 2-handles attached along a give a sphere S; whose self-
intersection is —2. If [S;] denotes the homology class in H>(X; R) of S;, then
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[Si1[Si+1] = &1 and [S;][S;] = O for |i — j| > 2, since the attaching regions of
2-handles can be chosen to be disjoint. We can orient S; so that [S;][S;+1] = —1.
It follows that the homology classes [S}], ..., [S,—1] are linearly independent and
form a basis for an (n — 1)-dimensional subspace V of H,(X; R). Hence, the ma-
trix of the intersection form restricted to V in this basis is the matrix —A, where

2100 -+ 00

1210 --- 00

01 2 1 0 0
A=

0000 --- 21

0000 --- 1 2

It is easy to check that the matrix A is positive definite. Therefore, the restriction
of the intersection form to V is negative definite. It follows that

by (X)>=n—1
An easy computation gives an upper bound for 53 (X):
n—1+b3(X) <by(X)
= x(X)+2bi(X)—2
<d4grn —4rn—4g+4+n+2Q2g+2rn) =2
<d4grn+n+2.

Hence,
b'z"(X) <d4grn+ 3.

From these inequalities we obtain an upper bound for the signature of X,
o(X) <4grn —n+4.

On the other hand, following an argument of Kotschick [11], Li proved in [12]
that
2(g — D(rn — 1) < ¢ (X).

Hence, we obtain
2(g = D(rn = 1) < ¢{(X)
=30(X) +2x(X)
<3(grn—n+4)+24grn—4rn—4g+4+n)
= 20grn — 8rn —n + 20 — 8g.
As a result, we conclude that there exists an arbitrarily large » such that
0<[(18g —6)r —1]n + 18 — 6g.

Since (18 g — 6)r — 11is negative, this is a contradiction and so proves the theorem
for g > 3.
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If S is a closed surface of genus 2, then repeating the foregoing proof by taking
n as a multiple of 10 completes the proof. O

REMARK 2.2. T had originally proved that the stable commutator length of a
Dehn twist in the theorem is greater than or equal to 20;—78, using the inequality
clz(X ) > 0 proved in [17]. The improvement was kindly suggested by Kotschick
and Stipsicz.

COROLLARY 2.3. Let S be a connected orientable surface of genus g > 0 with
p punctures and q boundary components such that g + q > 2. Let a be a simple
closed curve on S not bounding a disc with punctures. Suppose that tff is in the
commutator subgroup of ModZ,,,. Then ||tf|| > 0.

Proof. Let us glue a torus with one boundary component along each boundary
component of S. By forgetting the punctures, we get a closed surface R of genus
g + ¢q. The circle a is now nontrivial on R. In this way we have a map F from the
mapping class group of S to that of R. Clearly, c(t!f) > c(F(t,)%). Since F(z,) is
a Dehn twist about the nontrivial simple closed curve a on R, the corollary fol-
lows from ||t§|| > || F(t,)*|| and Theorem 2.1. O

It was shown in [10] that the commutator length of a Dehn twist is 2. Theorem 2.1
and Theorem 1.2 give the corollary.

COROLLARY 2.4. Let S be a closed orientable surface of genus g > 2, and let a
be a nontrivial simple closed curve on S. Then the element t* of Mod, cannot be
a commutator if k > 9g — 3.

Proof. Assume that ¢} is a commutator. Then X" is a product of E(%) + 1 com-
mutators, that is, c(tc’}k) < E (%) + 1. Dividing both sides by kn and taking the
limit as n tends to infinity gives the desired contradiction k < 9g — 3. OJ

3. An Upper Bound for ||z,]|

In this section we give an upper bound for ||z,|| for a simple closed curve a. In the
case where a is nonseparating, we obtain a better upper bound by proving that the
tenth power 71° of a Dehn twist 7, is a product of two commutators.

The next lemma is well known.

LEMMA 3.1. Let a and b be two simple closed curves on an oriented surface S.

(a) If a is disjoint from b, then t, commutes with tp.
(b) If a intersects b transversely at only one point, then t,tpt, = tpt,tp.

LEmMMA 3.2. Let S be a connected oriented surface, and let a, b, c,d be four
simple closed curves on S such that there exists an orientation-preserving diffeo-
morphism of S mapping a and b to d and c, respectively. Then tatb_]tctd_] is a
commutator.
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Proof. Let g be the isotopy class of a diffeomorphism mapping @ and b to d and c.
Then
1, -1 _ . -1 o R P J B R |
taly Tely = taly Tetylyqy = taly, 81pty 8 = [taty , gl O

THEOREM 3.3. Let S be a connected oriented surface of genus g > 2 and let a
be a nonseparating simple closed curve on S. Then t\° can be written as a product
of two commutators.

Proof. Since Dehn twists about two nonseparating simple closed curves are con-
jugate and since a conjugate of a commutator is again a commutator, it suffices to
prove the theorem for some nonseparating simple closed curve.

