TAMING POLYHEDRA IN THE TRIVIAL RANGE
John L. Bryant

1. INTRODUCTION

One of the major problems in topology is that of determining the equivalence
classes in the set of imbeddings of one topological space into another, under some
suitable definition of equivalence of two imbeddings. In the special case in which the
domain space is a polyhedron of dimension k and the imbedding space is a combina-
torial n-manifold (without boundary), it has been shown [1], [11] that whenever
2k + 2 < n, then any two “sufficiently close” piecewise linear imbeddings are equiva-
lent by an ambient isotopy. Gluck [8], [9], Greathouse [10], and Homma [12] showed
that under the same conditions, each locally tame imbedding is equivalent to a
piecewise linear imbedding by a homeomorphism of the manifold onto itself. Indeed,
Gluck [8], [9] went further to show that this equivalence can actually be realized by
an ambient isotopy.

The purpose here is to show that for 2k + 2 < n, the set of locally tame imbed-
dings of a k-dimensional polyhedron into a combinatorial n-manifold is actually
larger than it appears to be at first. The following is our main theorem.

THEOREM 1. Suppose f is an imbedding of a k-dimensional polyhedvon XX
into a combinatorial n-manifold M®, wheve 2k + 2 < n, and P is a tame polyhedron

in M™, with dim P S% - 1, such that F | (XX - £-1(P)) is locally tame. Then f is

e-tame.

2. DEFINITIONS

A k-dimensional polyhedron is the underlying space of some finite k-dimension-
al simplicial complex; it will usually be denoted by XX. A combinatorial n-manifold
is a locally finite simplicial complex for which the link of each vertex is combina-
torially equivalent to the boundary of the standard n-simplex (that is, we shall only
consider manifolds without boundary), and it will usually be denoted by M™.

An imbedding f of Xk into M™ is said to be fame if there exists a homeomorph-
ism h of M™ onto itself such that hf: XX — M" is piecewise linear. An imbedding £
of Xk into MP is locally tame at a point x of X¥ if there exists a polyhedral neigh-
borhood Z of x in Xk such that f | Z is tame. An imbedding will be called £-tame
if for each € > 0 there exists an €-push h of (M2, f(Xk)) (see Section 3) such that
hf: XX — M is piecewise linear.

3. DENSE AND SOLVABLE SETS OF IMBEDDINGS

The techniques employed to prove Theorem 1 are based upon the following no-
tions, introduced by Gluck in [8].
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If A is a closed subset of the topological manifold M, then an ¢-push h of the
pair (M, A) is an £-homeomorphism of M onto itself satisfying the two conditions

1) h| M - Ug(A) is the identity, where Ug(A) denotes the g-neighborhood of A,

2) h is e-isotopic to the identity by an isotopy h; (t € I) such that hy | M - Ug(A)
is the identity for each t in the unit interval I =[0, 1].

Now let M be a topological manifold with complete metric d. Suppose X is a
metric space and A is a subset of X such that A is compact. Hom (X, A; M) will
denote an arbitrary set of imbeddings of X into M, all of which agree on X - A.
Hom (X, A; M) then becomes a metric space if for f, g € Hom (X, A; M) we define

d(f, g) = sup d(f(x), g(x)).
xX€A

A subset F of Hom(X, A; M) is said to be dense in Hom (X, A; M) if to each
£ > 0 and each g € Hom (X, A; M) there corresponds an element f in F with
d(f, g) <e. A subset F of Hom (X, A; M) is said to be solvable if to each € > 0
there corresponds a 6 = 6(F, ¢) > 0 such that whenever f, f' € F and d({, f') < 5,
then there exists an g-push h of (M, f(A)) with hf = f'.

By using Homma’s techniques [12], Gluck proved the following proposition.

THEOREM 2. The union of two dense, solvable subsets of Hom(X, A; M) is
dense and solvable.

4. LEMMAS

LEMMA 3. Suppose G is an open subset of XX and 1 is an imbedding of XK
into Euclidean n-space E® (2k + 2 < n) such that £ | G is locally tame. Then for
each € > 0 theve is an £-push h of (E®, £(G)) such that hi | G is locally piecewise
linear and h | §(XX - G) is the identity.

Proof. Let X;, X,, - be subpolyhedra of XX such that
0

G = U Xi and XiCintXiJrl
i=1

(the interior of X;,; is taken relative to the space XX).

Step 1. Assuming that X is the empty set, define Y; = C1(X;,;4; - Xp;) for
i=0,1, . Then 1Yy, Y, .-} is a mutually exclusive collection of subpoly-
hedra of XX lying in G. Thus f|Y; is locally tame for i=0, 1, ***.