Let ay, a», a3 be three nonseparating simple closed curves on S such that a, in-
tersects a; and aj transversely only once, a; is disjoint from a3, and a; U a3 does
not disconnect S. A regular neighborhood a; U a; U aj is a torus with two bound-
ary components, say a4 and as, that are nonseparating on S. Clearly, a4 and as
are disjoint from ay, a, a3 and also from each other. Let us denote #,, by ¢;. Itis
well known that 7415 = (#1t213)*. Using Lemma 3.1, we obtain

tats = (hi1213)(fit213) (fit2t3) (112 13)
= (tit20)(131213) (t11211) (83 1213)
= (21112) (12 t312) (12 0182) (P2 1312).
Conjugating with ¢ Dyields
tats = LIyt t3latr 110 13101
= 11(t31315 ) oty (151315 7) 15 'S,

If we let @ = #3(a3) and B = 13 (a3) then we obtain the equality

(tat] 15ty = 13 (115 1515 )15,

The curves a4 and as do not intersect o and a;. Because the complements of
as U« and as U a; are connected, there is an orientation-preserving diffeomor-
phism taking a4 and « to a; and as, respectively. The curve a, intersects a; and
B transversely at one point. Hence, there is an orientation-preserving diffeomor-
phism mapping a; and a, to a, and 8, respectively. By Lemma 3.2, each parenthe-
sis is a commutator. Since the conjugate of a commutator is again a commutator,
the proof is complete. O

THEOREM 3.4. Let S be a connected oriented surface of genus g > 2 and let a
be a simple closed curve on S.

(a) If a is nonseparating, then ||t,|| < 23—0 when g > 3 and ||t;0|| < % when g = 2.
(b) If a is separating, then ||t,|| < % when g > 3.

Proof. If a is nonseparating then, by Theorem 3.3 and Corollary 1.3, the element
téo" can be written as a product of n + E (%) + 1 commutators. Part (a) follows
from this.
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For (b), if a is separating then tg is a product of two commutators [10]. It fol-
lows now from Corollary 1.3 that ||z,|| < %. O

REMARK 3.5. In the case of an oriented surface of genus 2, if a is a separating
simple closed curve such that one of the components of the complement of a has
genus g > 2, then it is easy to conclude from the proof of [10, Prop. 10] that ¢>
can be written as a product of two commutators. It follows that |7,]| < %.

If the genera of both components of the complement of a are 1, then ¢ is in
the commutator subgroup of Mod,. There are two nonseparating simple closed
curves b, ¢ on S intersecting each other at one point such thatz, = (¢, t.)%. Ttcan be
shown from this that t[f is a product of 21 commutators. It follows that ||ta5 I < %.

4. An Application: Growth Rate of Dehn Twists

It is well known that the mapping class groups are finitely presented (cf. [18]). For
a finite generating set A of Mod? ,, let d denote the corresponding word metric
on Modj ,. That is, if f, g € Mod} , then

d(f,g) =min{n | g7'f = x1x2---x,, x; € Al

In [6], Farb, Lubotzky, and Minsky proved that if g > 1 then Dehn twists in the
mapping class group Modj , have linear growth rate. That is, the limit

. d(g, D)
lim
n—00 n
is positive. Here, we give another proof of this fact and extend it to the genus-0
case. Note that this limit depends on the choice of the generating set, but the pos-
itivity of it does not.

THEOREM 4.1. Let S be a connected oriented surface of genus g with p punc-
tures and q boundary components. Suppose that g +q > 2 and (g,q) # (2,0).
If a is a simple closed curve on S not bounding a disc with punctures, then for any
finite generating set of the mapping class group the limit

lim d(t D

n—00 n

is positive; that is, the growth rate of d(t}}, 1) is linear.

Proof. Suppose first that S is a closed surface so that g > 3. Let A be a finite
generating set for the mapping class group Mod,. Since Mod, is perfect, every
element in Mod, is a product of commutators. Let k be a positive integer such
that each element of A can be written as a product of kK commutators. Thus, f] can
be written as a product of kd (¢}, 1) commutators for any positive integer n. Hence
c(t]) < kd(t]), 1). It follows that

dag D) _ 1
1 —
im — k ll7al

n—oo

and so, by Theorem 2.1, the limit is positive.
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In the general case, let us glue a surface of genus 2 with one boundary to S along
each boundary component of S and forget the punctures. Let A be a finite gener-
ating set for Mod§ ,. As in the proof of Corollary 2.3, this gives a homomorphism
F: Modj , — Mod,,. Extend F(A) to a finite generating set B for Mod,_,.
Clearly, we have d(t, 1) > d(F(t,)", 1) with respect to the generating sets A and
B. Since F(t,) is a Dehn twist about a nontrivial simple closed curve on a closed
surface, the proof follows from the closed case. UJ

5. A Question

We end with a question, which arises from the topology of the Stein fillings of a
contact 3-manifold. Let S be an oriented surface with one boundary component,
and let aj, as, ... be a sequence of nonseparating simple closed curves on S. We
ask whether there exists a positive integer N such that

c(tatay +ta,) = Nn.
More generally, does the limit

. c(talag, 1
lim (alaz a,,)

n—o00 n

exist? If it does, is it positive (for any choice of a;)? Note that, if all a,, are equal,
then we have already proved that there exists such an N.
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