Suppose ¢ is a positive number. Let gy, €1, *** be a sequence of positive
numbers such that

1) g; <e/2 for i=0,1, -,

2) g; 20 as i—>

3) U;NU;=f if i #j, where U; is the g;-neighborhood of £(Y;) in E™, and
4) U, nfxk-G)=f for i=0,1, .

By Gluck’s results [8], [9], there exists, for i =0, 1, ***, an g;-push h; of
(En, f(Yi)) such that
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hi f: Yl - En

is piecewise linear.

Define h: E? — E" by

(o]
x it x¢ U v,
h(x) = i=0

hyx) if x € U;.
Then h is an &/2-push of (E®, £(G)) such that hf: Y; — E™ is piecewise linear for
i=0,1, ---, and h | f(Xk - G) is the identity.

Step 2. Now let f'=hf, and for i =1, 2, - let Z; = Cl(Xp; - X;-1). Choose a
sequence 0, , 0, , -+ of positive numbers such that

1) Gi< 8/2 for i=1, 2, -,
2) 6; —» 0 as i — o,

3) v;N V;= @ if i #j, where V; denotes the 0; -neighborhood of f'(Zi) in E®,
and

4) Vv; N (XK -G) =@ for i=1, 2, .
By Gluck’s Modification of Homma’s Theorem [8], [9], there exists for each i a
6;-push g; of (E", f'(Z;)) such that
g;f't 2, — E"

is piecewise linear and g; | £1(Y;) U £'(Y;_;) is the identity.
Define g: E* — E by

[~ o]
X if x¢ U Vi,
g(x) = i=1

g;(x) if x € V;.
Then g is an &/2-push of (E™, f'(G)) such that gf' | G is locally piecewise linear
and g | £'(Xk - G) is the identity.
Therefore gh is an e-push of (E", £(G)) with the desired properties.

Suppose that f is an imbedding of Xk into E" as described in the hypothesis of
Lemma 3, with the additional property that f(Xk - G) lies in a polyhedron P, piece-

wise linearly imbedded in E™, with dim P S% - 1, In view of Lemma 3, we may as-

sume that f | G is locally piecewise linear. Let Hom (Xk, G; E™) denote the set of
all imbeddings of XX into E™ that agree with f on Xk - G. Consider the set F of
all f' in Hom (XX, G; E®) for which there exists a polyhedron Z in G such that

1) £ | X -2z =£]|XF-Z and

2) f' | Z is piecewise linear.
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LEMMA 4. The set F defined above is a dense, solvable subset of
Hom (XK, G; ET). .

Proof. f £ >0 and g € Hom (XK, G; E®) are given, choose a polyhedron Z in
G such that d(f(x), g(x)) < ¢ for all x € Xk - Z., By using standard extension theo-
rems and general position arguments, we can extend f | Xk - Z to an imbedding f' of
Xk into E® so that f' ] Z is piecewise linear and d(f', g) < e&. By definition, f' € F;
hence F is dense.

To see that F is solvable, let € > 0, and suppose that f;, f; € F with
d(fo , ;) <&. Notice that fo and f; agree with f except on a polyhedron Z in G,
and that both f; and f; are piecewise linear on Z. Now we may use the fact that
f(Xk-G) (=£;(Xk - G) for i=0, 1) is contained in the polyhedron P with

dim P S% - 1, together with a suitable modification of a theorem of Bing and Kister

[1], to obtain an e-push h of (E®, £,(2)) such that hf, I Z =1, | Z and
h| P U £(Xk - Z) is the identity. Thus F is solvable.

LEMMA 5. Suppose Y is a closed subset of XX and Iy, ) are imbeddings of
XK info E® (2k + 2 <n) satisfying the conditions

1) £, | XK~ Y is locally piecewise linear for i=0, 1,

2) f(-)=Y=f1 | Y,

3) £,(Y) lies in a polyhedron P piecewise linearly imbedded in E™, with
dim P <3 - 1, and

4) d(fy, £,) <e.
Then there exists a 2e-push h of (E*, f.(X* - Y)) such that hf, =1,;.

Proof. Let G =XX - Y and let Hom (XX, G; E®) be the set of all imbeddings of
XX into E™ that agree with fj on Y. For i=0, 1, let F; be the subset of
Hom (Xk, G; Em) associated with f; as described previously. Then F; and F; are
dense, solvable subsets of Hom (Xk, G; E™), so that Fy U F; is also dense and
solvable.

Let 6 =6(FoU F;, €) > 0. Since Fg is dense in Fg U Fj, there exists an £}
in ¥y such that d(fy, £;) < 6 and d(fy, fo) <e. From the proof of Lemma 4 it fol-
lows that there exists an €-push hy of (E®, £5(G)) such that hofy = £}. By the
choice of 0, there exists an e¢-push h; of (E™, f}(G)) such that h;f}) =£f;. Thus
h =h; hy is a 2g-push of (E™, £3(G)) with the required properties.

5. A SPECIAL CASE

THEOREM 6. Suppose Y is a subpolyhedvon of XX and £ is an imbedding of Xk
into E® (2k + 2 < n) such that £ |Y is locally tame and £ |X* - Y is locally tame.
Then f is t-tame.

Proof. Since Gluck’s results [8], [9] and Lemma 3 allow us to assume that f]Y
is piecewise linear and f l Xk - Y is locally piecewise linear, the theorem follows
immediately from Lemma 4 and Theorem 2, because the set of piecewise linear ex-
tensions of f|Y in Hom(Xk, Xk - Y; E®) is known to be dense and solvable.

Using Theorem 6, we can prove, by induction on k, the following theorem, which
has been established for k = 1 and k = 2 by Cantrell f4] and Edwards [7], respec-
tively.



TAMING POLYHEDRA IN THE TRIVIAL RANGE 381
THEOREM 7. A k-complex K in E® (2k + 2 < n) is €-tame if and only if each
stmplex of K is tame.

From this and a theorem of Klee [13], we obtain an alternate proof of a theorem
of Bing and Kister [1].

THEOREM 8. If f is an imbedding of XK into the n-plane EP in EDTK
(n >k + 2), then f: XX — EMK js g-tame.

6. PROOF OF THEOREM 1

Case 1. M® = E™, Let Y =1-1(P) and let G= XX - Y. We may assume that P
is piecewise linearly imbedded in EP, by Gluck’s results [8], [9], and that £ | G is
locally piecewise linear, by Lemma 3.

Let & denote the set of all piecewise homeomorphisms of ER onto itself.. For
each ¢ € &, the imbedding ¢f of Xk into E™ satisfies the conditions that ¢f | G is
locally piecewise linear and ¢f(Y) C ¢(P), a polyhedron piecewise linearly imbedded

in E®, with dim ¢(p)g% - 1.
For each ¢ € &, let Homg (Xk | G; EM) be the set of all imbeddings of XX into

E" that agree with ¢f on Y, and let Fg denote the subset of Homg (Xk, G; EM) as-
sociated with ¢f as described in Section 4. Define

F=U{Fr;|9eal.

A. F is dense in Hom (XX ; E), the set of all imbeddings of XX into ER.

Suppose € > 0 and g € Hom (XX ; E®). Let y: P — E® be an extension of
gf-1: £(Y) — E®. Then there exists a piecewise linear imbedding ¢: P — E™ such
that d(¢, ¢) < ¢, and a piecewise linear homeomorphism ¢ of E? onto E™ such that
¢ | P =@. Thus, for each x € Y, d(¢f(x), g(x)) < €. By Dugundji’s extension theorem
[6], there exists an extension f': XX — E™ of ¢f | Y such that d(f", g) <.

Choose & > 0 so that each map of XK into E® within 6 of f" lies within ¢ of
g. By applying general position arguments, we can construct an imbedding
f': Xk — E™ such that

1) a(f', £") < 5,
2) f'|Y = ]y,
3) 1 [ G is locally piecewise linear, and
4) '(G) N ¢(P)=g.
Then f' € F and d(f', g) <.
B. F is solvable.

Given & > 0, choose & = 6(F, £) = ¢/6. Suppose that f;, f; ¢ F and
o:l(f0 s fl) < 6. Then there exist elements ¢,, ¢; € & for which

¢ f|Y =f£]Y (1=0,1).

Since d(¢y(y), ¢;(y)) < 6 for each y € f(Y), there exists a polyhedral neighbor-
hood Q of £(Y) in P such that d(¢y(y), ¢;(v)) <6 for each y € Q and
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f()(Y) c ¢0(Q) c Us (fo(Y)),

where Ua(fo(Y)) is the ©-neighborhood of f,(Y) in E™,

From the results of Bing and Kister [1], we obtain a 6-push hy of (E™, ¢¢(Q))"
such that

hO: E" - E" is piecewise linear and ho ¢0 | Q = o I Q.

Since Ug(dp(Q)) € Uy 5(f(Y)), hy is a 26-push of (E”, £u(Y)), and hence a 26 -push
of (E®, £,(XX)).

Let f' = hyfy. Then d(f', f;) <e/3, f | G is locally piecewise linear, and
f'| Y=£,|Y. By Lemma 5, there exists a %a-push h of (E™, £Y(G)) such that
hyf} =f;. Thus h=h, hy is an c-push of (E”, £,(X")) and hf, =1, .

The special case now follows from Theorem 2, since the set of piecewise linear
imbeddings of Xk into E® is dense and solvable.

Case 2 (General Case). Suppose x € Xk, Let U be a combinatorial n-ball in
M"™ that contains f(x), and let g be a piecewise linear homeomorphism of U onto
E™ . Choose a polyhedral neighborhood Z of x in XX and a subpolyhedron Q of P
such that

1) £(z) Cc U and
2) Pni(z)cQcU.
Then, by Case 1, gf | Z: Z — E™ is tame, so that f| Z: Z —» M™ is also tame. Hence,

f is a locally tame imbedding of X¥ into M®™, so that, by Gluck’s results [8], [9], £
is g~tame.

THEOREM 9. Theorems6 and T vemain valid if E* is veplaced by an arbi-
travy M™,

7. FURTHER APPLICATIONS

It follows immediately from Theorem 1 that an imbedding of Xk into M™
(2k + 2 < n) cannot fail to be locally tame at precisely one point. Applying this fact
to a polyhedral neighborhood of a point of XX, we obtain the following theorem:.

THEOREM 10. If S is the set of points at which an imbedding f of XK into MR
(2k + 2 < n) fails to be locally tame, then S contains no isolated points and is there-
Jore uncountable or empty.

Dancis [3] has shown by different methods that the dimension of the polyhedron
P in Theorem 1 can be increased to n - k. Actually, Theorem 1 (as well as the
theorem proved by Dancis) can be applied to prove a further result.

THEOREM 11. Suppose that each of A, A,, -+~ is a locally tame simplex of
[e.e]
dimension at most n -k in M™. Then every imbedding of X¥ into Ui=1 A; isan
e-tame imbedding of X* into M™.
Proof. It is sufficient to establish the theorem in the case M™ = E*, because an
argument similar to that given in the proof of Case 2 of Theorem 1 can then be used

to obtain the desired generalization. Also, in view of Theorem 7, we may assume
that XK is a k-simplex.
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First, notice that for each i, A; is the union of a finite number of simplexes
each of which can be carried into the hyperplane En-k by a homeomorphism of E®
onto itself. Hence, we may assume that each A; has this property.

o0

Now suppose that f is an imbedding of the k-simplex A into Ui=1 A;, and let
A be the union of all the open subsets of A on which f is locally tame. From
(Baire) category arguments, it follows that there exist an open subset U of A and a
positive integer i such that £(U) € A;. Let h be a homeomorphism of E™ onto it-
self such that h(A;) € E*"K. Then hf [ U is locally tame (Theorem 8), and therefore
f l U is also locally tame; that is, Ay is not empty.

Suppose that Ag # A. Let B=A - A,. Then there exists an open subset V of B
and a positive integer i such that f(V) C A;. Let W be an open subset of A such
that WN B=V. Then f|W - B is locally tame.

Suppose that x is a point of V. Choose a k-simplex A, conltcaining X in its in-
terior (relative to A), such that A C W. Assume that A; C E"™°, and let A' be a
k-simplex in the orthogonal complement of ER-X

Choose a homeomorphism g of A onto A'. By a theorem of Klee [13], the
homeomorphism

gf-l: £(A N B) — A'

can be extended to a homeomorphism h of E" onto itself. Thus hfIA - B is locally
tame. However, hi(A N B) C A', and therefore, by Theorem 1, hf | A is tame.
Hence, 1 l W is locally tame. But W ¢ A,, a contradiction. Therefore Ay = A, and
the theorem follows from [8] and [9].

An imbedding f of a topological manifold M™ into a topological manifold N is
said to be locally flat at the point x in M if there exists a neighborhood U of f(x)
in N such that the pair (U, U N £f(M)) is homeomorphic to the pair (E?, E™), An
imbedding f of a k-cell Df‘ into EM is flat if there exists a homeomorphism of E®
onto itself carrying f(DX) into the k-plane EK in E® . Similarly, f is locally flat at
x € Dk if x lies in the interior (relative to DK) of a k-cell D' in D¥ such that
f I D' is flat. It is clear that whenever 2k + 2 < n, an imbedding of DX into E® is
flat if and only if it is tame. Thus Theorem 11 implies the following result.

LEMMA 12. If f is an imbedding of the k-cell DX into E® (2k + 2 < n) such
that £ | (DX - £-1(EL)) (¢ < n - k) is locally flat, then £ is flat.

Cantrell and Edwards [5] have shown that if 2m + 2 < n, then there exists no
“almost locally flat” imbedding of a topological m-manifold into a topological n-
manifold. (An imbedding is “almost locally flat” if it is locally flat except at a
countable number of points.) Applying Lemma 12, one can easily show that the fol-
lowing more general statement holds.

THEOREM 13. Suppose that M, N, and Q are topological manifolds of dimen-
sions m, n, and q, respectively, with m <n/2 -1 and q <n -k, and that Q is a
locally flat submanifold of N. Suppose that f is an imbedding of M into N such that
£| (M - £-1(Q)) is locally flat. Then f is locally flat.
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